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Basic Bayes

» Two related events A and B with probabilities P(A, B),
P(A|B) and P(A|B).

» Product rule: P(A, B) = P(A|B)P(B) = P(B|A)P(A)

» Sum rule: P(A) =35 P(A|B)P(B)

» Bayes rule: P(B|A) = P(A‘BE)I)D(B) = ZZ(A(‘EI)IQJ)(E()B)

> Two related variables X and Y with probability distributions:
P(X,Y), P(Y|X) and P(X|Y).

» Bayes rule: P(X|Y) = P(Y‘)(Q)( ) _ Zi(l'r(‘\)f\))l(:’)(;(()x)

» Two related continuous variables X and Y with probability
density functions: p(x,y), p(y|x) and p(x|y).

Ply¥)p(x) _ _ ply[x)p(x)
p(y) T [ p(y|x)p(x) dx

» Bayes rule: p(x|y) =
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Basic Bayes for simple parametric models

data|hypothesis) P(hypothesis)
P(data)

» P(hypothesis|data) = A

» Bayes rule tells us how to do inference about hypotheses from
data.

» Finite parametric models:

_ p(d|6) p(6)

» Forward model (called also likelihood): p(d|6)
» Prior knowledge: p(@)
» Posterior knowledge: p(6]d)
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Bayesian inference: simple one parameter case
di ~ p(dj|0) = N(di|0,1),i=1,--- .M, 0~ p(0)=N(0]0,2)
L(0) = p(d|0) = HN(d 10,1) — p(6d) o< L(6) p(0)

Prior: p(0)
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Bayesian inference: simple one parameter case

M =1,dy =2, £(0) = p(d]6) = N(ch 0, 1) = eN (0|, 1)
Likelihood: L£(#) = p(d|0)
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Bayesian inference: simple one parameter case

M =1,dy = 2; £(0) = p(d]6) = N(ch 0, 1) = cN (0], 1)
Posterior: p(f|d) o< p(d|0) p(0)
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Bayesian inference: simple one parameter case

d,' ~ p(d,'|9) = N(d,‘|9, 1),f = 1, HR N M, 0~ p(9) = N((9|O, 2)
M =1,dy = 2; £(0) = p(d]6) = N(ch 0, 1) = cN (0], 1)
Prior p(@), Likelihood £(#) and Posterior p(6|d):
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Bayesian inference: simple one parameter case

d,-~p<d,-|9)=/v(d,-|e,1>i=1--~ M, 6~ p(6) = N(6]0,2)

M=4.d=2;,£00)=p(d|0) = | | N(d:]0, 1) = cN(0]|d, )
I va
Prior p(@), Likelihood £(#) and Posterior p(6|d):
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Bayesian inference: simple one parameter case

d,-~p<d,-|9)=/v(d,-|e,1>i=1--~ M, 6~ p(6) = N(6]0,2)

M =9,d=2;L(0) = p(d|§) = HN dil6,1) = cN(4]d, )
i=1 \/5
Prior p(@), Likelihood £(#) and Posterior p(6|d):
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Bayesian inference: simple one parameter case

When the number of data increases the likelihood becomes more
and more concentrated and, in general, the posterior converges to
it.

Prior p(@), Likelihood £(#) and Posterior p(6|d):

2 v T T T T |
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Recursive Bayes

» Direct
p(d|0)
+

p(0) —[Bayes| — p(0]d)
» Recursive

p(01d) o< [T p(ei10)p(6) o | [[p(9)p(6]0)] p(cel6)] - p(hlf)

1

p(d1|0) p(d2|0) p(dn|0)
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Bayesian inference: simple two parameters case

p(01,02), L(01,02) = p(d|01,02) — p(01,02]d) o< L(01,02) p(61,02)

Prior: p(01,02) = N(01]0,1)N(020,1)

Prior p 0(01 ,02]
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Bayesian inference: simple one parameter case

p(01,02), L(01,02) = p(d|01,02) — p(01,02]d) o< L(01,02) p(61,02)

Likelihood: [,((91,92) = p(d|91,92), d]_ = d2 =2

Likelihood I{  &,.,4,)

4
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Bayesian inference: simple one parameter case

p(01,02), L(01,02) = p(d|01,02) — p(01,02]d) o< L(01,02) p(61,02)

Posterior: p(f1,02|d) o< p(d|01,02) p(61,02)

Posterior p{ 01 ,62)
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Bayesian inference: simple one parameter case

p(01,02), L(01,02) = p(d|01,02) — p(01,02|d) oc L(01,02) p(01,02)

Prior, Likelihood and Posterior:

prior, likelihood and postarior
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Bayes: one parameter (1D) case

p(d|¢) p(¢)
p(d)

Maximum A Posteriori (MAP) [needs optimization algorithms]

0= arg max {p(¢]d)} = arg max {p(d|6) p(6)}

p(d]d) = o p(d|¢) p(f)

v

v

Posterior Mean (PM) [needs integration methods]

0=E,pa {0} = /9p(9|d)d9

» Region of high probabilities: [needs integration methods]
BN 02
[01,02] - | p(Old)dl =1 -«
01

v

Sampling and exploring [Mont Carlo methods]
0 ~ p(0]d)
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Bayesian inference: great dimensional case

