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Summary 3: Data redundancy, Dimensionality
Reduction, ...

» Redundancy and structure

» Dimentionality Reduction

» PCA and ICA

» PPCA and its extensions

» Stationarity / non-stationarity
» Discriminant Analysis (DA)

» Classification and Clustering
» Mixture Models

» Factor Analysis

» Blind Sources Separation
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Dimension reduction, PCA, Factor Analysis, ICA

» M variables g4, --- , g, are observed. They are redundant.
Can we express them with N < M factors fy,--- ,fy ?
How many factors (Principal Components, Independent
Components) can describe the observed data”?

» Each variable is observed T times. To index them, we use
t, but this does not forcibly means time. So, we have
{g1(t)7 7gM(t)7t: 1, 7T}

» We may represent these data either as a vector or a matrix:

9+(1) g:(1) g:(1) -+ g¢(T)
o(t) = 92:(1‘) 1. TorG— gz:(1) 0(1) - gy(T)
Im(?) au() gu(1) - g4(T)
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Dimension reduction, PCA, Factor Analysis, ICA

» |f we define the N < M factors as

f1(t) f1(1) f1(1) f1(T)

fa(t fo(1 1 ce (T
F)y = Dy rorr= | ) ((T)
where we assume that each factor is a linear combination

of data

fi(t) = Sy bjigi(t)  orinversely  g;(t) = Y, ajf(t).
» Now, if we define the matrices B = {b;;} or A = {a;} we

can write

f(t) = Bg(t) or g(t) = Af(t)
» B is called Loading matrix and A is called mixing matrix.

» Ideal case is then B = A~'. But this is not interesting,
because we want to have N < M.

» We may accept some errors: g(t) = Af(t) + ()
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Dimension reduction, PCA, Factor Analysis

» M variables g(t) are observed. They are redundant.
Can we express them with N < M factors f ?
How many factors (Principal Components, Independent
Components) can describe the observed data?

f(t) = Bg(t) or g(t) = Af(t)

or still
F=BG or G=AF

» We assume all the variables to be centred.
» PCA uses the second order statistics

cov[g] = Acov[f]A!

» We want principal Components (PC) to be non-correlated:
cov[f] be a diagonal matrix.

cov[f] =diag[vq,--- , vn]

» One solution: Estimate cov[g] = Zt; g(t)g'(t) and use it.
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Dimension reduction, PCA Algorithms
» Forward model
g(ty=Af(t) or G=AF
» Classical PCA algorithm:
T

> Estimate covlg] = > g(t)g'(t)

t=1
» Hoping that it is positive Definite, compute its SVD:
covlg] = AV A!
» Identify A = AV'1/2 and compute f = V—1/2Alg
» The number of factors is the number of non-zero singular
values.
» The data can be retrieved exactly by

G=Af=AV'2v 128l = AAlg=g
» if we keep K SV, we make an error which can be used as
criterion to determine the number of factors

c_la-gl
- 2
lo]

A. Mohammad-Djafari, Data, signals, images in Biological and medicalapplication. Master ATSI, UPSa, 2015-2016, Gif, France, 6/74



Dimension reduction: PPCA

» Forward model
g(t)y=Af(t)+e€(t) or G=AF+E
» Probabilistic PCA:

cov[g] = Acov[f]A! 4 cov[e]

.
> Estimate covlg] = > g(t)g'(t)
=1

» Hoping that it is positive Definite, compute its SVD:
cov[g] = AV A!

» Keep the SV which are greater than v, and Identify
A= AV'/2 and compute f = V—-1/24lg

» The number of factors is the number of singular values
which are greater than v..

» The main difficulty is to estimate v..
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Application on a set of data
» Genes expressions Time series data in two organs:

Colon:
Clock: Rev, Per2, Bmali
Metabolism: CE2, Top1, UGT, DBP
CC: Wee1, Ccna2, Ccnb2
Apoptose: Bcl2, Mdm2, Bax, P53
Liver:
Clock: Rev, Per2, Bmali
Metabolism: CE2, Top1, UGT, DBP
CC: Wee1, P21
Apoptose: Bcl2, Mdm2, Bax, P53
Physiology:

Temperature, Activity
Cortico, Melato

» The data are obtained via the COSINOR Model
3

2
9(t) = M+;Ak cos(kwot + ¢x),wo = 52’
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Genes Clock

Colon: Time Series

Colon: Clock Genes.

