Entropy Computation
in Partially Observed Markov Chains

F. Desbouvries

INT / CITI Dept. & CNRS UMR 5157
91011 Evry, France




-

1. Embedded Markovian models : HMC C PMC C TMC
- Hidden Markov Chains (HMC)
- Pairwise Markov Chains (PMC)
- Triplet Markov Chains (TMC)

- Examples

2. Efficient algorithms in Partially observed Markov Chains
- Bayesian restoration (filtering, smoothing...)
- Parameter estimation

- Entropy Computation

N




/ Hidden Markov Chains (HMC) \

Xn+1 — gdn (Xn7 un)

, u and v indep. and jointly indep.

® p(X0in, Yomn) = p(X0)p(X1[x0) - - - p(Xn|Xn-1) X p(yo[x0) - p(¥yn|Xn)

7 \ J/

~” ~”

P(x0:n) P(Y0:n|X0:n)
e Filtering :
_ P(Yn|Xn)fp(xn|xn—1)p(xn—1|YO:n—1)dxn—1
p(Xn|yOn) _ p(¥Ynlyoin—1)

- linear and Gaussian case :  Kalman filtering

\ - general case : extended Kalman , particle filtering - - - /
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/ Extension HMC =- Pairwise Markov Chains (PMC) ?

Xn — n\Xn, Un . . . .
i gn ) , uand v indep. and jointly indep.
Yn — hn(xngvn)
( P(Xnt1[X0:n) = P(Xn+1|Xn);
o < p(yomlxom) = ]]plyilxon);
i=0
| P(¥ilXo:n) = p(yilx:) Vi, 0<i<n.

Xn

] 1s Markovian.
Yn—1

e moreover the pair z,, = [
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Extension HMC =- Pairwise Markov Chains (PMC) ?

: p(x|y) and p(y|x) Markovian
Markovian = . :
y p(x) and p(y) not necessarily Markovian

. PMC = HMC
e Modeling power :

p(y|x) Markovian

e Bayesian restoration: p(x|y) Markovian
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Extension PMC = Triplet Markov Chains (TMC) ?

[ r auxiliary r,
{ x hidden :  thetriplet | x, | is Markovian
Yn—1
|y observed
tn
TMC = PMC

e Modeling power :
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Extension PMC = Triplet Markov Chains (TMC) ?

[ r auxiliary r,
{ x hidden :  thetriplet | x, | is Markovian
Yn—1
|y observed
tn
T™MC = PMC

e Modeling power :
p(y|x) marginal of the MC p(y, r|x)
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Extension PMC = Triplet Markov Chains (TMC) ?

[ r auxiliary r,
{ x hidden :  thetriplet | x, | is Markovian
Yn—1
|y observed
tn
T™MC = PMC

e Modeling power :
p(y|x) marginal of the MC p(y, r|x)

"

* Xn
we restore X, = ;

e Bayesian restoration : < I'n

\ \ Xn|n 1S obtained by marginalization .
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/ Example 1 : x discrete, r discrete \

e Hidden semi-Markov Chains (e.g.[ Yu and Kobayashi, 2003]) :

- 'y, the time during which x,, remains in the same state

- q : probability distribution (on IN™*) of state duration

( 8oy (Tpy1) if Tp > 1
p(xn—{—l‘xnarn) = .
p(@nt1|zn) if r, =1
S 5,~n_1(rn+1) if T > 1
P(rnt1lmn) = _
q(Tn+1) if r, =1
Y p(yn+&|$n+1,rn+&,tn) = p(yn+4\$n+1)

e Then

p(ivn—l—lyrn—}—l,yn—l—ljhl:n) — p(tn—{—1|tn) —

~

thi1

\ DTt 1| s Py Un ) P(Tnt 17415 Ty Try Un ) P(Ynt 1 | Tt 1 Tt 1 Ty T yn)/
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Example 2 : x continuous, r discrete

e "Switching" or "Jumping" models :

