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Abstract. We studythereconstructiorof a 3D compacthomogeneousbjectlying insidea homo-
geneoushackgroundor computeraideddesign(CAD) or nondestructie testing(NDT) applica-
tions. Sucha binary scenedescribesithera solid objector an homogeneousnaterialin which a
faultis sought.The goalin both casess to reconstructhe shapeof the scenefrom sparseradio-
graphicdata.This problemis underdeterminecandoneneeddo useall prior informationaboutthe
sceneo find a satishctorysolution.A naturalapproachs to modelthe exterior contourof the fault
by a deformablegeometrictemplate which we reconstructirectly from the radiographiadata.In

this communicationwe give a syntheticview of thesecontourbasedmethodsand comparetheir
relative performanceandlimitationsto recover comple faults.

INTRODUCTION

In computeraided design(CAD) or nondestructie testing (NDT) of materials,one
traditionally retrieves 3D scenedrom shadavs or X-ray tomographicdata.Iin CAD,
thesesceneglescribesolid materialsfor which we seeka computerdescriptionof the
surface.In NDT, they correspondo homogeneousaterialsin which somefaultsare
sought.

In the casewherea compactfault C is alreadydetectedandits shapeis to berecon-
structedthe sceneS is composedf two regionsof constandensity for examplel and
0; then,thedensityfunctionof the scends written

1 if z isinsidethefaultC,
fle) = {0 otherwise (1)

Thereconstructiomproblemis underdeterminediueto sparsityof thedata:bothnumber
andanglesof projectionsarelimited. Onethenneedgo useall prior informationabout
thefaultandthe backgroundo find a satisactorysolution.

A first approachis to usethe binary characteristicof the voxels of the sceneand
a Markov randomfield (MRF) to model the homogeneityof both materials[1]. A
more natural approachis to model the exterior contour of C (that we also denote
C for sale of simplicity) by a deformablegeometrictemplate which we reconstruct
directly from theradiographiadatal2, 3, 4,5, 6, 7]. Amonggeometrianodels,we study
explicit parametriadescriptionsPossiblenodelsarequadrics superquadricharmonic
surfacesandsplines.



Thefirst threecateyoriesof modelsareglobalbut thelastis local in its parameterdn
particular we discusdirst ordersplinemodelswhich yield polyhedralshapeg3, 8, 7].
In recentworks[9, 7], we have proposedegularization-basedhethodso estimatethe
verticescoordinateof a polyhedrondirectly from the projections.In this communica-
tion, we give asyntheticview of thesecontourbasednethodsandcompareheirrelative
performancesndlimitationsto recorer comple faults.

Direct problem and scene modeling

We modelthedatavectord asthe noisyline projectionsof the densityfunction:
d = A(S)+mn, (2)

whereA is theprojectionoperatoandn is thenoiseprocesswhichwe assumedditive,
i.i.d. andGaussiarfior thesale of simplicity. In otherwords,we modeleachpieceof data
astheintegral of the densityfunction f(z) alongthe line arriving at the centerof the
correspondingletectorpixel. Thereexist more accurate(and complex) modelswhich
accountfor the whole areaof the detectorpixels. Projectionsare then basedon strip
bandintegrationof f(x), see[10] for example.

Assumewe modelthe sceneS by a setof n binary cubicvoxels f = [fi,..., fal’,
whereeachvoxel valueis equalto 1 if the centreof the voxel is insidethe fault,and0
otherwise{11, 1]. Operator4 becomedineartowardsf andequation(2) rereads

d = Af+n, (3)

where A standsfor the X-ray projectionmatrix, whoseelementsarethe lengthof the
intersectiondetweereachvoxel andeachprojectionline.

In caseof contourreconstructionthe scends describedy the contourC of the fault
region. Assumingthewholebackgroundreahasanull density it hasno contributionon
thesceneprojection.Then,werewrite theprojectionoperatotA(C). Themaindifference
from voxel representatiors thattheprojectionoperatoiis nonlinearwith respecto con-
tour parametersandthisleadsto complec optimizationproblemsHowever, thenumber
of thoseparameterss significantlysmallerthanthe dimensionof avoxel representation

f.

Bayesian estimation

We useBayesiammethodologyto performthereconstructionlt affordsthe definition
of a posteriordensityof probability p(S|d) by accountingfor the noise processand
a prior p(S) on the scene,which modelsour physical knowledge of both fault and
backgroundBayesrule leadsto the expressiorof p(S|d):

p(d|S) p(S)

p(S|d) o

(4)



where p(d) is a normalizationfactor We selectthe maximuma posteriori (MAP)

estimatorS, i.e., the scenewhich maximizesthe posteriorlaw. Then, it alsominimizes
thenegative of its logarithm.

