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A few points:

 Please check your registration statut, receipts,
participation at conference dinner, and for those who
registration fees have been weaved, please sign your

registration forms.
 Today, as well as the other days, the lunches are offert.
 Conference dinner will be tuseday July 11, at 19h30.

 From tomorrow, the conference is located at CNRS.

Please bring an 1D.
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 We are going to request each participants to

Peer-Review one or two papers

 Please do this review as soon as possible during the

conference

 The authors have to account for the reviewers

comments for preparing their final papers.

 Final camera-ready papers are due on September 15,
2006 (Firm deadline).

It is really unfortunate that some ot the peoples could

not come due to the visa problems.
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Maximum Entropy and Bayesian inference:

Where do we stand and where do we go 7
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‘ CONTENTS .

Definitions: Information, Entropy, Relative entropy, different types of data
Assigning probabilities: Maximum Entropy Principle (MEP)

Updating probabilities: Minimizing the Relative Entropy (Kullbak-Leibler)
(MKL)

Link between ME and Maximum Likelihood (ML)

Link between MKL and Bayesian approach

Assigning priors (Conjugate, Reference and Jeffreys priors)
Computing posteriors

Multivariate extentions

Case of inverse problems
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\ INTRODUCTION .

Juantity of interest:

robabilities:

nformation quantities:

mtropy:

elative Entropy (Kullbak-Leibler):
rior probabilities:

)ata type 1: Expected values:

)ata type 2: N direct samples:
)ata type 3: N indirect samples:
)ata type 4:

V indirect noisy samples:

XE{wl,"' ,wn}

p:{pla"' 7pn}

I={6L,---,I,}, I, :lnz% = —Inp;

H(p) =E{l;} = —> " _ p; Inp,

KL(p:q)=>_,pj Inp;/q

q=1q,"""qn}

d = E{¢n(X)} = > pj dr(wy),
k=1,--,K

m:{xla"' 733]\7}

Yy =1{y1, - ,yn} with y = Az

y=1{yi1, - ,yn} with y = Az + €
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‘ ASSIGNING PROBABILITIES .

. Given a set of data type 1: dx = E{¢r(X)} = Z;’:l pjop(w;), k=1, K
assign the probabilities p = {p1, -+ ,pn}

. Infinite number of possible solutions.
Maximum Entropy Principle (MEP):
Between all the possible solutions choose the one with maximum entropy

maximize H(p):—z.pj Inp; s.t. Z.qubk(wj):dk, k=1,--- . K

; LagramgianL',:—Z7 | Dj lnp]—l—zk 0)\kz (Zj | Dj ¢k(w3) dk)

85_ . 81nZ()\) "
a,\k 0 ’ ON = dj, > A

K
ME solution: p; = ( exp [ Z)\kqbk By ] — exp [—)\o — Z)\}Z¢k(wj)]
k=1

Stationnary point:

where Z(X) =exp || = Z?:1 exp [_ Z?:l Ak Pk (%‘)}

9
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SOME PROPERTIES OF ME SOLUTION '

OmZ(A) ()

o = o = E{¢x(X)}
olmzZ(A) (N

A = T = E {5 (X)) (X))}

H = X+» ME{¢n(X)}
k

Hmax = )\0 + Z )\kzdkz
k

10
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UPDATING PROBABILITIES '

. GGiven the prior probabilities g and a set of data type 1:
dp = E{¢r(X)} =21 pj ox(wj), k=1,---, K , update q to p
. Minimum Kullbak-Leibler principle (MKLP):

minimize K(p : q) ij Inp;/q; s.t. ij dp(w;j) =dg, k=1,--- | K
=1

MKL solution: pj = ZC(IJA) exXp | — Z Ak (wj)

ZA) =) qiexp |— > Aeor(w;)
i | k=1 i

11
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ASSIGNING A PROBABILITY LAW (CONTINUOUS CASE)

X a continuous quantity with probability density function p(x)

. Given a set of data type 1: dy = E{¢(X)} = [p(x) pp(z)dz k=1, -, K,
assign the pdf p(x)

