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Limited angle Tomography: Limitations of analytical
methods

Original Data

Backprojection Filtered Backprojection
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Algebraic methods: Discretization
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Algebraic methods

g1 H;
g=|: |, H=|: | 2e=Hif+ex > g=) Hif+er = Hite
gK Hk k

» H is huge dimensional: 2D: 10 x 106, 3D: 10° x 10°.
Hf corresponds to forward projection
H'g corresponds to Back projection (BP)

| 2
| 2
» H may not be invertible and even not square
» H is, in general, ill-conditioned

| 2

In limited angle tomography H is under determined, si the
problem has infinite number of solutions

Minimum Norm Solution

f=H{(HHY)~ ZHt (HHD) gy

v

can be interpreted as the Filtered Back Projection solution.
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Algebraic methods

» Minimum Norm Solution: R
minimize [[f||3 s.t. Hf = g — f = HY(HH")"1g
Least square Solution: R
f =argming {J(f) = ||g — Hf||?} — f = (H'H)'H'g
Quadratic Regularization:

v

v

J(F) = ||lg — HFf||2 + A||f]|3 — F = (H'H + A)'H'g

v

L1 Regularization: J(f) = ||g — Hf||2 + \||f||1
Lpq Regularization: J(f) = ||g — Hf[|5 + A||Df||d
More general Regularization:

J(F) =" ¢(gi — [Hf) + XD ¢((Df];)
i J

v

v

J(f) = A1(g, HF) + AAy(f, fo)
with A; and Ay any distances (L2, L2, ..) or divergence (KL)
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0 else

fi + €

Case study: Reconstruction
from 2 projections

gi(x) = [ f(x,y)dy,

g(y) = [f(x,y)dx

Very ill-posed inverse problem
f(x,y) = g1(x) &2(y) QAx, y)
Q(x,y) is a Copula:
[Q(x,y)dx =1
JQx.y)dy =1
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Simple example

1134 7174 fi|flgs 11-10 ;1110
2146 71716 fr | fa |ga 1110 11-10
3 7 3 7 81 82 0 0 0 0
81 1100 fi fi|fa|f|ga

g | _ 0011 f f|f |13 |8gs5

83 ] |1 010 f3 316 | fo |86

g 0101 fa g1 & &

» Hf =g — f = H g if H invertible.
H is rank deficient: rank(H) = 3

Problem has infinite number of solutions.

v

v

How to find all those solutions ?

v

Which one is the good one? Needs prior information.

v

To find an unique solution, one needs either more data or
prior information.

v
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Prior information or constraints

» Positivity: ;> 0or f; € R™

» Boundedness: 1> f;) >0or f; € [0,1]

» Smoothness: f; depends on the neighborhoods.

> Sparsity: many f; are zeros.

» Sparsity in a transform domain: f = Dz and many z; are
Zeros.

» Discrete valued (DV): f; €{0,1,...,K}

> Binary valued (BV): fj € {0,1}

» Compactness:  f(r) is non zero in one or few
non-overlapping compact regions

» Combination of the above mentioned constraints

» Main mathematical questions:

» Which combination results to unique solution ?
» How to apply them ?
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Deterministic approaches

» lterative methods: SIRT, ART, Quadratic or L1 regularization,
Bloc Coordinate Descent, Multiplicative ART,...

» Criteria: J(f) = ||g — Hf||? + \||Df||?
» Gradient based algorithms: VJ(f) = —2H'(g — Hf) + 2AD'Df
» Simplest algorithm:

(k) (k)

FED 79 00 [H(g — HE™) 4 2ADt DR

» More criteria:
J(F) =232, ¢(gi — [HF];) + A 3; »((Df;)
with ¢(t) and 9 (t) = {t?, |t |t|P,...} or

J(F) = Aq(g, HF) + AA(F, fo)

» Imposing constraints in each iteration (example: DART)

» Mathematical studies of uniqueness and convergence of these
algorithms are necessary
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Bayesian estimation approach
M: g=Hf+e
» Observation model M + Hypothesis on the noise € —
p(glf; M) = pe(g — H)
A priori information p(f|M)

v

p(glf; M) p(f|M)

> Bayes : p(flg; M) = (gl M)