( P(Tn+i|rom) = p(ras1|rn)
< Xn+1 — F('r'n—}—l)xn + G(Tn—l—l)un
L Yn = H(rn)xn +J(rn)va

e Then

p(3<n+1, T'n+1, yn—f—1/|t0:n) — p(tn—|—1|tn) —

N

tht1

\\\\p(rn+1LEnaTnayn)p(xn+J|Tn+1axnarnayn)p(yn+l|xn+larn+laxnarnaynz///
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Exemple 3 : x continuous, r continuous
Xn+1 — ann + Gnun
o ’
Yn — ann + Jnvn
u,u u
° = " + | ™| [Sorenson 1966]
V41 0 AX’V Vn 7";
ni1 A, &En
Xn+1 Fn Gn Onx XNy Xn Onx X1
o Fpt+1|— Onr X Nx An Onr XNy I'n —|_ gn
Yn B Hn Jn Ony XNy | _Yn—l_ _Ony X1 |
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/ Efficient algorithms for Partially Observed Markov Chains \

e Bayesian restoration

filtering : p(xn |Yo:n)

— Kalman Filter (Ait-El-Fquih & Desbouvries, IEEE tr. SP Aug. 2006)

— Particle Filtering (Desbouvries & Pieczynski , NSIP’03)

smoothing : p(Zr|yo:N)

— Forward Backward, Viterbi (Pieczynski 2000)

— RTS, Two-Filter, Frazer-Potter, Bryson-Frazier ... (Ait-El-Fquih & Desbouvries,
SSP’05, MaxEnt’06)

— Particle filtering (Ait-El-Fquih & Desbouvries , NSSPW’06)

e Parameter Estimation

Gaussian case, EM algorithm (Ait-El-Fquih & Desbouvries, Icassp’06)

( Entropy Computation /
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Entropy Computation in Partially Observed Markov Chains

H(Xo.nlyo:n) = — Y p(wo:n|yo:v) log p(zo.n|yo: v)-

L0o:N

e Brute force : O(K™) operations

e HMC : Hernando, Crespi & Cybenko, IEEE Tr. IT July 2005. O( K N )
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/ Entropy Computation in Partially Observed Markov Chains

H(Xo.nlyo:n) = — Y p(wo:n|yo:v) log p(zo.n|yo: v)-

L0o:N

e Brute force : O(K™) operations
e HMC : Hernando, Crespi & Cybenko, IEEE Tr. IT July 2005. O( K N )

e PMC:

H(XO:n|yO:n) — (X |y0n ‘|‘ZH XOn 1|xnyy0n> (xn|y0n)

Tn

N

N\

+ Z H(XO:'n,—Q |xn—1) yO:n—l)p(xn—l |xn7 yo:n)'

Lpn—1

N

16



/ Entropy Computation in Partially Observed Markov Chains

H(Xo.nlyo:n) = — Y p(wo:n|yo:v) log p(zo.n|yo: v)-

L0o:N

e Brute force : O(K™) operations
e HMC : Hernando, Crespi & Cybenko, IEEE Tr. IT July 2005.

e PMC : recursive alg. + FB (p(zn|y0:n ), P(Tn—1|Tn, Yo:n.))

H(XO:n|y0:n) — (X |y0n +ZH XOn 1|$n,y0n) (xn|y0n)

Tn

NG

-~

H(X();n_l |$n, yo;n) :H(Xn—l |$n7 yO:n)
+ Z H(XO:n—2 |xn—17 ’yo:n—l)p(xn—l |xn7 yo:’l’b)°

Lpn—1

N
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/ Entropy Computation in Partially Observed Markov Chains

H(Xo.nlyo:n) = — Y p(wo:n|yo:v) log p(zo.n|yo: v)-
L0:N
e Brute force : O(K™) operations

e HMC : Hernando, Crespi & Cybenko, IEEE Tr. IT July 2005.

e PMC : recursive alg. + FB (p(2n|Y0:n ), D(Tn—1|Tn, Yo:n.))

Tn

NG

-~

H(X();n_l |$n, yo;n):H(Xn—l |$n7 yO:n)

Lpn—1

kTMC : H(Xo:~n, Ro:~|yo:n) OK; H(Xo:n|yo:n) not available.

H(XO:n|y0:n) — (X |y0n +ZH XOn 1|xn7y0n) (xn|y0n)

+ Z H(XO:n—2 |xn—17 yo:n—l)p(xn—l |xn7 yo:n)'

/
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