§ = argmin {~logp(S|d)} = argmin {~log[p(d|S)p(S)]}- (5)
Denotingby o2 thevarianceof the noiseprocesae, S minimizesthe functional

J(©S) = [ld—AS)|? — (2m0)" logp(S), (6)

where M is the numberof data.Criterion J is thendefinedasthe sum of two terms,
afidelity to datatermthatwe denotek’(S) = || d — A(S) ||?, anda regularizationterm,
which correspondso the prior information.In fact, we define—logp(S) x R(S) + K,
whereK is a constanterm,andfunctional 7 is thenequalto

J(8) = K(S) +AR(S), (7)
upto aconstanterm.In the next sectionswe specifyR (S) for eachscenemodel.

VOXEL BASED RECONSTRUCTION

If wedefinethe3D scenéby asetof n binarycubicvoxelsS = f =[f1,..., f,]', themain
prior knowledgeis thatimages is piecavise homogeneousl hatleadsto the definition
of aMarkov randomfield, with the following enegy:

J(f) = K(f)+ A3 elfi— 1), (8)

i~j

whereK(f)=||d— Af||?, ¢ isanevenfunction,nondecreasingn R", and“~" denotes
theneighborhoodelationbetweenvoxels[1]. Minimization of 7 is notstraightforvard
sinceit hasto bedoneoverthediscreteset{0,1}". We choosdo extendandoptimize J
onacontinuougdomain,i.e., X = (0,1)" for algorithmicpurposesFunctiony is chosen
to be convex, we practicallyusethe Huberfunction, which is quadratictowards0 and
linear at infinity [12]. Functional7 is thencorvex asa sumof two corvex functions.
Then,minimizationof 7 over X canbe carriedout by gradient-basetechniques.

The abore modeling doesnot accountfor our other physicalknowledge,i.e., the
densityvaluesof eachmaterial.Following the work of Gautier[13], we adda second
regularizationtermwhich biaseghevalueof all voxelsto themetal,i.e., 0. Theposterior
densityfinally writes:

J(f) = K&+ 22 e(fi—1f;) +ud2lfil" (9)
n~] 1

wherel < a < 2. As in the casewhere, = 0, J is corvex and differentiable,then

gradient-basethethodscanbe usedto obtainthe MAP estimate.

However, this modeling doesnot accountfor fault compacity Moreover, the size
of f is hugefor a high resolutionsamplingof the scene,and voxel reconstruction
may be computationallyexpensve. For thesereasonsye study direct compactshape
reconstructiorprocedures.



CONTOUR BASED RECONSTRUCTION

We heredirectly take advantageof the binary compactnatureof the object. Insteadof
reconstructinghe volume of S, we chooseto model the contourC by a deformable
templateandestimateats parameterérom theradiographialata.Thereareseveralways
of modelinggeometridemplates.

The first is to defineimplicitly the contourC asthe zero-thlevel-setof a function
d: R’ — RI5, 6].

C = {zeR®: ®(x)=0}. (10)

The principle of level-setmethodsis to define an evolution law for ® (®(z,t) now
dependson a time parametert) andto updateits level-setC,;. This approachneedsa
transformationof the implicit curve C; into voxels in orderto calculateapproximate
projectionsof scenesS;. Suchprojectionprocessegield time consumingeconstruction
algorithms.

In thefollowing, we only considerfully geometric'modelsj.e., parametricontours.
We definea setof parametera andthe correspondingontourCq. Estimationof a is
doneby least-squarélL.S) or MAP techniques.

a= argénin {J(a) = K(a)+ R(a)}, with K(a) = ||d—A(Ca)|? (11)

where,asin section, K(a) accountsfor fidelity to dataandR(a) is a regularization
term. LS estimationcorrespondso A = 0. We distinguishtwo typesof parameterized
surfaceslocal andglobal ones.A surfaceis saidlocal with respecto its parameters
if for eachparameter;, a modificationof a; yieldsa move of only partof the surface
Cqa. Oneobviously needsa local parameterizationo describearbitrarynoncomwvex and
irregularcontoursHowever, in thefollowing, we alsoconsiderglobal parameterization
of contourshy a limited numberof parametersinceit canretrieve the low frequeny
featuresof contours.