» Simple Linear case: d = HO + €

» Gaussian priors:

p(d]6) = N'(d[HO, v.1)
p(6) = N(6]0, vgl)

» Gaussian posterior:

p(6]d) = N'(6]6, V)
0 =[HH+MTHd, A=
V= [HH+
» Computation of 6 can be done via optimization of:
J(0) = —Inp(0]d) = 5,-[|d — HO|]” + 5 [|0]* + ¢

» Computation of V = [H'H + M]~! needs great dimensional
matrix inversion.
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Bayesian inference: great dimensional case

» Gaussian posterior:

- p(6]d) = N(6]6,V),
O=[HH+AHd, V=[HH+AM1 x=%

Z
» Computation of 6 can be done via optimization of:
J(0) = —Inp(B|d) = c+ ||d — HO||?> + \||0]?
» Gradient based methods:
VJ(0) = —2H'(d — HO) + 20
ot = 9l (7 () = 9K 1209 [H'(d — HO) + 0]

» At each iteration, we need to be able to compute:

» Forward operation: d = HO(¥) R
» Backward (Adjoint) operation: H'(d — d)

» Other optimization methods: Conjugate Gradient, ...
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Bayesian inference: great dimensional case

» Gaussian posterior:

p(0]d) = N(6]6,V), 6 = argmin {J(0) = [|[d — HO|? + \]|0]*},
0

» Computation of V = [H'H + Al]~! needs great dimensional
matrix inversion.

» Almost impossible except in particular cases of Toeplitz,
Circulante, TBT, CBC,... where we can diagonalize it via Fast
Fourier Transform (FFT).

» Recursive use of the data and recursive update of 0 and V
leads to Kalman Filtering which are still computationally
demanding for High dimensional data.

» We also need to generate samples from this posterior: There
are many special sampling tools.

> Mainly two categories: Using the covariance matrix V or its
inverse (Precision matrix) A = V~!
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Bayesian inference: non Gaussian priors case
» Linear forward model: d = HO + €
» Gaussian noise model:

1
p(d|0) = N(d|HO, v l) o exp [—m\\d — HHHE}

» Sparsity enforcing prior:

p(0) o exp[al|6]]1]

» Posterior:

1
p(0]d) o exp {—2VJ(9)] with J(8) = ||[d—HO|3+)[0]/1, A = 2v.a

» Computation of EMAP can be done via optimization of J(0)

» Other computations (Posterior Mean or Covariance) are much
more difficult: No analytical expressions. Need Approximtion
methods.
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Bayes Rule for Machine Learning (Simple case)

> Inference on the parameters: Learning from data d:

_ p(d|g, M) p(6]M)
» Model Comparison:
_ p(d|My) p(M)

with
pelM) = [ pldle. M) p(61M) a0

» Prediction with selected model:

p(elM) = [ ple16. Mu)p(6ld, M) d6
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Approximation methods

v

Laplace approximation

v

Bayesian Information Criterion (BIC)

v

Variational Bayesian Approximations (VBA)

v

Expectation Propagation (EP)
Markov chain Monte Carlo methods (MCMC)
Exact Sampling

v

v
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Laplace Approximation

» Data set d, models My, .-, Mk, parameters 01,--- ,0k
» Model Comparison:

p(0,d|M) = p(d|6, M) p(6| M)
p(6]d, M) = p(6,d|M)/p(d|M)

p(dlM) = [ p(dlo, M) p(o1M) do

» For large amount of datd (relative to the number of
parameters, m), p(6|d, M) is approximated by a Gaussian
around its maximum (MAP) 6:

1 . .
plO1d. M) = (2m) ™2 A2 exp | (6~ BYA(O ~ D)
where A; ; = 89 89 In p(0]d, M) is the m x m Hessian matrix.
> p(d|M) = p(6,d|M)/p(6]d, M) and evaluating it at 6:
— ~ 1
In p(d|My) = In p(d|6@, M)+In p(B]/\/lk)—i-g |n(27r)—§ In|A|

» Needs computation of 6 and |A.
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Bayesian Information Criteria (BIC)
» BIC is obtained from the Laplace approximation
—~ ~ d 1
In p(d|My) =~ In p(6) M) + p(d|0, M) + > In(27) — > In|A|
by taking the large sample limit (n +— oco) where n is the

number of data points:

-~ d
In p(d| M) = p(d]6, M) — 5 In(n)
» Easy to compute
» |t does not depend on the prior
> It is equivalent to MDL criterion
» Assumes that as (n — o0), all the parameters are identifiable.