Fourier Transform

Colon: Clack Genes
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Genes Colon Time series: Clock
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Genes Liver Time series: Clock
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Factor Analysis: 2 factors: Colon
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How to determine the number of factors

» When N is given:

P(A, flg) x p(glA, f)p(A) p(f)

Different choices for p(A) and p(f) and
Different methods to estimate both A and f:
JMAP, EM, Variational Bayesian Approximation

» When N is not known:

» Model selection

» Bayesian or Maximum likelihood methods

» To determine the number of factors we do the analyze with
different N factors and use two criteria:

» -log likelihood —In p(g|A, N) of the observations and

» DFE: Degrees of freedom error (N — M)2 — (N + M))/2
related to AIC or BIC model selection criteria.
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Factor Analysis: Time series, colon
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Dimension reduction: ML PPCA

» Forward model
g(t) = Af(t) +€(t) or G=AF + E
» ML PPCA:
¥, = covlg] = Acov[f]A' + v.T = AV Al +v. I
¥, = Adiag[vf] A" + v.I

» Likelihood
p(g|A, v, ve) = N(9|07Zg)

Z lg(t) (0)I?

» Alternate maximization of the -log |Ike|lh00d

Z lg(t)—Af (D)2

p(glA, vy, v.) x det(Xg) "2 exp

L(A,vf, V) = L In det(Adiag [vf] A'+v.I)+

with respect to its arguments can give the deS|red solution.
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Dimension reduction, PCA, Factor Analysis, ICA

» M variables g(t) are observed. They are redundant.
Can we express them with N < M factors f ?
How many factors (Principal Components, Independent
Components) can describe the observed data?

g(t) = Af(t) +€(t) f(t) : factors, sources

» How to find both A and factors f(t) ?

{ gi(t) = N afi(1) + ei(t) {A . (M x N) Loading matrix , N < M

Three cases:
» A known, find f
» f known, find A
» A and f both uknown
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Case 1: A known, find f
g(t) = Af(t) + €(1)

v

First, assume the data iid. Sog = Af + €.
Second, assume no noise. Sog = Af

v

v

ldeal case M = N and A invertible: f = A~'g

M < N: Af = g has infinite number of solutions.
Minimum Norme (MN) Solution:

v

f=arg min {If]?}

Lagrangian technique: AA!f = Alg
If A has full rank: rank (A) = min{M, N}

F=AlAA g
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Case 1: A known, find f: LS

» M > N: Af = g may not have any solution.
Least Square (LS) Solution:

~

— i _ 2
J=argmin{|lg — Af|P}
Gradient of J(f) = [lg — Af|?is :
—2Al(g— Af)=0— AlAf = Alg.
» If A has full rank: rank (A) = min{M, N}:
f=1A'A]"Alg
» General case ?

» Truncated Singular Value Decomposition (TSVD)
» Regularization
» Bayesian
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Case 1: A known, find f: TSVD

» SVD: A=UAV!, UU!'=1, V!V =1, Ndiagonal
Right SVD: AAlv, = \vi

Left SVD:  AlAuy = \eug

Full rank

v

v

v

< g,uK >
Sk

f:VS_1Utg:ka

k

v

Rank deficient rank (A) = K < min {M, N}

< g,ukx >

K
f=VStU!g =
f g=> vk 5

k

v

Main difficulty: How to decide which singular values are
near to zero.
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Case 1: A known, find f: Regularization

» MN: Minimize || f||? subjectto Af = g,

» LS: Minimize ||g — Af|?

» MN + LS: R
J = argmin (J(/))

with J(f) = [lg — Af|Z + Al fI2
» Gradient of J(f) is :
—2AYg - Af) -2\ =0 — (A'A+AI)f = Alg
J=lA'A+1"Alg
» \— 0LS.
» When M < N, we may also obtain

f=AlpAA + I g, withp= %
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Case 1: A known, find f: Bayesian inference

g=Af+e
» Prior knowledge on e:

€ ~ N(€l0,v.I) — p(g|f, A) = N(g|Af, vI) o exp [ L

—_ATI?
2o~ AfIF]

» Simple prior models for f: p(f|a) o exp [_21_w||fH2}

» Expression of the posterior law:

1
p7lg. 4) 5 plal 1, A) (1) x 030 |5 (1)
with — J(f) =llg — AFIZ+AIFIZ A= ve/vy

» Link between MAP estimation and regularization

o~

f = argmax{p(f|g, A)} = argmin {J(f)}

» Solution: f = (A/A+ AI)~'A'g
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Bayesian inference for sources f when A is known

» More general prior model p(f) o exp [—5Q(f)]
» MAP:
J(f) = llg = AFIZ+2Q(f), A= va
Optimization of -~
0, .
PUB A yipy = llg - afiz+xa0p) [
» Different priors=Different expressions for Q( f)
» Solution can be obtained using appropriate optimization

algorithm.