Maximum A Posteriori (MAP) :

v

f = rgmax {pl(flg)} = org max {p(glf) p(1)}

argmin {J(F) = ~ I p(glf) ~ Inp(F)}

v

Link with Regularization:

f= argfmin {J(F) = A1 (g, HF) + AR(F)}

with Aq(g, Hf) = —Inp(g|f) and AR(f) = —Inp(f)
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Case of linear models and Gaussian priors
g=Hf +e€
» Prior knowledge on the noise:
€~ N0,v20) > plelf) x 59 | 5 [~ W]
Prior knowledge on f:
f~ MO (0D) ) = pl1) x & |15 D]
f

v

v

A posteriori:

p(Flg) o exp [— !

2v.2
» MAP: f=arg maxg {p(f|g)} = argming {J(f)}
with J(f) = ||lg — Hf||> + )| Df ||, A=
Advantage : characterization of the solution
p(flg) = N(f,Z) with
f=(HH+AD'D) 'Hg, =y (HH+)D'D)"

1
g — HE|2 HDfH
2vg

Ve
2
\;

v

1
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MAP estimation with other priors:
f=argmin{J(f)} with J(f) = leg — Hf|I> + Q(f)
f €

Separable priors:
» Gaussian:
p(f;) oc exp [—alfi[?] — Q(f) = a3, |f* = [If]3
» Generalized Gaussian:
p(f;) xcexp[—alfilP], 1 < p <2 = Q(f) = a3 [P = |f[|5
» Gamma: p(fj) o £ exp [-Bfi] — Q(f) = a > ;Inf; + Bf;
> Beta:
() o £2(L = £)° — QF) =a X, Infi+ 53, In(1 )
Markovian models:

p(flf) cexp |—ad (i, f)| — Qf)=ad D é(ff),

fENj J iGNj
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Sparsity enforcing models
» 3 classes of models: 1- Generalized Gaussian, 2- Mixture
models and 3- Heavy tailed (Cauchy and Student-t)
» Student-t model

v+1
2

St(f|v) o exp {— log (1 + fz/y)]

> Infinite Gausian Scaled Mixture (IGSM) equivalence

St(flv) x /OON(f\,O, 1/2)G(z]a, B)dz, with a =8 =1v/2
0

p(flz) =TI p(flz) = ILN(610,1/2) < exp [~ 3 32, 2if2]
p(zlo,B)  =TI;9(zlo,8) o [1;2° 7 exp[-2)]

ocexp (Y i(a—1)Inz;— BZJ}
p(f,z|a, ) o< exp —%ijj-sz—i-(a—l)lnzj-—ﬁzj]
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Non stationary noise and sparsity enforcing model

— Non stationary noise:
g = Hf+te, ¢; ~ N (6|0, v.,) — € ~ N(€|0, V. = diag [ve1, -+, Vem])

— Student-t prior model and its equivalent IGSM :
fj|ij ~ N(fj|0, V,S.) and V’S’ ~ Ig(v5.|af0,ﬁf0) — f_,' ~ St(fj|afo,,6f0)

a507/3€0 { |
ORORH

v.) = N(g|Hf,V.), V.=diag[v]
f) = N(glo,Vr), V¢ = diag [v]
) = Hizg(vﬂ"aeoyﬁeo)
r) =11, Z6(vs |y, Bry)

’O‘foa/ﬁfo‘

p(g
p(flv
p(v
(v

o p(f, ve, vrlg) o p(glf, ve) p(Flvr) p(ve) p(vr)

H - JMAP: (/f\, Ve, Vf) = arg MaxXf y_v,) {p(f,v.,vrlg)}
— VBA: Approximate p(f, v, v¢|g)

e by q1(f) q2(ve) g3(vr)
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Sparse model in a Transform domain 1
g=Hf+¢e, f=Dz zsparse

p(glz, ve) = N(g|HDf, v.l)

p(z|v;) = N(z|0, V), V, = diag|[v,]
{P(Ve) = ZG(velaey; Beo )

p(vz) =1, ZG(vzjlozy, Bz)
p(27 Ve, Vz, V£|g) Ocp(g’L VE) p(z’VZ) p(Ve) P(Vz) p(Vg)
- JMAP:
(2,0.,5,) = argmax {p(z, v, v.|g)}

(Z,ve,V7)

Alternate optimization:

z = argminy {J(z)} with:

J(z) = 5 lg — HDz|]? + ||V, }/?|2

~ Btz

V5 = a1

o — BotIg—HDZJ?