» Danger: Asymptotic conditions for great dim models.
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Bayes Rule for Machine Learning with hidden variables
» Data: d, Hidden Variables: x, Parameters: 6, Model: M
> Bayes rule

p(d]x, 6, M) p(x|6, M))p(6| M)

plx, Old, M) = p(dIM)

» Parameter estimation
Marginalization:

p(0|d, M) :/p(x,Hd,M)dx

Estimation: 6 = arg maxg {p(0]d, M)}
» EM algorithm: Complete data: (x,d)

» E step: Compute q§t+1)(x) = p(x|d, 0(1))
Q(0) = (In p(d,x,9|/\/l)>q£t+1)(x)
> M Step: 0(t*) = argmaxg {Q(6)}
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Bayes Rule for Machine Learning with hidden variables
» Data: d, Hidden Variables: x, Parameters: 6, Model: M

» Bayes rule

p(d]x, 0, M) p(x|6, M))p(6| M)

plx, 0ld, M) = o(d M)

» Model Comparison

p(d|My) p(M)
p(d)

p(Myld) =
with
plate) = [ [ e, 6. 0) plxl6, MO0 M) dx
» Prediction with a new data z
pelM) = [ [ plalx. 0. M)p(x16. M)p(6] 1) éx o
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Lower Bounding the Marginal Likelihood

Jensen's inequality:

Inp(dMy) = In//p(d,x,0|/\/lk)dxd0

- In// P Xa‘Mk)d do
(x,0)
>// (x,0)1 dX9|Mk)dd0
q(x, 0)
Using a factorised approximation for g(x, 0) = q1(x)g2(0):

npm) = [ [aae (qd(")i'?g)”d 46

]:Mk(ql( )7 q2(9)7d)

Maximising this free energy leads to VBA.
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Variational Bayesian Learning

_ « . p(d, x, 0| M)
Falar(x), a2(6),d) = //q1< ax(0)1n EE 5O g0

= H(q)+H(q) + ('np(d x, 0| M))

q1q2

Minimising this lower bound with respect to g; and then g» leads
to EM-like iterative update

q§t+1)(x) o exp [(Inp(d,x,@\M)) (t)(e)} E-like step

&D(0) o exp [<|np(d X, 0]M)) v (X)] M-like step
which can also be written as:
qgtﬂ)(x) x exp [(In p(d,x|0, M)) (t)(G)i| E-like step

q§t+1)(9) x  p(B|M) exp [(Inp(d x|, M)) (1 (x)} M-like step
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EM and VBEM algorithms

» EM: Objective: Compute the marginal p(6|d, M) and
maximize it with respect to 6 to obtain 6.

E Step:

Compute qgtﬂ)(x) = p(x|d,0(0))
Q) = (n p(d, x, 01M)
M Step: Maximize

0+ = argmaxg {Q(0)}

» VBA: Objective: Approximate p(x, 8|d) by g1(x)g2(0)
If g1(x) is choosed to be a conjugate prior to to the likelihood
p(d|x, 8()), then gy (x|d) will be in the same family:
q1(x|d, () and
E Step:

"™ (x) = p(x|d, $9)
Q(8) = (n p(d,x, B1M))

M Step: ¢\ (0 )—exp[@(e)]
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EM and VBEM algorithms

EM for Marginal MAP estimation
Goal: maximize p(6|d, M) w.r.t. 6
E Step: Compute
qgtﬂ)(x) = p(x|d, 8(®)) and
Q(6) = (In p(d, x, 0| M)) +1)

q  (X)
M Step: Maximize
6(t+1) = argmaxg {Q(0)}

Properties:

Variational Bayesian EM
Goal: lower bound p(d| M)
VB-E Step: Compute
gtV (x) = p(x|d, $9) and
Q(H) = (Inp(d,x,9|M)> (t+1)

q (X)
M Step: Maximize
6§ (6) = exp [Q(0)]

» VB-EM reduces to EM if g2(8) = (6 — 6)

» VB-EM has the same complexity than EM

» If we choose g2(0) in the conjugate family of p(d, x|@), then
¢ becomes the expected natural parameters

» The main computational part of both methods is in the
E-step. We can use belief propagation, Kalman filter, etc. to

do it. In VB-EM, ¢ replaces 6.
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Measuring variation of temperature with a therometer

» f(t) variation of temperature over time

» g(t) variation of length of the liquid in thermometer

» Forward model: Convolution
2(t) —/f(t’) h(t — ¢)de + €(t)

h(t): impulse response of the measurement system

> Inverse problem: Deconvolution

Given the forward model # (impulse response h(t)))
and a set of data g(¢t;),i=1,--- , M
find £(t)
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Computed Tomography: Seeing inside of a body
» f(x,y) a section of a real 3D body f(x,y, z)
> g,(r) a line of observed radiography g4(r, z)

» Forward model:
Line integrals or Radon Transform

go(r) = /L f(x,y)dl 4+ €4(r)

- //f(x,y)é(r—xcosqS—ysin ¢) dxdy + €g(r)

> Inverse problem: Image reconstruction

Given the forward model # (Radon Transform) and
a set of data gy, (r),i=1,---, M
find f(x,y)
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2D and 3D Computed Tomography

Projection:
I I 80
0
s T 40
& =
B i 20
S el
=4 o
// \\
2o - 20
=5 Px
\\ // 40
60
80

gs(rn,n) / f(x,y,z)dl  g4(r) = / f(x,y)dl
risr,é

)
Forward probelm: f(x,y) or f(x,y,z) — gy(r) or gs(r1, r2)
Inverse problem: gy(r) or gs(ri, ) — f(x,y) or f(x,y,z)
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Algebraic methods: Discretization
Ay

(X, y =
] ~gi
4 fn
)z

gL [f G= Hifiteog=Hite
L -

» H is huge dimensional: 2D: 10 x 10%, 3D: 10° x 10°.
» Hf corresponds to forward projection
» H'g corresponds to Back projection (BP)
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Microwave or ultrasound imaging

Measures: diffracted wave by the object g(r;)
Unknown quantity: f(r) = k3(n?(r) — 1) \

Mesnanen

Intermediate quantity : o(r) e e
e et
g(ri ://G (ri,Yo(r") F(F)d¥, rie S @
Y S /”V
Born approximation (o(r') =~ ¢o(r

() =[] Gulrit ) () e r,-es . .
>

Discretization: ¢9 .