In ary case,the difficulty is the calculationof K(a), in fact the evaluationof the
projectionsA(Cq ). For specificmodels analyticexpression®f A (Cq ) arenotavailable,
we thenusea polyhedralapproximationPq of Cq, whosecomputationof projections
may be expensve dependingon the numberof verticesof Pg .

The restof the sectionis organizedasfollows: we first considervery simpleglobal
models,then define more complex ones,leadingto starshapedcontours.Finally, we
studythe caseof splinesandtheir ability to reconstrucvariousshapes.

Quadrics and Superquadrics

Quadrics/Superquadricae very simple shapessincethey only dependon few pa-
rametersSuperquadricare generalization®f quadricsandyield noncowvex andstar-
shapedshapesThesecontourshave mainly beenusedin imagesegmentatiorj14]. Con-
sideringa superellipsoidasa starshapedontour anddenotingG its centralpoint, this



surfaceis definedby:
GM(9,4) = [asin®@ cos’ @, bsin® ¢ sin® f, ccos® ¢]’, (12)

wheref) € (0,27), ¢ € (0,7), anda, 5 arepositve parameterdefinition (12)is basedn
sphericakoordinatessillustratedon figure 1. Surfaceparameterare{G, a,b,c, o, 5}.
Quadricscorrespondo o = 3 = 1.

Practically we first estimatethe positionG andthe axesof inertiaof C from thedata
using explicit relationsbetweenthe momentsof the projectionsand thoseof the ob-
ject[3, 15]. Then,we procesghe development(12) in the basisformedby theseaxes,
wherethe third coordinatecorrespondgo the greatestmnomentof inertia. Estimation
of a = [a,b,c,, 8] is doneby a constrainedeast-squarenethod(i.e., A = 0 in equa-
tion (11)) anda gradientbasedalgorithmwhoseinitialization correspondso a sphere.
We setthe constraints) < a < b < ¢ and0.2 < «, 8 < 3; the latter avoids degenerate
shapes.

Har monic contours

We considerthe following generalizatiornof superquadricsSurface harmonicsare
starshapedsurfacesdefinedon the unit sphereof R? (see[16, 17] for their usein image
sggmentation)Usingnotationsof figure 1, we definethe generalparameterization:

GM(0,9) = p(0,¢) [sinpcosh,singsinb, cos¢|’. (13)

We now use the following property[16]. Any function p(6,¢) of finite enegy and
differentiableon the unit sphereof R®* canbe decomposedsa linear combinationof
sphericaharmonics:

p(0,0) = > D o pi"(0,9), (14)

1=0 |m|<I
wheresphericalharmonicsp]® arelinkedto Legendrepolynomials[16]. Introducinga
cut off L, we considerthe family #,, of surfaceharmonicswhosecoeficientsa]" are
null for [ > L. The vectorparameteis thena = {a", |m| <1 < L}. The starshaped

constraintreads

leadingto unintersectedsurfaces.As for superquadricgparameterizatioril3) is done
with respecto thebasisformedof the estimatednertiaaxesof C. Projectionof surfaces
of #, areevaluatedby theirsamplinginto polyhedra{ M; ; = M (0; ;, #; ;) }. Estimation
of a is doneby a constrainedeast-squaréechniqueConstraintsarep; ; > ¢ for all ¢ and
j,» Wheree is anarbitrarythreshold.

Splines

A commonandcornvenientway to describdocal shapess splinemodeling;seeg[18,
19| for 2D splinecurvesreconstructiorand[20] for 3D splinecurvesreconstructionn



FIGURE 1. Sphericakoordinates.

tomographyParameters arethe controlpoints{a;, i = 1,...,n} of thesplinemodel.
This modelis local sinceeachpoint a; affectsonly a partof Cq. More precisely spline
representatiors basedon thearclengthof the contour For example,in 2D case spline
modelingreadsasfollows.

n

(@(s),y(s))" = >_ Bi(s)ai, (16)

i=1

wherefunctionalsB;(s) areB-splinebasisfunctionsof boundedsupport,andextremal
pointsa, anda; areequal,to generatea closedsurface.The choiceof the order of

the spline,i.e., of polynomialsB; is not straightforvard. A large orderyields smooth
contoursand a larger degree of locality, whereasa small order doesnot favor global
smoothnesdn the following, we choosefirst-ordersplines,i.e., polygonsand polyhe-
dra;in otherwords,functions B; are affine on their correspondingarc lengthinterval,

andCq(s) is piecevise affine. The reasondor that choiceare mostly algorithmic. In-

deed,computationof projectionsof first-ordersplinesis fairly straightforward sinceit

only requiresintersectionof projectionrays and objectedges(faces)of the polygon
(polyhedron) Cunninghanetal. [18, 8, 4] have derived similar modelsbut the method
they usefor computationof projectionsis not direct. It is an approximateevaluation
basedn atransformatiorof the scenanto a setof voxelsandthe useof classicalvoxel

setprojectiongoutines However, thatmethods moreeasilyextendablédo strip bandin-

tegration[4]. Both stratgyiesareillustratedon figure 2. Thedirectprojectionevaluation
is still simplein 3D caseprovidedthe polyhedralfacesaretriangular In the following,

we first developthe 2D method,andthenits extensionto 3D case.