. Maximum Entropy Principle (MEP):

maximize = — [ p(z) Inp(z) dx
s.t. fp dx—dk, kzl,---,K

. Lagrangian £ = — fp(a:) Inp(z)dz + S0, A ([ p(z) gp(x) dz — dy)

aoiey = 0 — p(x) = zixy exp {— >t )‘kngkz@?)}

oL __O0lnZ(X) «
N 0 DNk = dp — A

Stationnary point:

ME solution: p(z) = Z(l)\*) exp [— Z )\quk(x)]

12
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UPDATING PROBABILITY LAWS (CONTINUOUS CASE)

. Given the prior probabilities q(x) and a set of data type 1:

di = E{¢ox(X)} = [ p(x) pp(x)dz, k=1, -, K, update ¢(x) to p(x).

. Minimum Kullbak-Leibler principle (MKLP):

minimize K(p:q) = /p(zz:) In[p(x)/q(x)] dx

s.t. /p(x)¢k(x)dx:dk, k=1,--- | K

MKL solution: p(x) = ;ia;\)) exp [— Z )\kqbk(x)]
k=1

13
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‘ SIMPLE EXAMPLES .

x q(x) E {¢r(x)} = di p(z)
x>0 | cte E{X;j=di=p ﬁexp[—)\x]
x>0 | cte E{X) =d ﬁexp[—)\lx—)\zlnx]
E{lnX}:dg :g()\2+1,>\1)
E{X}=d =
z >0 | G(ao, Bo) X} 1= fle G(a, B)
E{]nX}:dQ:a
E{X}=d =
e e e N (po, o)
E{X —p)?}=ds =05
g — -2 2 2
.’,UER N(MO,JS) E{X}_dl—,ul N(/,L,O'Q),M_O- (/’LO/OO+M1/01)7

E{(X —p)?} =dy =07

o2 = [1/o} +1/0%)]

14
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LINK BETWEEN MEP AND MAXIMUM LIKELIHOOD (ML)

lantity of interest: X, a continuous random variable

ta type 11 dp = E{¢x(X)} = [ p(x) pp(x)dz, k=1,--- | K
ME solution: p(x;A) = Z(}\) exp [ Zle )\k¢k(a:)}
. . Oln Z(A\) o
A solution of: — =d, k=1,---,K
ta type 2: N direct samples: « = {x1,---,xn}

Choose a param. family: p(x;0) = ﬁ exp [— ZkK_l Hkqbk(x)}

8

Assume z; iid: p(

1 0) = H] . Z(e) exp{ 25:1 91-@@51@(%')}

France

Define the Likelihood: L(x|0) = Zn(e) exp { ijl Z;fle Hk:Qbk(a?j)}

ML solution: 6 = arg maxg {L(x|0)}
6 solution of: al%gk(e) L Zj L Pr(x5)

15
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‘ LINK BETWEEN MKIL AND BAYESIAN APPROACH '

lantity of interest: X, a continuous random variable with prior ¢(x)

ta type 1 dp = E{¢n(X)} = [ p(x) ¢p(x)dz, k=1,--- | K
MKL solution:  p(z|\) = % [ K Aeon(z )}
A solution of: — algfy‘) dp., k=1,--- K

te that

palh) = F e [—Zwm)]

a posteriori o< a priori Data Likelihood

16
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LINK BETWEEN MKL AND BAYESIAN APPROACH (CONTINUED)

ta type 2:

Choose a param. family:
Define the Likelihood:
Assign a prior on: 6

Apply the Bayes rule:

Fxtract an information on 6 :

the mean:

or the mode:

Signification of p(«x ]5)

N direct samples:

x={xy, -, TN}

p(x10) = iz exp | = L4, Ordn(@)]

L(@|0) = 7ty exp | = X0 iy Okon ()]
n(6)
pOlz) o< (6)

a priori

L(x]0)

a posteriori Likelihood

A ] 6 L(x]|0)7(8) dx
f = [0 p(flz)da = [ L(|0)x(0) d=
0 = arg maxg {m(0) L(x|0)}

and link with p(x|\)?