_ g:H(f) . .
{g/)_ o G F with F = disg(D) e 8
Y= PoT BT Y | H(f) = GuF (1 — GoF) 1oy,
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Microwave or ultrasound imaging: Bilinear model
Nonlinear model:

r,)_// m(ri, )o() F(F)dr', rie S
o // (r,/)o(¢)F(¥)dr, re D

Bilinear model: w(r’) = o(r') f(¢')

g(ri) / Gm(ri,)w(r)dr', rie S
) = ¢o(r) / Go(r,¥Yw(r)dr', re D

() r 5
w(t) = F(6)60(e) + [ Golr. ) e

Discretization: g=G,w+¢€, w=¢.f
» Constrast f - Field ¢: b =¢g+ Gow + &
» Constrast f - Sourcew :  w ="f.¢y+ Gow + &
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Bayesian approach for linear inverse problems
M g=Hf +e€

v

Observation model M + Information on the noise €:
p(glf,01; M) = pe(g — Hf|01)
A priori information p(f|02; M)

v

v

Basic Bayes :

p(glf, 01; M) p(f|62; M)
flg, 01,00, M) =
plflg,f1,02: M) p(glfr. 02; M)

» Unsupervised:

_ p(glf,01) p(Fl02) p(6]cxo) _
p(f,0lg, o) = p(glco) , 0 =(01,02)

v

Hierarchical prior models:

p(glf, 01) p(f|z, 02) p(z|03) p(0|cxo)
p(glao)

p(f,Z, 0’g7 aO) = ; 0= (017 ‘927 03)
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Bayesian approach for bilinear inverse problems

M: g=Gpw+e, w=Ffgy+Gw+E w=o.f

M: g=Gpw+e, w=(1-G,) Y (Df+&), w=o.f
» Basic Bayes:
P(g|W,,91)P(W‘f7792)l3(f‘793)
p(f,w|g,0) =
(f, wle, 6) p(gl6)

> Unsupervised:

o p(g|w, 01) p(wlf, 02) p(f|03)

p(f,W, 0|ga aO) X p(g|W, 91) p(f|W, 92)p(f|93) p(0’a0)7 0= (917 92793)

» Hierarchical prior models:

p(f.w, 2, 0lg, o)  p(glw, 01) p(wlf, 62) p(Fz, 6) p(z]6a) p(6]cxo)
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Bayesian inference for inverse problems
Simple case:
g=Hf +e
p(flg, 0) o p(glf, 61) p(f|62)
— Objective: Infer f
- MAP: f=arg maxg {p(flg, 0)}
— Posterior Mean (PM): f= /fp(f|g, 0) df

Example: Caussian case:
p(g|fa Ve) = N(g|Hf7 Veg T 5
flg,0) = N(f|f, X
{p(ﬂvf) = N0ty PUTIE 8) = MAIEE)
- MAP:1 f= ar2g mir11f {Jz(f)} with
J(F) = - llg — HE|I= + [IF]]

— Posterior Mean (PM)=MAP:
{?: (H'H + \l)"H'g

r ith A = ¥
S—(HH+)T z
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Gaussian model: Simple separable and Markovian

g=Hf +e
Separable Gaussian

Gauss-Markov

H

g=Hf+e€
f, 0 N (g|Hf, v -~

Uy 2oy 1. 0) = N
- MAP: f= arg ming {J(f)} with
J(F) = o llg — [HF? + - [IF]?
— Posterior Mean (PM)=MAP:

f=(HH+ Al 'H'g
{}E = v.(H'H + Al 1
Markovian case:
p(f|ve, D) = N(f|0, vs(DD?) 1)
“MAP: J(F) = Lig— [HF? + L1 |Df|?
— Posterior Mean (PM)=MAP:
{?: (H'H + AD'D] 'H'g

> = v.(H'H + AD'D]

with A = “j—i

. v
with A = v

I

)
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Bayesian inference (Unsupervised case)

Unsupervised case: Hyper parameter estimation

(==

p(f, 0lg) o p(glf, 61) p(f|62) p(0)

— Objective: Infer (f,0)

JMAP:  (f,0) =arg max f g {p(f,0|g)}
— Marginalization 1:

p(tle) = [ p(r.0lg)do

— Marginalization 2:

p(0lg) = /p(f,0|g) df followed by:

0 =arg maxg {p(0|g)} — f=arg maxg {p(f]g, 5)}

— MCMC Gibbs sampling:

f ~ p(f|0,g) — 0 ~ p(0|f,g) until convergence

Use samples generated to compute mean and variances
— VBA: Approximate p(f, 0|g) by qi(f) g2(0)

Use qi1(f) to infer f and g2(0) to infer 6
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JMAP, Marginalization, VBA

» JMAP:

p(f.0lg) | —fF
optimization

» Marginalization

p(f.0lg) |—| p(Olg) =60 —|p(flo,g) | —F

Joint Posterior Marginalize over f

» Variational Bayesian Approximation

Variational — q1(f) —f
p(f,0|g) | — Bayesian
Approximation | — gp(0) — 0
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Variational Bayesian Approximation

> Approximate p(f, 8|g) by q(f, 6) = q1(f) g2(0)
and then use them for any inferences on f and 6 respectively.

» Criterion KL(q(f, 0|g) : p(f, 0|g))
KL(q:p)z//qlnq=//<;/1qzlnqlq2
P P

> lterative algorithm g1 — g — g1 —> g0, - -+

q1(f) ocexp <|np(g,f,9;,/\/l))az(9)
92(0) o< exp (Inp(g,f,e;/\/l))al(f)

Variational — q1(f) —f

p(f,0|g) | — Bayesian

Approximation | — g2(0) — 0
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Variational Bayesian Approximation

p(g f, 0| M) = p(glf, 8, M) p(f|6, M) p(6| M)

_ p(g’fﬁlM)

pf0|gM)
L(q : p) // (f,0)In Slhe df do

plglM) = // (f, 0) g’fe’)M)dfde

// (f,0)] g’(ff%';\/l) df dé

p(g. f, 0| M)
// (F,0)] SF.0) df do

Evidence of the model M:
p(glM) = F(q) + KL(q : p)
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VBA: Separable Approximation

p(glM) = F(q) + KL(q : p)
q(f,0) = qi(f) a2(0)
Minimizing KL(q : p) = Maximizing F(q)

(91,92) = argmin {KL(q1g2 : p)} = argmax{F(q192)}
(g1,92) (g1,92)

KL(g1qg2 : p) is convexe wrt g1 when @, is fixed and vise versa:

{ g1 =arg min,, {KL(q1g2 : p)} = arg maxg, {F(¢q192)}
g2 = argming, {KL(q1g2 : p)} = argmax,, {F(q192)}

G2(0) o exp

{ Gi(f) o exp

{Inp(g. f,0; M))g, 0
{Inp(g, f,0; M), )
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BVA: Choice of family of laws g; and g»

» Case 1 : — Joint MAP

{ G(f[f) =6(F—1) f= arg maxg {p(f, r5|g;M)}

0
52(9\5) =6(0 — 5) 0= arg maxg {p(f, 0\g; M)}
» Case 2: — EM

{ alf)  xp(flo.g) [QO:0)=np(f0lg M) o
G:(010) =0(6-0) o = arg maxg {Q(Q,E)}

» Appropriate choice for inverse problems

qi(f) p(f|5,g; M) Accounts for the uncertainties of
g2(0) o p(O|f,g; M) 0 for f and vice versa.

Exponential families, Conjugate priors
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JMAP, EM and VBA

JMAP Alternate optimization Algorithm:

00 —0—| f=arg maxg {P(f,5|g)} —f—f
/]\

o~ ~ ~

0 «— 0+— | 6 = argmaxg {p(?;9|g)} —f

EM:
00 59— a1(f) = p(f|6,g) —aq(f) —F
T —
N ~ 0.0) = (Inp(f,0
0 «— 6 Q(6,6) = dnp(F, 618))q,y «— aquf)
0 = argmaxg {Q(Ga 0)}
VBA:

00 — q2(0)— | ar(F) o< exp [ (In p(F,01g)), )| | —ar() — F
!
0 «— ax(0)— | aa(6) x exp [(in p(F, 018)) 5| | «—an(F)
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Non stationary noise and sparsity enforcing model

— Non stationary noise:

g = Hf+te, ¢; ~ N (6|0, v..) = € ~ N(€|0, V. = diag [ve1, -+, Vem])

— Student-t prior model and its equivalent IGSM :
fj|ij ~ N(fj|0, V’?) and v,;. ~ Ig(ij|OefO,,3f0) — fj ~ St(fj|afo,ﬁf0)

(Bleh-v) ~NgHr V). V. doslvd
’O‘fo’ﬁfo‘ ey, Beo| | p(Flvr) = N(F]0, Vr), V¢ = diag [vy]
G {p(vé) = H (V6/|O‘€o7560)
(ve) = I1;ZG(vs g, Br,)
o p(F,ve,vrlg) o p(g|f, ve) p(Flve) p(ve) p(vr)
H Objective: Infer (f,v.,v¢)
— VBA: Approximate p(f, v, v¢|g)
G by q1(f) g2(ve) g3(vr)
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Sparse model in a Transform domain 1
g=Hf+¢e, f=Dz zsparse

p(glz, ve) = N(g|HDf, v.l)

p(z|v;) = N(z|0, V), V, = diag|[v,]
{P(Ve) = ZG(velaey; Beo )

p(vz) =1, ZG(vzjlozy, Bz)
p(27 Ve, Vz, V£|g) Ocp(g’L VE) p(z’VZ) p(Ve) P(Vz) p(Vg)
- JMAP:
(2,0.,5,) = argmax {p(z, v, v.|g)}

(Z,ve,V7)

Alternate optimization:

z = argminy {J(z)} with:

J(z) = 5 lg — HDz|]? + ||V, }/?|2

~ Btz

V5 = a1

o — BotIg—HDZJ?