€ ey +M/2

— VBA: Approximate

p(Z, Ve, Vz, V£|g) by ql(z) q2(VE) q3(vz)

Alternate optimization.
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Sparse model in a Transform domain 2

g=Hf+e f=Dz-+¢§ zsparse
p(glf, v.) = N(g[Hf, vl)
’0%07550‘ ’aZO’ 520‘ p f‘z) (f‘DZ’ Vfl)’

(g
(
(z|vz) = N(z]0, V), V, = diag|v,]
() () o Y )
o (V) HiIg(VZj‘aZmﬁZo)
e ° ° p(ve) = ZG(velog,, Be,)
(f, 2, ve, vz, velg) ocp(glf, ve) p(flzs) p(z|v2)
p(VE)p(VZ)p(VE)
0 (¢) — map:
(f Z,Ve,Vz,ve) = argmax  {p(f,z, ve,vz, velg)}
(f,Z,v“Vz,v5)
e Alternate optimization.

— VBA: Approximate

p(f,z, ve, vz, velg) by qi(f) g2(z) qa(ve) qa(vz) gs(ve)
Alternate optimization.

jel
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Gauss- I\/Iarkov—Potts prior models for images

r) =1-0(z(r) - z(r'))

p(f(r )|Z( ) = k, myc, vi) ZN(mk, Vk)
p(f(r) Z P(z N(my, vi) Mixture of Gaussians

> Separable ||d hidden variables:  p(z) =[], p(z(r))
» Markovian hidden variables: p(z) Potts-Markov:

p((N)Iz(F).F € V) xexp |7 S oz )]
rey(r)
ocexp|:fyz Z d(z(r) — z( )]

rerRrey(r
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Four different cases

To each pixel of the image is associated 2 variables f(r) and z(r)

» f|z Gaussian iid, ziid :
Mixture of Gaussians

» f|z Gauss-Markov, ziid :
Mixture of Gauss-Markov

» f|z Gaussian iid, z Potts-Markov :
Mixture of Independent Gaussians
(MIG with Hidden Potts)

»
)Jf(r)
i
-
Jz(r)
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» f|z Markov, z Potts-Markov :
Mixture of Gauss-Markov
(MGM with hidden Potts)



Gauss-Markov-Potts prior models for images

31
f(r)A z(r) J

c(r)=1-=145(z(r) — z(r'))

maov g=Hf +e¢
0: D p(glf, v.) = (g|Hf vel)
0.0 | |7 ] 0w Bl | G0 (01 )
p(f(r)z(r) = k, mk, vic) = N (f(r)|mx, vi)
e ° p(f|Z 0) Zk HreRk akN(f(r)|mk7 Vk)a

0= {(ak,mk,vk),kzl,---,K}
p(6) = D(alag) N (a|mo, v0)ZG(v|av, So)
plzl7) x exp |7 L Lenr) 0(2(r) = 2(F))] Potts MRF
p(f,z,0|g) o p(glf, vc) p(f|z, 0) p(z|7)
MCMC: Gibbs Sampling
VBA: Alternate optimization.
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Bayesian Computation and Algorithms

» Joint posterior probability law of all the unknowns f,z, 0
p(f.2,0lg) o p(g|f, 61) p(f|z, 6) p(z|63) p(6)

» Often, the expression of p(f,z,0|g) is complex.

» lts optimization (for Joint MAP) or
its marginalization or integration (for Marginal MAP or PM)

is not easy
» Two main techniques:

» MCMC:
Needs the expressions of the conditionals

p(flz.0,g), p(z|f,0,8), and p(0]f,z g)
» VBA: Approximate p(f,z, 0|g) by a separable one

q(f,z,0g) = q1(f) q2(2) 93(0)
and do any computations with these separable ones.
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MCMC based algorithm
p(f.z,01g) o< p(glf, z, 01) p(f|z, 02) p(z[03) p(6)

General Gibbs sampling scheme:

o~

T~ p(f2,6,8) — z ~ p(z[f,0,8) — 0 ~ (0[f,Z,g)

» Generate samples f using p(f|Z, 0, g) x p(glf, 0) p(f|zZ, 6)
When Gaussian, can be done via optimization of a quadratic
criterion.