17
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ta type 1 dp = E{¢x(X)} = [ p(x) pp(x)dz, k=1,--- | K

p(z|A) e q(z|A) exp[ Zmbk ]
a posteriori o« a priori Data leehhood

ta type 2: N direct samples: x = {x1,--- ,a:N}

p(Blz) o m(Olzo)  exp —szbk 7;)

1=1 k=1

a posteriorli o« a priori Data Likelihood

few questions:

 How to assign q(x|Ag) or w(8|xq) 7

 How to use p(z|\) or p(8|x) ?

 How to compute E{X} using p(x|A) or E{@} using p(@|x) ?

) Any link between ¢(z|\g) and 7(0|xg) or between p(x|A) and p(@|x) 7

18
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ASSIGNING PRIORS: CONJUGATE, REFERENCE AND JEFFREY’S PRIORS

ta type 2:  n direct samples: @, ={x1, - - ,T,}
1 i n K ]
p<0|mn) — m 7T<0> f(mn‘0> with f(wn|9> — €Xp | — — kz::l qubk x]

 Conjugate priors: posterior p(@|x) and prior w(@) in the same family

1
Exponential family: n(0|xg) = Zo(wo)m(e) exp | — Z Z dr(xo;)
1=1 k=1

where LOng = {wOla e 7x0n0}

» Reference priors: ng =1

m(0|xo) = m0(0) exp [—¢'0] with ¢ = [¢1(z0), -+ , K (20)]"

Zo(wo)

 Jeffrey’s priors:

19
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JEFFREY’S PRIORS .

p(6lwn) = -

in in information:

KL[p(@|x,) : //Zn

hen n — o0

7(0) = |1,,(8)|"/? with I,,(0) =

sher’s Information matrix.

20

f(x,|0)

Zn (Tn)

0) f(x,|0)In

Of(x,(0)
96,00,

MaxEnt 2006, CNRS,

dxz,, d@
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MULTIVARIATE EXTENSIONS '

a random vector with p(ax). Data type 1:

dk=E{¢k<x>}=/p<m>¢k<w>dw, k=1, K
K
p(xlA) o< q(x[Ao) exp [ZM%(%)]
k=1

X a priori Data Likelihood
Minimizing K L(p : ¢) — Minimizing D(X; Ag) (Primal-Dual optimization)
D(X; X\g) is a distance measure and its expression depends on ¢(a|\g)
If g(x|A\g) is separable then p(ax|\) is also separable
If we note by

E {X} = /w q(x|\o)dx=x, and E,{X}= /:B p(x|\) dx = x,
then minimizing K L(p : ¢) — minimizing A(x, : x,).

21
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ta type 3: M indirect samples: y = {y1, -+ ,yn} where A is a M x N matrix
dy=E{AX} = AE{X} and the prior measure ¢g(x|\y) and

E, {X} :/a: q(m|)\o)dm:w0
p(x|A) o« q(x|Ag) exp[ Z)\k Az} ]

Ep{X}:/mp w\)\)dm:w

 Minimizing K L(p : ¢) — Minimizing D(\; Ag) —
Minimizing A(x : x¢) subject to Ax = y.

 A(x; () is a distance measure and its expression depends on the family form
of q(x|\o)

 If q(a|\) is separable then A(x;xg) = Zj\;l Aj(xj520,)
 If ¢g(x) Gaussian, then D(A;Xg) = [|A — Ao||? and A(x;xg) = ||z — x|
£l

x) Poisson measure, then A(x;xy) = Zj rjIn(z;/xo,) + (v — 20;)

22
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ta type 4: M indirect samples: y = {y1, -+ ,yn } where A is a M x N matrix
d y = Ax + € and the prior probability laws:

1
€ 0 ) 0:) = _Ht )
Pe(€|61) p(x|62) ACH exp [ ch(a:)]
ase 1: 681 and 6, known.
p(yle,01) = pe(y — Ax|6:)
p($ y791792) X p(y|w,91) p($‘92)
p(z|y, 0) = p(ylz,01) p(x]62)/p(y|6), 6= (61,0:)
p(y|0) = [p(ylz,61) p(z]02) dz
ering on x:
Mode x(0) = argmax, {p(x|y,0)} needs optimization
Mean z(0) = [zp(xly,0)dx needs integation
_ [z p(yl=.0)p(z|6) dz
J p(yl2,0)p(z|6) da
Sampling ~ p(x|y, 0) Monté Carlo techniques