€ ey +M/2

— VBA: Approximate

p(Z, Ve, Vz, V£|g) by ql(z) q2(VE) q3(vz)

Alternate optimization.
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Sparse model in a Transform domain 2

g=Hf+e f=Dz-+¢§ zsparse
p(glf, v.) = N(g[Hf, vl)
’0%07550‘ ’aZO’ 520‘ p f‘z) (f‘DZ’ Vfl)’

(g
(
(z|vz) = N(z]0, V), V, = diag|v,]
() () o Y )
o (V) HiIg(VZj‘aZmﬁZo)
e ° ° p(ve) = ZG(velog,, Be,)
(f, 2, ve, vz, velg) ocp(glf, ve) p(flzs) p(z|v2)
p(VE)p(VZ)p(VE)
0 (¢) — map:
(f Z,Ve,Vz,ve) = argmax  {p(f,z, ve,vz, velg)}
(f,Z,v“Vz,v5)
e Alternate optimization.

— VBA: Approximate

p(f,z, ve, vz, velg) by qi(f) g2(z) qa(ve) qa(vz) gs(ve)
Alternate optimization.

jel
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Gauss-Markov-Potts prior models for images

31
f(r)A z(r) J

c(r)=1-=145(z(r) — z(r'))

maov g=Hf +e¢
0: D p(glf, v.) = (g|Hf vel)
0.0 | |7 ] 0w Bl | G0 (01 )
p(f(r)z(r) = k, mk, vic) = N (f(r)|mx, vi)
e ° p(f|Z 0) Zk HreRk akN(f(r)|mk7 Vk)a

0= {(ak,mk,vk),kzl,---,K}
p(6) = D(alag) N (a|mo, v0)ZG(v|av, So)
plzl7) x exp |7 L Lenr) 0(2(r) = 2(F))] Potts MRF
p(f,z,0|g) o p(glf, vc) p(f|z, 0) p(z|7)
MCMC: Gibbs Sampling
VBA: Alternate optimization.
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Application in CT

—_— —— ' g
g|f f|z z c
g =Hf +e iid Gaussian id q(r) € {0,1}
g|f ~ N(Hf,o2l) or or 1—0(z(r) — z(r))
Gaussian Gauss-Markov Potts binary

p(f,z,0|g) o< p(glf, 01) p(f|z, 02) p(2]03) p(0)
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Results

Original

\ s

Gauss-Markov+pos

Backprojection

L |
LJ f
- E {J

n [

GM-Line process

L

Filtered BP ) LS

- =
Lnd

GM-+Label process
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Application in Microwave imaging

g(w) = / F(r) exp[—j(w.r)] dr + e(w)

g(u,v) = // f(x,y)exp[—j(ux + vy)] dxdy + e(u, v)
g=Hf +¢€

f(x,y) g(u,v) fIFT f Proposed method
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Images fusion and joint segmentation

(with O. Féron)
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Data fusion in medical imaging
(with O. Féron)
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Mixture Models

1. Mixture models
2. Different problems related to classification and clustering
» Training
Supervised classification

>
» Semi-supervised classification
» Clustering or unsupervised classification

Mixture of Gaussian (MoG)

Mixture of Student-t (MoSt)

Variational Bayesian Approximation (VBA)
VBA for Mixture of Gaussian

VBA for Mixture of Student-t

Conclusion

© N o O s w
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Mixture models

» General mixture model

K

K
p(d\a, @, K) = Z ak Pk(dklgk)y O<ap<1, Zak =1
k=1 k=1

v

Same family px(dk|0x) = p(dk|Ok), Vk

Gaussian p(dk|0k) = N (dk|p, Vi) with O, = (pe, Vi)
Data D = {d,,n=1,--- , N} where each element d, can be
in one of the K classes c,,.

ax =p(ch, =k),a={ax,k=1,--- K},
O={0kk=1,--- ,K},c={cp,n=1,--- N}

v

v

v

N
p(D,cla,®) = ] p(dn, cn = k|ak, 6k)

n=1
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Different problems

» Training:
Given a set of (training) data D and classes c, estimate the
parameters a and O.