A. Mohammad-Djafari, Data, signals, images in Biological and medicalapplication. Master ATSI, UPSa, 2015-2016, Gif, France, 22/7¢



MAP estimation with sparsity enforcing priors
> Gaussian:  Q(f) =[£I = X, [

J(f)=llg — AFIZ+A|fIP — F=[AA+ | TAg

» Generalized Gaussian:

Qf)ZVZ|f/|’B)
= 2 Zlog( +f/2/u)

» Elastic Net model

Qf) =) [%\f/’\ +72f,2]
j

» Student-t model:

For an extended list of such sparsity enforcing priors see:

A. Mohammad-Djafari, “Bayesian approach with prior models which
enforce sparsity in signal and image processing,” EURASIP Journal
on Advances in Signal Processing, vol. Special issue on Sparse
Signal Processing, 2012.
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Case 1: A known, find f: Regularization

» More general case:

~

J=arg mfin {J(r)}
with J(f) = lg — Af|? + A|Df|?
» Gradient of J(f) is :
—2AYg - Af)-2D'D =0 — (A'A+A\D'D)f = Alg
f=[A'A+AD'D] "' Alg
» L1 Regularization:
J(F)=llg — AFI+ Al
with || f [+ = >; (1.

» Still more general

J(f) = Ai(g,Af) + 2 A2(f, fo))
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Case2: f known, find A

» g=Af+eislinearin fandin A.

D Q©

ngf—>gizzai/f/—>9=Za*/f/
j i
12

ai
[91]:[311 312][7‘1]:[7'107‘2 0] 21
9o a  axp fa 0 4 0 £
ago
g=Af=Fa with F=foI a=vec(A)
» A known, estimationof f: g=Af+e€

» f known, estimation of A: g=Fa+e
» Joint estimationof fand A: g=Af+e=Fa+e
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Cases 1 and 2: Regularization

g=Af or g=Af=Fa

» A known, find f
J=argmin{lg — AFI? + NIFI*| = (A/A+ A1) Ag
» f known, find A
A=argmin{|lg - AfIP+ N A2} = gf (FF + A1)~
» Both A and f are unknown
(7. A) =arg min {llg — AFI + M| 71> + doll I }

Alternate optimisation ?
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Estimation of A when the sources f are known

Source separation is a bilinear model:

g=Af=Fa
ai
[91]:[311 a2 [ﬁ}:[ﬁ 0 % 0} a1
9 a1 a fx 0 i 0 £ ase
ago

F=foI, a=vec(A)
» Problem is more ill-posed (underdetermined).

» We need absolutely to impose constraintes on elements or
the structure of A, for example:
» Positivity of the elements
» Toeplitz or TBT structure
» Symmetry
» Sparsity

» The same Bayesian approach then can be applied.
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Estimation of A when the sources f are known
g=Af+e=Fa+e

» Prior on noise:
p(glf, A) =N(glAf,v.I) xexp
x exp

ﬁng —Af|2
s-llg — Fal?

» Simple prior models for a:

p(Ala) o exp [—aljal]?] x exp |-l A|?]
» Expression of the posterior law:

p(Alg, ) o< p(glf, A) p(A) < exp[-J(A)]

with  J(A) = +alA|?

» MAP estimation:
a=(FF+X)"'Fgo A=gf(ff + )

—1
g(t) = Af(t)+e(t) — A = > gtf Zf(t)f’(t) + )\I)
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Case 3: both f and A unknown
» Both A and f are unknown:

f,A)= ' — AP+ MIFIP + 2] A2
(7. A) =arg min {llg ~ AFI + M| 71> + dollAJ }

)

» Undeterminations:
» Permutation: AP, P'f
» Scale: kA, 1 f

» Alternate optimisation

f_argmmf{Hg AFfIP+MIFI?} = (AA+ MI) T Alg
A =argming {[lg — AfI® + A2l A2} = g f'(f f' + M)

» Importance of initialization and other constraintes such as
positivity
» Non-negative Matrix decomposition
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Both A and f unknown: Bayesian approach
Three main steps:
1. Assigning priors: p(f) and p(A)
2. Obtaining the expressions of the joint posterior:

p(f, Alg) < p(glf, A)p(f)p(A)

3. Doing the computations:
e Joint optimization of p(f, Alg);
e MCMC Gibbs sampling methods which need generation
of samples from the conditionals p(f|A, g) and p(A|f, g);
e Marginalisation and EM algorithm:

p(Alg) = / p(f, Alg)df —s A — p(f|A,g) — T

e Bayesian Variational Approximation (BVA) methods
which approximate p(f, A|g) by a separable one
q(f,A) = q1(f)g2(A) and then using them for the
estimation of f and A.
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Bayesian source separation: both A and f unknown

(glf, A, 01)p(f162) p(A|03)

p
7'A 70 70 70 -
P(f. Alg. 01,02, 6s) p(gl61,62,63)

» Joint estimation (JMAP):

(}) A) =arg max(f,A) {p(fv A|g) 01,02, 03)}
» JMAP with Gaussian priors:

f,A)= i — A2+ MIFIP + 2] A2
(7. A) = arg min {llg — AFI> + Al 7% + dol AJP |

» Permutation and scale ideterminations:
needs good choices for priors
» Alternate optimisation

f =argming {[lg — AF[> + M| fIPP} = (A'A+MI)~" Alg
A=argmina {llg — AF|® + Xl AP} = g (11 + AoT)