23
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se 2: 61 and 685 unknown:

p(yle,01) = pe(y— Ax|6:)
p(z, 0ly) < p(y|z,01) p(x|02) ©(0), 6= (01,02)
Infering on x: p(zly) = [p(z,0ly)do

Mode * = argmax, {p(x|y)}
= Jzp(zly)dz = [ [z p(z,6ly) dzdO
Infering on 6: p(0|y) = [ p(x,0)y) dx

Mode 6 = argmaxg {p(Bly)}

Mean 6 = [0 p(8ly)do = [ [0 p(z,0|y) dxdb
Infering on (x,0): (x,0) ~ p(x,0|y)

8)

Mean

Joint MAP (Z,0) = argmaxg g {p(x, Oly)}
Joint sampling x ~p(xl@,y), 60~ plly)
Gibbs sampling « ~ p(x|0,y), 6 ~ p(f|x,y)

24
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\ COMPUTATIONAL ASPECTS .

y = Ax+e
p(ylz,01) = pe(y — Ax|6:)
p@l0s) = o exn[-0ip()
p@.6ly) o plylz.01) p(a6:) 7(6), 6= (61,60)

timation of x, 0:

Mode: (Z,0) = arg max (g ) {P(x,0|y)}, needs optimization
E{z} = [z p(zy) dx
E{6} = [ 6 p(Oly)do
Sampling: (z, b\) ~ p(x,0|y), needs sampling techniques

Mean: needs integrations

 Main difficulty: p(«x, 8|y) is not, in general, separable in @, @ neither in

components of  nor in components of 8 — Separable Approximations

25



.. Mohammad-Djafari Maximum Entropy and Bayesian inference MaxEnt 2006, CNRS, France

‘ VARIATIONAL BAYES .

p(z,0y) ~ q1(x|y) ¢2(0]y)
ere ¢ (x|y) and ¢2(0|y) are such that KL (¢q1 g2 : p) be minimized.

KL(qiqa:p) = //q1 *ly) ¢>(6ly)In Q1(§(|g)(é’7;i‘y) e
— cte T n 11(@1y)¢2(6]y) r
—  ct —I—/Ch( ) (/qz(e\y)l p(x,0y) dH) ‘
= cte €T n ql(m‘y)%(my) L
— +/Q2(9\y) (/ql( y)] p(z,0y) d ) 0

KL (q1 g2 : p) is a convex function of ¢; and ¢go. This optimization can be
done iteratively

q1 p— a,rglf%in{KL (Cll C]A2 p>}

G = argrr;in{KL(zl\l g2 : p)}

26
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WHERE DO WE HAVE TO GO ? '

» Forward modeling and assigning a probability laws to the errors:

Link with physics — Likelihood

» Modeling unknown quantities & and assigning probability laws:

Simple models: p(x|61)
Models with hidden variables:  p(x|z,03), p(z|03)

 Assigning prior laws to the hyperparameters  p(0):
Conjugate, Reference, Entropic, Jeflreys priors

 Obtaining expressions of the posterior laws

p(z,0ly) o< pyle,61) p(x|2) ©(6),
p(z, z,0ly) o p(ylz,61) p(z|z, 02) m(2(05) 7(6),

<017 02)
(917 927 93)

S D

27
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 Using posterior laws to give practical solutions:
Joint Modes, Means, Marginal modes or means, integration of nuisance

parameters, ...
— Computing modes needs huge dimentional multivariate optimization
— Computing means needs huge dimentional multivariate integration

— Sampling is a good tool for exploring the whole probability density and
compute approximate means. However, sampling from a non-separable

multivariate probability law is not so easy.

 Finding appropriate approximations to do fast computations:
Laplace approximation, Separable approximation, Variational and Mean

Field approximations
 Evaluating the performances of the obtained algorithmes

 Evaluating the remaining uncertainties

28
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Thanks

and now starts
More deep presentations

on those aspects