» Supervised classification:
Given a sample x,,; and the parameters K, a and © determine
its class

k* = argmax{p(cm = kldm,a,0,K)}.
k

» Semi-supervised classification (Proportions are not known):
Given sample x,, and the parameters K and ©, determine its
class

k* = argmax {p(cm = k|dm, O, K)}.
k

» Clustering or unsupervised classification (Number of classes K
is not known):
Given a set of data D, determine K and c.
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Training
» Given a set of (training) data D and classes c, estimate the
parameters a and O.
» Maximum Likelihood (ML):

(a, é) = argmax {p(D,cla,®,K)}.
(a,0)

» Bayesian: Assign priors p(a|K) and p(O|K) = Hle p(Ok)
and write the expression of the joint posterior laws:
p(D,cla, ©, K) p(alK) p(O|K)
p(D, c|K)

p(a,®|D,c, K) =
where
p(D.clK) = [ p(D.cla. ©IK)p(alK) p(©]K) dadE

> Infer on a and O either as the Maximum A Posteriori (MAP)
or Posterior Mean (PM).
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Supervised classification

» Given a sample x,, and the parameters K, a and © determine

(Xm, cm = kl|a, ©, K)

p
Cm = k|xm,a,0,K) =
plem = )= T k2 O, K)

where p(Xm, cm = kla,©, K) = axp(dm|0k) and

K
p(Xm|a, o, K) - Z Ak p(xm|9k)
k=1

» Best class k*:

k* = argmax{p(cm = k|xm,a,0, K)}
k
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Semi-supervised classification

» Given sample x,, and the parameters K and @ (not the
proportions a), determine the probabilities

P(Xm, Cm = k|@, K)
Cm = k|Xm,®,K) =
Pl | ) P(xm|©, K)

where
p(Xm, cm = k|®,K) = /p(xm, cm = kla, 0, K)p(a|K) da

and

K
p(xm|®, K) =Y p(Xm, cm = k|®, K)
k=1

> Best class k*, for example the MAP solution:

k* = argmax{p(cm = k|xm, @, K)}.
k
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Clustering or non-supervised classification

» Given a set of data D, determine K and c.

» Determination of the number of classes:

p(K = L|D) = p(D,K=1) p(DIK=1L)p(K=1)

p(D) p(D)
and ,
p(D) = p(K =L)p(D|K = L),
[=1

where Ly is the a priori maximum number of classes and

L
p(D|K = L) = //H T 2P (e cn = K[6K)p(al K) p(©] K) da dO.

n k=1

» When K and c are determined, we can also determine the
characteristics of those classes a and ©.
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Mixture of Gaussian and Mixture of Student-t

K

d\a@K Zakpdklek O<ak<1,Zak:1
k=1

» Mixture of Gaussian (MoG)

p(dk‘ok) = N(dk’/”l‘kavk)a 9k = (”k?vk)

_p _1 1 _
N (el Vi) = (27) % V|72 exp [2(dk — ) Vi —uk)]
» Mixture of Student-t (MoSt)
p(di|Ok) = T (de|vi, 1, Vi), Ok = (Vi 1y, Vi)
(vk+p) _
M5 1 1
T(delvio 115 Vie) = VAl L (= ) Vi (e )

2

r(ﬂ)ugw
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Mixture of Student-t: Hierarchical model
» Student-t and its Infinite Gaussian Scaled Model (IGSM):

T V) = [~ N 0 V) G0l 3)d
where
N(d]p, V)= [25V| 72 exp [~ 3(d — p)'VH(d — )]
= 2V "2 exp [~ 3Tr {(d — )V (d — p)'}]

and
(07

(el 5) = ooy exp [

» Mixture of generalized Student-t: 7 (d|«, 3, i1, V)

K
p(d‘{a/ﬂ M, Vk7 O, /jk}v K) = Z dk T(dn‘()ék, /3k7l“l’kavk)-
k=1
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Mixture of Gaussian: Introduction of hidden variable

» Introducing z,, € {0,1}, zx = {zpk,n=1,--- , N},
Z = {zpk} with P(zp = 1) = P(c, = k) = ay,
Bk = {akaukavk}' ©= {0k7k: ]-7 7K}

» Assigning the priors p(©) =[], p(6«), we can write:

p(DIc,Z,0,K) = []D_ axN(dalrg: Vie) (1 = 6(zmk))
n  k

p(Dv ¢, Za G)|K)

TTTT (26N (xal 12k VO™ p(6c)
n ok

» Joint posterior law:

p(D,c,Z,0|K)

¢,Z,0|D,K) =

» The main task now is to propose some approximations to it in
such a way that we can use it easily in all the above
mentioned tasks of classification or clustering.
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Hierarchical graphical model for Mixture of Gaussian

Y0, Vo 1o, 7o ko

a) = D(alko)
Vi) = N(peg ol mo Vi)
Vi) = IW(V|v0, Vo)

zok = 1) = P(c, = k) = a

p

@ (D1
%
OSORC

p(D,c,Z,0|K) = [T TT1akN (dnlea: Vi)™ p(ai) (e IV )p(Vic)
n  k

/'\/\

=3
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Mixture of Student-t model

» Introducing U = {unk}
0y = {O‘kaﬁkaakaukavk}r 0= {Hkak =1, 7K}
» Assigning the priors p(©) =[], p(6«), we can write:

p(D, ¢,Z,U,01K) = [T T [akN (dnlss 5 1Vi) Gunklerks B1)] ™ p(04)
n  k

» Joint posterior law:

p(D,c,Z, U, O|K)

c,Z,U,0|D,K) =

» The main task now is to propose some approximations to it in
such a way that we can use it easily in all the above
mentioned tasks of classification or clustering.
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Hierarchical graphical model for Mixture of Student-t