» Importance of initialization and constraintes such as
positivity
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Joint MAP Estimation of A and f with Gaussian priors

gt) = AF(O)+e(t), t=1,--.T, id

p(f1.1,Algs.1) o< p(g1.1lA, f1.1,ve) p(f1.1) P(A|Ag, Vo)
o [I;p(g(t)IA, £(1), ve) p(f(t)=(1)) p(A|Ao, Vo)

Joint MAP: Alternate optimization
()= (A'A+ x4 g(0), M=
= S gOF (O (S FOF O+ 2al)  Aa=vi/va

Alternate optimization Algorithm:

) S

A0 L A, (21’21 n Afl)_1 Ag —  f(t)
4 1
A | (Sea07 ) (S FOF ) +al) | T8
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Summary of Bayesian estimation with different levels
» Simple Bayesian Model and Estimation
p e .
P(Al63) Jo| p(f62) |oplalf, A.61)—| p(f Alg.6) | |
Prioron A Prioron f  Likelihood Posterior

) )

» Full Bayesian Model and Hyperparameter Estimation
scheme

lo,B
Hyper prior model p(0|c, 3)
p(63) p(62) p(61) N
p(Al6s) |o] p(f162) |oplglr. A,0:)p(f, A,0lg, . B)

Prioron A  Prioron f  Likelihood  Joint Posterior
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Summary of Bayesian estimation with different levels

» Marginalization over f

p(f,Alg)|—| p(Alg) | — A | p(f|A,g) |~ F

Joint Posterior Marginalize over f
» Marginalization over A

p(f,Alg)|—| p(flg) — f - p(Alf,g) |- A

Joint Posterior Marginalize over A
» Joint MAP

F=agmax; {p(f, Alg)} | A
P A9 = 3 s o al) | 7
Joint Posterior Alternate optimization

» Other solutions:

» MCMC for exploring the joint posterior law and computing

mean values
» Variational Bayesian Approximation (VBA)
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Variational Bayesian Approximation

» Main idea: Approximate the joint pdf p(A, f|g) difficult to
handle by a simpler one. For example a separable one

q(A, flg) = q1(A) q2(f) or even g1(A) [ ]; g;(f)).
» Criterion: minimize

L(qlp) = fqln—= H(q1) — H(g2)— < Inp(A, flg) >q

» Solution obtained by alternate optimization:

{ g1(f) ocexp [<Inp(f, Alg) >g(a))
q2(A) x exp [< Inp(f, Alg) >g, )]

» Use g4 (f) for infering on f and go(A) for infering on A

A. Mohammad-Djafari, Data, signals, images in Biological and medicalapplication. Master ATSI, UPSa, 2015-2016, Gif, France, 35/7¢



VBA and links with JMAP and EM

Three possibilities:
> gi(f) = 8(f — f) and g2(A) = 6(A — A) — JMAP

{ ai(f) < p(f, Alg) { 7 =argmax; {p(. Alg)}

q(A) x p(f, Alg) A = argmax {p(}, A\g)}

» g¢(f) free and g2(A) = 6(A — A) — EM

x p(f,Alg) = p(f|A.g)

a1 (f) < exp |{Inp(f, Alg))g,(a)
o exp [Q(A, ﬁ)}

g2(A) ocexp ((Inp(f, Alg))g, (s

L EM ?(A’A) = <|np(f7A‘-?v)>p(f‘A7g)
A = argmaxa {Q(A, A)}
» g1(f) and g2(A) free forms:
Affordable if exponential families and conjugate priors
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JMAP, EM and VBA
JMAP Alternate optimization Algorithm:

A® s A | F =argmax; {p(f,mg)} —f—f
4 {

—~ ~ ~

A+— A« | A=argmaxu {P(}, A|g)} —f

EM:
A=A e -prlAg) | @) =7
~ ~ Q(A’ z) = <|np(.f’ A|g)>Q1(f)
A A E:argmaxA{Q(A,;l)} «—aq1(f)
VBA:

o~

AO — go(A)— | ai(f) < exp [N p(f, Al9)) gy )| [0 (F) — T
1
A — qaA)— | qa(A) o exp [N p(F, Alg)g, 1) |+ ()
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Summary of Bayesian estimation with different levels

» Marginalization over f

p(f, Alg)|—| p(Alg) | — A—{p(flA,g) |- f

Joint Posterior Marginalize over f
» Marginalization over A

p(f. Alg)|—| p(flg) | — F—|p(Alf.q) |- 4

Joint Posterior Marginalize over A
» Joint MAP

f = argmax; {p(f,;‘\g)} — A
p(qu‘g) — A =argmax g {P(f,A\g)} — }

Joint Posterior Alternate optimization
» VBA

q1(f) o< exp | (Inp(f, Alg))gy(a)
p(f, Alg)|— qz(A)cxexp[[<lnp<f,A\g)>q1(f)