Polygonalshapes

A polygon? is definedasaclosedconnectiorof verticesPq = {a1,-..,a,}, a; €C,
whereverticesa; arearrangedn the anti-clockwiseorder Hence fault reconstruction
is equivalentto estimationof positionsa; subjectto thefollowing constraintthe edges
of P do not intersect.In recentyears,we have developeda regularizationmethodto
reconstrucipolygonalshapedrom sparseéomographicdata[21, 9]. With notationsof
equation(11), we estimatea MAP solutiona by minimizing the a posteriori enegy
J (a), wherethe regularizationfunctionaltendsto favor local smoothnessf Pq. We



thenuseMarkovianbasedoenalizationg9]:
R(a) = > é(lai— (ai1+air)/2)), (17)
j=1

whereg is anondecreasinfunction. Algorithmic aspectsaresimilarto the 3D caseand
will bediscussedn thenext paragraph.

Polyhedal shapes

Recently several researcherhave developed3D polyhedralreconstructionrmeth-
ods[22, 8, 7]. Generalizingthe 2D modeling,we definea closedpolyhedronPqg =
(a,F) by asetof n verticesa = {ay,...,a,} € R* anda setof triangularfacesF.
For afixedn andfixedfacesthe a posteriorienegy J(a) definedin (11) dependon
a only. The MAP estimatds then

a = argmin J(a). (18)
a

Following (17), regularizationR(a) tendsto enforcethe local regularity of P. We
considerEuclideandistancesbetweeneachvertex a; andthe centerof gravity a of
its neighbors.

= Y ¢(llai—afl)), (19)
=1

where ¢ is a nondecreasindunction. We selecta noncowex function, such as the
truncatedquadric.Suchafunctionpenalizesquallyary distancd|a; — a}|| greateithan
somearbitrarythresholdandthenallows large deformationof vertices.Otherchoices
areavailablefor R; see[4] for curvaturebasedegularizations.

In the above formulation,the projectionoperatorA is highly nonlinearasa function
of thecoordinate®f a;. Thatgenerallyfieadsto multimodalcriteriak and7 = K+ AR.
Practicaldifficulties are then relatedto the global optimization of 7. We use local
techniqueggradientdescentr relaxationproceduresvhich provide alocal minimizer
of J. As in the caseof harmonicmodels,the key pointis to selectaninitial solution
closeenoughto the global minimizer of 7. In practicewe usethe harmonicmodeling
methoddescribedn section bothto selectn! andasaninitial guessto the polyhedral
method.

1 Selectionof n depend®n the cut off parameter. thatdefinesthe harmoniccontour ThegreaterL, the
higherthe spatialfrequenciegontainedn thecontour;a highvalueof L thenleadsto anincreaseof n to
produceanaccuratgolyhedralapproximatiorof the harmonicshape.



a)

FIGURE 2. Projectioncalculationin 2D case. a) Approximate numericalcomputation,basedon
discretizatiorof C into pixels.Calculationis thendoneusingthelinearoperatorA f introducedn section.
Here,vector f is notforcibly binary, thevalueof eachpixel (i) crossinganedgeof C is the proportionof
thesurfaceof C N (i) overthesurfaceof (i). b) Exactanalyticcalculationbasecn the positionsof the
intersectionbetweerprojectionraysandpolyhedronedges.

SIMULATION RESULTS

The main objective of thesesimulationsis to point out the advantagesand limitations
of eachcontourbasedapproach:To this end,we presentthe reconstruction®btained
on acommondataset.Dataare9 noisy parallelprojectionsof a syntheticobjectC. All
projectionscorrespondo a commondetectoy seton a planez = constant (seefigure 3
for the illustration of the object,the projectiongeometry andthe data). The signalto
noiseratio (SNR)is 10 dB andthe resolutionof eachsetof projectiondatais 64 x 64
pixels.Apartfrom thelimited numberandanglesof the projectionsthedifficulty liesin
thefactthatthe objectshapés highly noncomwex.