» Generate samples z using p(z|/f\,5,g) x p(gﬁ’\,i, 5) p(2)
Often needs sampling (hidden discrete variable)

» Generate samples 0 using

p(6If.Z, g) o p(glf. o21) p(F[2, (mk, vi)) P(8)
Use of Conjugate priors — analytical expressions.

» After convergence use samples to compute means and
variances.
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Application in CT: Reconstruction from 2 projections

I

—_— —— ' g
g|f f|z z c
g =Hf +e iid Gaussian id q(r) € {0,1}
g|f ~ N(Hf,o2l) or or 1—0(z(r) — z(r))
Gaussian Gauss-Markov Potts binary

p(f,z,0|g) o< p(glf, 01) p(f|z, 02) p(2]03) p(0)
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Proposed algorithms

p(f,z,0\g) o p(glf, 01) p(f|z, 62) p(z|63) p(0)
e MCMC based general scheme:
f~p(f2,0,8) — 2~ p(z[f,0,8) — 6 ~ (0]f 2, 8)
Iterative algorithme:
» Estimate f using p(f[Z, 0, g) x p(g|f,6) p(f|z, 6)
Needs optimization of a quadratic criterion.
» Estimate z using p(z\?,@,g) x p(g|/f\,2, 5) p(z)
Needs sampling of a Potts Markov field.

» Estimate 6 using

p(01f.2,g) o< p(glf. o21) p(F[Z, (M, vi)) P(O)
Conjugate priors —» analytical expressions.

e Variational Bayesian Approximation

» Approximate p(f,z, 0|g) by q1(f) g2(z) 93(0)
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Results with two projections

Original Backprojection

'
5

1 ]
| /

| A N

Gauss-Markov+pos GM-+Line proces:

L
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—
N

GM-+Label process
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Implementation issues

In almost all the algorithms, the step of computation of f
needs an optimization algorithm.

v

v

The criterion to optimize is often in the form of
J(f) = |g — Hf||* + \||Df||?

Very often, we use the gradient based algorithms which need
to compute

v

VJ(f) = —2H!(g — HFf) + 2\D'Df

So, for the simplest case, in each step, we have

v

FEY 79 L0 (g — 1Y) + 2ADtD?(k)}
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Gradient based algorithms
R 30 [H’ <g _ H?(k)) AD Df(k)}

1. Compute g = Hf (Forward projection)
2. Compute dg =g — g (Error or residual)
3. Compute 6f; = H'dg (Backprojection of error)
4. Compute &f; = —D'Df (Correction due to regularization)
~(k+1) /\(k)
5. Update f + [0 + 6f3]
Initial estimated Forward projections of Measured
guess —| image —— | projection | — | estimated image | —| - |« | projections
£(0) (k) H g = Hf(k g
T 4
update compare
correction term Backproiecti correction term in
in image space — ac p:}ec on . projection space
5f = H'5g — AD/Df(K) jg=g—E

» Steps 1 and 3 need great computational cost and have been
implemented on GPU.
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Multi-Resolution Implementation
Sacle 1: black g =H®fD) (N x N )
Sacle 2: green g® =HO®F@ (N/2 x N/2)
Sacle 3: red g =HOFG)  (N/4 x N/4)
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Results with 4 projection

. 100 ~
i:' “ J
}i oF
Original Projections Initialization Final result
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Conclusions

» Limited angle Computed Tomography is a very ill-posed
Inverse problem

> Analytical methods have many limitations

> Algebraic methods push further these limitations

» Deterministic Regularization methods push still further the
limitations of ill-conditioning.

» Probabilistic and in particular the Bayesian approach has
many potentials

» Hierarchical prior model with hidden variables are very
powerful tools for Bayesian approach to inverse problems.

» Gauss-Markov-Potts models for images incorporating hidden
regions and contours

» Main Bayesian computation tools: JMAP, MCMC and VBA

» Application in different imaging system (X ray CT,
Microwaves, PET, Ultrasound, Optical Diffusion Tomography
(ODT), Acoustic source localization,...)

» Current Projects: Efficient implementation in 2D and 3D cases
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