Joint Posterior VB Approximation
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General case and Link with other methods

0 () p(£(1)62)
p(A|63) — p(f(1), Alg(t), 0)
[ 61 ]

@ (1)  pla(t)IA, f(1),01)

p(f1.1.Alg1.1) < p(g1.7|A, f1.7,01) p(f1.7|02) P(A[63)

Different scenarios:
» |ID (strict stationnarity) g(t) = A f(t) +e(t) >g=Af +€
» Second order stationnarity (Gaussian):
All the probability laws are Gaussian

» Non Gaussian but 1ID: ICA
» Non-Gaussian, Time dependent, ...
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Gaussian white case: PCA, MNF, PMF and NMF
» White and Gaussian signals f(f), e(t) — g(?):

g{t) = Af(t) +e(t) —g=Af+e
> Likelihood:

p(glA, f) =N(glAf.Z),  p(f) =N(f10,%y)
— p(g|A) = N(g|0, AZ, A"+ X.)
» PCA: Estimate Xgby + >, 9(t)g'(1),
svd and keep all the non-zero svd: £y = AX A’
» Minimum Norm Factorization (MNF) :
Estimate X4, svd and keep all svd > o.: g = AT;A' + X,
» Positive Matrix Factorization (MNF) :
Decompose X in positive definite matrices
[Paatero & Tapper, 94]
» Non-negative Matrix Factorization (NMF) :
Decompose X, in Non-negative definite matrices
[Lee & Seung,99]
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Non Gaussian white case: ICA

» White Non Gaussian signals and Exact model (no noise):

f(t) — g(t) — y(t) = A7 g(t) — y(t) = Bg(t)

» ICA: Find B in such a way that the components of y be the
most independent

» Different measures of independencies:
Entropy:

Hiy) = — / p(yi)Inp(yi) dy;

Relative entropy or Kullback-Leibler divergence:

kL) : [Tpo) = [ pryin LA gy

(y

» Different choices and approximations for p(y;) —
contrast functions, cumulants basis criteria
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Non Gaussian white case: Maximum Likelihood

» White Non Gaussian signals (Accounting for noise)
gty =Af(t)+e(t) —g=Af+e
» Likelihood:
plol4.2) = [ plal. 1. Z)p(s) df
» ICA (Maximum Likelihood) :
6 = (A,%.) = argmax {p(g|0}
» EM iterative algorithm :

Q(6,0") E{lnp(g, f,010'}
0 = argmeax{Q(G,G’)}

>
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General Gaussian case: Joint Estimation of A and f
v p(fi(t)|vo;) = N(f;(t[0, vo))
0
p(f( )|’Uo) o exp [__ Z/ ( )/VOj]
[ v —fet)—a EA'/'O Vo) = N(Aj(0, Voy)
(

A]0,Vp) = N(A]0, V)
p(g(t)|A, f(1), ve) = N(AF(1), ve)

p(f1.1:Alg1.1) o< p(g1.7lA, f1.1,Ve) P(f1..7Iv0) P(A]O, Vo)
o [I;p(g(D)IA, £(1), ve) p(f(1)|vo) P(A]O, V)

p(f(t)lg1.1, A, ve,v0, Vo) = N(F (1) £ (1), Z)
P(Alg1. 7. f1.7, Ve, v0, Vo) = N(A|A, V)
Two approaches:

» Alternate joint MAP (JMAP) estimation
» Bayesian Variational Approximation
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Joint Estimation of A and f: Alternate JMAP

Some simplification: o _
vo = [v;,..,v¢]', All sources a priori same variance v¢

= [ve,.., V], All noise terms a priori same variance v,
Ao = 0, Vo= val R R
p(f(1)lg(t), A, Ve, vo) = N(F(1)|£(1), )
> = (A'A 4\
F(t) = (A’A+ MD)~TA'g(0),

), A= Ve/Vg
P(Alg(t), £(8), Ve, Ao, Vo) = N(AA, V

V (F'F + M)~
= (g F' ) (S FOF O +Aal) ™, Aa= Ve/Va
JMAP:
AO A, (A4 + ) e —  F()
1 i

_q

A (Z90F ) (S FOF O +2al) | —F(1)
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Joint Estimation: Variational Bayesian Approximation
p(f(1), Alg(t)) — a1(f(1)) q2(A)
ai(f ()|g(t) A, v, w0, Vo) = N(F(D)If (1), %)
(AA+)\fV) !
f(t) (AA+ V)T Ag(t), M=v/vs
a2(Alg (), £(1), Ve’Ao,Vo) N(AJA, V)
V= (FF+ M)