As representednthefirst graphof figure4, theellipsoidalreconstructiormbtainedoy
the momentbasedechnique[15] is clearly poor sinceit doesnot provide information
onthe“foot" of the mushroomMoreover, estimationof the mainaxisof inertiaof C is
incorrect.On the secondgraphof this figure, we representhe superquadri@stimated
from the databy the constrained_S methodpresentedn section. This resultdoesnot
clearlyenhancehe quality of reconstructionln fact,the variety of superquadrics not
wide enoughto describeacomplex object,eventhoughthisfamily mayyield noncowex
shapes.

In figure 5, we representhe harmoniccontourreconstructiongor differentnumbers
of parameters;” (7 and 14). Harmonicdevelopmentis donerelatively to the axes of
inertia obtainedby the momentbasedechnique(seethe orientationof the ellipsoid of
figure4 (a)). Reconstructedhapesrenoncorvex andcloserto therealobject,although
the secondone hasa relatively high computationalcost (150 secondsCPU). In fact,
harmonicmodelingmay not producehigh resolutionresultsunlessthe order L of the
developmeni14)is huge.In thatcasediscretizatiorof the contourneedgo befine and
then,bothprojectioncalculationandreconstructiorprocessrea computationaburden.

Finally, we showv the resultsof the polyhedralmethodwith the abore mentioned
reconstructionss initializations (seefigure 6). The local optimizationtechniqueis a
gradientdescentalgorithm. The first two resultscorrespondo ellipsoidal and super



b)

FIGURE 3. a) Original objectand projectiongeometry b) Simulateddata,composedof 9 noisy
projectionimagesof 64 x 64 pixels.SNR of thedatais 10dB.

FIGURE 4. Ellipsoid andsuperellipsoidreconstructedrom thedata. a) Ellipsoid reconstructiorby
the momentbasedmethod, b) Superquadriadeconstructiorby the constrainedeast-squarenethod,
usingthe centerandaxesof inertiaof a).

ellipsoidalinitializations.They only containthelow frequeng featureof themushroom
sinceinitializationsaretoo distantfrom thereal object.Resultsobtainedwith harmonic
initializationsareclearly moreaccuratgseethe secondine of figure 6). The quality of
the final reconstructioris thenhighly relatedto the initialization, althougha complec
initialization yieldsanincreaseof the numbern of vertices.In additionto thoseresults,
computationatostof the polyhedralmethodis 150 and 186 second<CPU for casesa)
andb), whichis relatively low comparedo the oneof voxel methods.

CONCLUSION

In this paper we have presentedseveral methodsof reconstructiorof compactfaults
from sparseX-ray tomographicdata. Thesemethodsare all basedon an explicit para-
metricmodelingof the externalshapeof the homogeneousbjectandthedirectestima-
tion of thoseparametersérom the data.In contrastto global modelingsthe polyhedral
approactaffords high quality reconstructionsf noncowex objectsin alimited compu-
tationaltime. However, reconstructiongre highly dependenon the initialization since



FIGURES. Surfaceharmoniaeconstructions. a)Choiceof 7 parametergjiscretizatiorof thesurface
into a polyhedronof 58 verticesand 95 triangles, b) Choiceof 14 parametersdiscretizationinto a
polyhedronof 112 verticesand186triangles.

FIGURE 6. Polyhedrakeconstructionsvith variousinitializations,which aretheresultsof quadric,su-
perquadricor harmonicmethodsFirstrow: initialization by theellipsoidandsuperellipsoidrepresented
onfigure 4. Secondow: initialization by the harmonicsurfacesrepresentedn figure 5. Visualizationis
doneupto arotationto have abetterview of the“foot" of the mushroom.

theenegy to be minimizedis generallymultimodal.We thenrecommendhe combina-
tion of thethreemethods:

1. Usingthemomentbasedmethodto estimatethe centerof gravity of the objectand
the positionof its axesof inertia.

2. Usingthesurfaceharmonicmodelingto obtainanaccuratenitialization.
3. Usingsplinemodelingto performfinal reconstruction.

Futureworkswill involve multiresolutionprocedure$18, 23] thatmayhelpto obtain

a betterinitialization. We also plan to evaluategeometricmethodson real dataandto
studytheir extensionto the casewhereinterior andexterior densitiesof the objectare



still uniform, but unknovn. Onethenneedgo estimatethoseparametersn additionto
thecontourshape.
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