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1. Preambule 
   Geometric Flow Theory is cross fertilized by diverse elements coming from Pure Mathematic (geometry, 
algebra, analyse, PDE) and Mathematical Physic (calculus of variations, General Relativity, Einstein 
Manifold, String Theory), but its foundation is mainly based on Riemannian Geometry, as explained by M. 
Berger in a recent panoramic view of this discipline [Berger], its extension to complex manifolds, the Erich 
Kähler’s Geometry [Kähler1], vaunted for its unabated vitality by J.P. Bourguignon [Bourguignon] in 
[Kähler2], and Minimal Surface Theory recently synthetized by F. Hélein [Helein]. This paper would like to 
initiate seminal studies for applying intrinsic geometric flows in the framework of  information geometry 
theory. More specifically, after having introduced Information metric deduced for Complex Auto-Regressive 
(CAR) models from Fisher Matrix (Siegel Metric and Hyper-Abelian Metric from Entropic Kähler Potential), 
we study asymptotic behaviour of PARCOR parameters (reflexion coefficients of CAR models) driven by 
intrinsic Information geometric Kähler-Ricci and Calabi flows. These Information geometric flows can be 
used in different contexts to define distance between CAR models interpreted as geodesics of Entropy 
Manifold (e.g : distance between plane curves parametrized by CAR models).  

2. Siegel Metric for Complex Autoregressive Model 
   Chentsov has defined main axioms of Information Geometry. In this Theory, we consider families of 
parametric density functions { }Θ∈=Θ θθ :)/(.pG  with , from which we can define a 
Riemannian Manifold Structure by meam of Fisher Information matrix 

[ T
nθθ L1=Θ ]

( )
ijijg )(θ  : 












= *

)/(.ln.)/(.ln)(
ji

ij
ppEg

∂θ
θ∂

∂θ
θ∂θ θ , with the Riemannian metric : ds       ∑

=

=
n

ji
jiij ddg

1,

*2 .).( θθθ

This metric can also be naturally introduced by a Taylor expansion of Kullback Divergence : 
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We demonstrate easily that this Fisher metric is equivalent to the Siegel metric, introduced by Siegel in the 
60’s in the framework of Symplectic Geometry. Indeed, if we consider a Complex Multivariate Gaussian Law 
: 

( ) ( ) [ ] ( ) ( ) [ ] nnnnn
.RRTr

n
n

nn RREmX.mXR.eR.π,mX/Rp nn =−−== +−−− − ˆ  such that    ˆ   with   2
1ˆ1  

it is well-known that the Fisher Information matrix is given by : ( ) [ ] njnninjni mRmRRTr ∂∂∂∂θ ... 11
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In the following, we will only consider random process with zero mean , and so if we apply 
the following relation , the Fisher matrix is reduced to : 
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We can then observe that it is completely equivalent with Siegel Metric : ( )[ ]212 .ds −= nn dRRTr  introduced by 
Karl Ludwig Siegel in his book « Symplectic Geometry ».  This metric is invariant under the action of the 
following group  : , and geodesics are given by : ( )),.(CGLn )(  W,  .. n CGLWRWR nnnnn ∈→ +

mailto:frederic.barbaresco@fr.thalesgroup.com


MaxEnt’06, Paris , July 2006 

1
12/1

1
.2/1

1

)0(   with   
..)(

            ).()( −
−−

=




=
=

RS
ReRsS

HsSsS
sH

&
 

From this metric, if we take the Frobenius Norm [ +== YXTrXXX .YX,   avec   ,
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In case of Complex Autoregressive models, we can exploit this specific blocks structure of covariances 
matrices and prove that : 
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We easily observe that Jensen Metric can then be easily computed recursiv odel order by 
using this following equations giving interleaving eigenvalues  of 

 at successive order : 
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Always based on Blocks structure of covariance matrices, we can deduce a recursive expression of the metric 
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3. Erich Kähler Geometry with Information metric based on Entropic 
Hyper-Abelian Kähler Potential  

   Natural extension of Riemannian Geometry to Complex Manifold has been introduced by a seminal paper 
of Erich Kähler during 30th ‘s of last century. We can easily apply this geometric framework for information 
metric definition. 
   Let a complex Manifold nM  of dimension n, we can associate a Kählerian metric, which can be locally 

defined by its definite positive Riemannian form : ∑
=

=
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Main relation, given by Erich Kähler, is that Ricci tensor can be expressed by : 
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Kähler-Ricci flow which drive the evolution of the metric by : ijij
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holomorphic function, but that could be reduced to unity : if ) by choice of a new  potential, or if 
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   In case of Complex Auto-Regressive (CAR) models, if we choose as Kähler potential  with Φ
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   Very surprisingly, this case was the first example of potential  studied by Erich Kähler in his seminal 
paper, named by Erich Kähler Hyper-Abelian case, relatively to the other case studied by him as Hyper-
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   This choice of Kähler potential as Entropy of CAR model, can be justified by remarking that Entropy 
Hessian along one direction in the tangent plane of parametric manifold is a definite positive form that can be 

considered as a Kählerian differential metric : ( )  (       
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So, in case of Complex Autoregressive models, with as previously Whishart density, Entropy is given by : 
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Entropy expressed according to PARCOR coefficients : 
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The Kähler metric is then given by Hessien of Entropy, where Entropy is considered as Kähler potential. 
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4. Information Kähler-Ricci & Calabi Flows for Complex 
Autoregressive models 

   First of Intrinsic Geometric Flow is Ricci Flow. Historical Root of Ricci flow can be found in Hilbert work 
on General Relativity, where the Minimal Action Principal is defined with tool of Calculus of variations. 
Einstein Equation was derived by Hilbert from Functional Minimisation, where the “Hilbert Action” S is 
defined as the integral of scalar Curvature R on the Manifold Mn : ∫∫ ==
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This geometric flow has been extended in the framework of Kählerian Geometry with the Kähler-Ricci Flow : 
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We then deduce the asymptotic behaviour of PARCOR coefficients submitted to Calabi Flow : 
( )

 2ln  with  
)(

21ln
2

0
2

2

nt
P

knt
k =

∂
∂

−
−=

∂
−∂ µ

 

We can observe, as previsouly, that Calabi flow will drive PARCOR coefficients evolutions to unit circle. 
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5. Références 
In Final paper, we will illustrate the use of these metrics and intrinsic geometric flows to define new robuste 
distance between planar shapes that are parameterised by complex Auto-Regressive models. This can be used 
for Planar Shape Recognition or classification  
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