A=50OF (0 (SFOT W +2E) . da=vi/va

A A F()= (AA+ )\fV) Alg(t) — 1)
VO 5 V—is_ (A’A + A\ V)T B
4 \

A A= 500F (0 (S FOF () +0a5)
V|V = (F'F + A2) ! <—

M=)
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Other more complexe models
Gaussian iid:
E (1) p(f;(t)|vo;) = N(O, ;)
- p(f(t)|vo) o exp [ _122/ 2( )/Voj']
p(AU|A0U7%U) N(Aolja%lj)
P(A| Ao, Vo) = N (Ao, Vo)
plg(t)|A, f(1), vi) = N(AS(H), veI)
Variance modulated prior model inducing sparsity:

vi(t)layy, Bjp) = ZG(ex, Byy)
OIv(0) = N0, (1))
(Dlo(1)) o exp [~ X2, 72(8)/ (1)
AlAo, Vo) = N (Ao, Vo)
g(DIA, £(1), v.) = N(AF(1), v.I)
P(Velatey: Beg) = TG0t ey
p(fr1. A1, vlgrr) o TIp(a(DIA, £(1), ) p(F()]o(1))
T TT; P(; (1) ety Biy) PAJ Ao, Vo)
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Sparse PCA

» In classical PCA, FA and ICA, one looks to obtain principal
(uncorrelated or independent) components.

» In Sparse PCA or FA, one looks for the loading matrix A
with sparsest components.

» This can be imposed via the prior p(A). This leads to least
variables selections.

PCA SPCA PCA SPCA
mm - . _— o
< I " - [ o i
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Discriminant Analysis

» When we have data and classes, the question to answer is:
What are the most discriminant factors?
» There are many variants:

» Linear Discriminant Analysis (LDA),

» Quadratic Discriminant Analysis (QDA),
» Exponential Discriminant Analysis (EDA),
» Regularized LDA (RLDA), ...

» One can also ask for Sparsest Linear Discriminant factors
(SLDA)

» Deterministic point of view (Geometrical distances)
» Probabilistic point of view (Mixture densities)

» Mixture of Gaussians models:
Each classe is modelled by a Gaussian pdf
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Discriminant Analysis: Time series, Colon
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Sparse Discriminant Analysis: Time series, colon

What are the sparsest discriminant factors?
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LDA and SLDA study on time serie:
1:before, 2:during, 3:

LDA-Time SLDA-Time
2 1 1
2 2
4 3 3

3

- 2 Eon

-6 % 1 %‘
0 *‘i
1

05
12 1
1 2
10
9 1
8
7 0
6
5 -1
14 12 -10 -8 6 4 2 6 8 10 12 1 0 1 2 3 1 0 1 1 0
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Dependancy graphs

» The main objective here is to show the dependencies
between variables

» Three different measures can be used:
Pearson p, Spearman ps and Kendall ~

» In this study we used pg

» A table of 2 by 2 mutual ps are computed and used in
different forms: Hinton, Adjacency table and Graphical
network representation

Hinton Adjacency Network
] ] n _u
" [ | o
. | [ |
] ] I |
LLLLL [ ] [ | |

g [ ] ]

8P Was1 Cona2Cons2 Bl a2 Bax PR
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Graph of Dependancies: Colon, Class 1
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Classification tools

» Supervised classification
» K nearest neighbors methods
» Needs Training sets data
» Must be careful to measure the performances of the
classification on a different set of data (Test set)

» Unsupervised classification

Mixture models

Expectation-Maximization methods
Bayesian versions of EM

Bayesian Variational Approximation (VBA)

vV Yyyvyy

A. Mohammad-Djafari, Data, signals, images in Biological and medicalapplication. Master ATSI, UPSa, 2015-2016, Gif, France, 54/7¢



Classification tools
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A. Mohammad-Djafari, Data, signals, images in Biological and medicalapplication. Master ATSI, UPSa, 2015-2016, Gif, France, 55/7¢



Contents

1. Mixture models

2. Different problems related to classification and clustering
» Training

Supervised classification

Semi-supervised classification

Clustering or unsupervised classification

Mixture of Student-t

Variational Bayesian Approximation
VBA for Mixture of Student-t
Conclusion
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Mixture models

» General mixture model

K

p(x‘a7e7K):Zakpk(xk|0k)7 0<ak< 1
k=1

v

Same family px(X«|0x) = p(Xk|0k), VK
Gaussian p(Xx|0x) = N (Xi|py, Zi) with O, = (py, X)

Data X = {x,,n=1,--- N} where each element x, can
be in one of these classes c;,.

ax =p(ch=k),a={ax,k=1,--- K},
e:{0k7k21,"'7K}

v

v

v

N
p(Xp, ch = kla, 8) = H p(Xn, ch = kl|a, 6).

n=1
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Different problems
» Training:
Given a set of (training) data X and classes c, estimate
the parameters a and O.
» Supervised classification:
Given a sample x, and the parameters K, a and ©
determine its class

k* =arg max {p(cm = k|Xm,a,0,K)}.