) v0, Vo| |05 M0 ko [( p(a) =D(alko)
Pl Vi) = N(pegl ol mo Vi)
p(Vk) = IW(Vk|10, Vo)
() () Vo—()  (3) { plar) = E(aléo) = Glakl1, o)
' p(Bk) = E(Bk|o) = G(B«|1, Co)
P(zoxk =1) = P(ch = k) = ax
(%0 }+=(@~(0) | p(ums) = Glumeloves 54)

p(D,c,Z,U,0|K) = [[TI  [axN(dnlpss: Vi) G (il Bi)I ™
n  k
p(ak) (Vi )P(Vi)p(ak)p(Bk)
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Expressions of the different prior distributions

» Dirichlet M, k)
D k) — | Rk ki—1

@) = 117 0e) 11
» Exponential

E(t[¢o) = Coexp[—(ot]
» Gamma go

G(t]0B) = froy " exp [-61]

> Inverse Wishart

1A 2exp [-1Tr {AV™ 1}]

W(\V|y,vA) =
Fo(y/2)IV| "7
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Variational Bayesian Approximation (VBA)

» Main idea: to propose easy computational approximations:
q(c,Z,0) = q(c,Z)q(O) for p(c,Z,O|D, K) for MoG model,

or
q(c,Z,U,0) = q(c,Z,U)q(O) for p(c,Z,U,O|D, K) for
MoSt model.
» Criterion:
KL(q: p) = —=F(q) + Inp(D|K)
where
F(q)=(=Inp(D,c,Z,0[K)),
or

F(q) ={(—Inp(D,c,Z, U,9|K)>q

» Maximizing F(q) or minimizing KL(q : p) are equivalent and
both give un upper bound to the evidence of the model
In p(D|K).

» When the optimum ¢* is obtained, F(g*) can be used as a
criterion for model selection.
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Expressions of g
q(c, Z,0) =q(c, Z) q(©

=11, Hk[qzcn = k|znk) q(znk)]
[Tkla(u) a(Bi) a(enl Vi) a(Vi)] a(a).
q(a) = D(alk), k= [ki,---, k]
(k) = Go|Ck, i)

a(Bk) = G(BklCk, k)
(i IV
q(

with:

ilVi) = N (g B, 77V
\ V) IW(Vk|;)'/7 )

With these choices, we have

F(q(c,Z.0)) = (np(D,c, Z,0|K)) . 7.0) = HHﬂmHBk

q

iy = (Inp(da, €, znk 9k)>q(cn:k|znk)q(znk>
Fa, = (Inp(dn, cny Znk, 0k)>Q(9k)
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VBA Algorithm step

Expressions of the updating expressions of the tilded parameters
are obtained by following three steps:

» E step: Optimizing F with respect to g(c,Z) when keeping
q(©) fixed, we obtain the expression of q(c, = k|zk) = 3,
q(znk) = G(znklak, Br)-

» M step: Optimizing F with respect to q(©) when keeping
q(c,Z) fixed, we obtain the expression of )

g(a) = D(alk), k= [k, -, k], a(ar) = GlaxlCe. i),
a(Bk) = G(BkICk: 7iK),_a(kel Vi) = N (| 2, 77~ Vi), and
q(Vi) = IDW(Vk|7,7%), which gives the updating algorithm
for the corresponding tilded parameters.

> F evaluation: After each E step and M step, we can also
evaluate the expression of F(q) which can be used for
stopping rule of the iterative algorithm.

» Final value of F(q) for each value of K, noted Fy, can be
used as a criterion for model selection, i.e.; the determination

of the number of clusters.
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VBA: choosing the good families for g

» Main question: We approximate p(X) by g(X). What are the
quantities we have conserved?

» a) Modes values: argmax, {p(X)} = argmax, {q(X)} ?
» b) Expected values: E,(X) = E4(X) ?
» ¢) Variances: Vp(X) = V4(X) ?
» d) Entropies: Hp(X) = Hq(X) ?

» Recent works shows some of these under some conditions.

» For example, if p(x) = %exp [—p(x)] with ¢(x) convex and
symetric, properties a) and b) are satisfied.

» Unfortunately, this is not the case for variances or other
moments.

» If p is in the exponential family, then choosing appropriate
conjugate priors, the structure of g will be the same and we
can obtain appropriate fast optimization algorithms.
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Conclusions

>

Bayesian approach with Hierarchical prior model with hidden
variables are very powerful tools for inverse problems and
Machine Learning.

The computational cost of all the sampling methods (MCMC
and many others) are too high to be used in practical high
dimensional applications.

We explored VBA tools for effective approximate Bayesian
computation.

Application in different inverse problems in imaging system
(3D X ray CT, Microwaves, PET, Ultrasound, Optical
Diffusion Tomography (ODT), Acoustic source localization,...)
Clustering and classification of a set of data are between the
most important tasks in statistical researches for many
applications such as data mining in biology.

Mixture models are classical models for these tasks.

We proposed to use a mixture of generalised Student-t
distribution model for more robustness.
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