» Semi-supervised classification (Proportions are not
known):
Given sample x, and the parameters K and ©, determine
its class

k* =arg max {p(cm = Kk|xm,©,K)}.

» Clustering or unsupervised classification (Number of
classes K is not known):
Given a set of data X, determine K and c.
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Training
» Given a set of (training) data X and classes c, estimate
the parameters a and ©.

» Maximum Likelihood (ML):
(@,0) =arg max {p(X, cla, ©, K)}
(a,9)

» Bayesian: Assign priors p(a|K) and p(®@|K) = Hf:1 p(0k)
and write the expression of the joint posterior laws:
p(X, cla,©,K) p(a|K) p(O|K)
p(X, c|K)

p(a,@|X,c,K) =
where
p(X.clK) = [[ p(X.cla.BIK)p(alK) p(@IK) da de

» Infer on a and © either as the Maximum A Posteriori
(MAP) or Posterior Mean (PM).
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Supervised classification

» Given a sample x, and the parameters K, a and ©
determine

(Xm7 Cm = k|a,@, K)
p(xm|a7 ea K)

p(cm = k|xm, a,0,K) = 2
where p(Xm, cm = kla,©,K) = axp(xm|6k) and
K
P(Xmla,©,K) = ax p(Xm|6x)
k=1

» Best class k*:

k* =arg max {p(cm = Kk|Xm,a,0,K)}
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Semi-supervised classification

» Given sample x,, and the parameters K and © (not the
proportions a), determine the probabilities
p(Xm|®, K)

p(cm = Kk|Xm,0,K) = P
where
p(Xm,cm = k|O,K) = /p(xm, Cm = kla,0,K)p(alK) da

and
K

P(Xm|®,K) =" p(Xm, cm = k|©, K)
k=1

» Best class k*, for example the MAP solution:

k* =arg max {p(cm = Kk|xm,©,K)}.
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Clustering or non-supervised classification

» Given a set of data X, determine K and c.
» Determination of the number of classes:

ey PIX.K=L)  p(XIK=L)p(K=L)
PK=HX) =" = p(X)
and .
p(X) =" p(K = L) p(X|K = L)
[=1

where Ly is the a priori maximum number of classes and

L
pxik = 1) = [ [T] [ a(xn. cr = KI60)plalK) p(OIK) da

n k=1

» When K and c are determined, we can also determine the
characteristics of those classes a and ©.
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Mixture of Student-t model
» Student-t and its Infinite Gaussian Scaled Model (IGSM):

14

T(xlv, 1, X /Nxm, T5)G(2ly, ) dz
where

N(X|u E)= [27E] "2 exp [~ 3(x — uY =" (x - )]

(
T (x = W= (x - )}

1
2
= [27Z| 2 exp [—%

and
IBCM
Ma)

22 Texp[-B2].

9(2la, ) =

» Mixture of Student-t:

K
p(le/kaa’ka”‘kvzkvk = 1> 7K}7K) = ZakT(Xn|Vk>“kvzk)'
k=1

A. Mohammad-Djafari, Data, signals, images in Biological and medicalapplication. Master ATSI, UPSa, 2015-2016, Gif, France, 63/74



Mixture of Student-t model

» Introducing zpk, zk = {Zw,n=1,--- N}, Z = {Zxx},
c={cp,n=1,--- N},
Ok = {vk,ak, e, Xk}, @ = {0, k=1,--- K}

» Assigning the priors
p(©) = [14 p(Ok), we can write:

p(Xv ¢, Z, G|K) = Hn Hk akN(Xn|/1’k>Z,;/1(zk) g(znk|%v %)p(gk
» Joint posterior law:

p(X,c, Z,0|K)
p(X|K)

ple, Z,0|X,K) =

» The main task now is to propose some approximations to it
in such a way that we can use it easily in all the above
mentioned tasks of classification or clustering.
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Variational Bayesian Approximation (VBA)

» Main idea: to propose easy computational approximation
q(c, Z,0) for p(e, Z,0| X, K).
» Criterion: KL(q : p)
» Interestingly, by noting that
p(c, Z,@‘X, K) = p(X,C, Z79|K)/p(X‘K)
we have:
KL(q: p) = —F(q) + Inp(X|K)

where
.F(Q) = <_ Inp(ch> Z>G|K)>q

is called free energy of g and we have the following
properties:

— Maximizing F(q) or minimizing KL(q : p) are equivalent
and both give un upper bound to the evidence of the model
Inp(X|K).

— When the optimum g* is obtained, F(g*) can be used as
a criterion for model selection.
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VBA: choosing the good families

» Using KL(q : p) has the very interesting property that using
q to compute the means we obtain the same values if we
have used p (Conservation of the means).

» Unfortunately, this is not the case for variances or other
moments.

» If pis in the exponential family, then choosing appropriate
conjugate priors, the structure of g will be the same and we
can obtain appropriate fast optimization algorithms.
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Hierarchical graphical model

o

70, 20

Ko, 7o

ko

@@@'@@

Graphical representation of the model.
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VBA for mixture of Student-t

» In our case, noting that
p(X7ca Z7 O‘K) :HHP(Xm Cn7znk|ak7/‘l‘k7 Zk7Vk)
n ok
1 (o(e) p(B) Pk Z4) P(ZA)]
k
with

P(Xn, Cn, Znk|@k i ks vk) = N (Xnl e 2,k Ex) G(Zaklak, B)

is separable, in one side for [¢, Z] and in other size in
components of ©, we propose to use

q(c> Z, @) = q(C, Z) q(@)
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VBA for mixture of Student-t

» With this decomposition, the expression of the
Kullback-Leibler divergence becomes:

KL(g1(¢, 2)q(@) : p(c, Z, B X, K) =

> [ [atc2100 ?1(22(;?;(5@}3) de dz

» The expression of the Free energy becomes:

Fae @) =3 [ [ate nuEnBEEE2 G2 0@
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Proposed VBA for Mixture of Student-t priors model
» Using a generalized Student-t obtained by replacing

G(Zn k|5, %) by G(zn k|, Bk) it will be easier to propose

conjugate priors for ay, Bk than for vy.
P(Xn, Cn = K, Znk|ak, g, Xk, ok, B, K) = akN(Xn\uk,Z,Z;lzk)g(zn,k\ak,ﬂk

» In the following, noting by

e = {(ak,ﬂk,ZK,ak,,Bk)7k - 17 7K}s
we propose to use the factorized prior laws:

p(a) Z [o(eu) P(Bk) P(k| Zk) P(Zk)]

with the following components.
p(a) = D(alko), ko= [Ko, -, ko] = ko1
p(ak) = E(ak|o) = G(ak|1,¢o)
P(Bk) = E(BkICo) = G(ak|1, <o)
Pkl Zk) = N (pklpol, mg " Zk)
P(Zk) = IW(Zk|v0,7X0)
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Proposed VBA for Mixture of Student-t priors model

where ko
(a\k: ZI k Ha
is the Dirichlet pdf,

E(t[¢o) = Coexp[—Col]
is the Exponential pdf,

a
2~ exp [—bt]

G(tla, b) = r‘(’a)

is the Gamma pdf and
|SA/2 exp [—1Tr{ ‘1}]

W(Z"%’YA) = A,+D+1
Fo(7/2) x|

is the inverse Wishart pdf.
With these prior laws and the likelihood: joint posterior law:

X,c, Z,0
pile, 2,0 x) = PX.2.0)
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Expressions of g

Q(C, Z, e) = Q(C, Z) q(e) = Hn Hk[q(Cn = k|znk) q(znk)]

[1kla(ek) a(Bk) (il k) 9(Zk)] q(a).
with:

) =D(alk), k=T[k. - k]

Q

ak) = G(ak|Ck, k)

Bk) = G(Bklk, i)

il Ex) = N (il 2,777 2)
q(Z) = IW(Zkl7,5%)

With these choices, we have

.F(Q(C, Zve)) = (lnp(X,c, Zae|K)>q(c7Z,@) = HH‘F1kn+H‘F2k
k n k

Fixy = (INP(Xn. Cn, Znk: Ok)) g(0n=k|zak)a(zm)

‘/—-.2 = <|np(xn>cn>znk>9k)>
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VBA Algorithm step
Expressions of the updating expressions of the tilded
parameters are obtained by following three steps:

» E step: Optimizing F with respect to q(¢, Z) when keeping
q(©) fixed, we obtain the expression of _
q(Cn = k|znk) = &k, 9(znk) = G(Znk|cik, Br)-

» M step: Optimizing F with respect to q(©) when keeping
q(c, Z) fixed, we obtain the expression of )

q(a) = D(alk), k= [ki, -, Kkl q(ak) = G(ak|Ck, k),
a(Bk) = G(B|Ces i), AUkl Ek) = N (s, 7' 24, and
q(Xx) = IW(Zk|7,7X), which gives the updating
algorithm for the corresponding tilded parameters.

» F evaluation: After each E step and M step, we can also
evaluate the expression of F(q) which can be used for
stopping rule of the iterative algorithm.

» Final value of F(q) for each value of K, noted Fj, can be
used as a criterion for model selection, i.e.; the

determination of the number of clusters.
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Conclusions

» Clustering and classification of a set of data are between
the most important tasks in statistical researches for many
applications such as data mining in biology.

» Mixture models and in particular Mixture of Gaussians are
classical models for these tasks.

» We proposed to use a mixture of generalised Student-t
distribution model for the data via a hierarchical graphical
model.

» To obtain fast algorithms and be able to handle large data
sets, we used conjugate priors everywhere it was possible.

» The proposed algorithm has been used for clustering,
classification and discriminant analysis of some biological
data (Cancer research related), but in this paper, we only
presented the main algorithm.
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