
Contour-based models for 3D binary
reconstruction in X-ray tomography

C. Soussen
�

andA. Mohammad-Djafari
�

�
LaboratoiredesSignauxetSystèmes

Supélec,PlateaudeMoulon,91192Gif–sur–YvetteCedex, France

Abstract. We studythereconstructionof a 3D compacthomogeneousobjectlying insidea homo-
geneousbackgroundfor computeraideddesign(CAD) or nondestructive testing(NDT) applica-
tions.Sucha binary scenedescribeseithera solid objector an homogeneousmaterialin which a
fault is sought.The goal in both casesis to reconstructthe shapeof the scenefrom sparseradio-
graphicdata.Thisproblemis under-determinedandoneneedsto useall prior informationaboutthe
sceneto find asatisfactorysolution.A naturalapproachis to modeltheexteriorcontourof thefault
by a deformablegeometrictemplate, which we reconstructdirectly from theradiographicdata.In
this communication,we give a syntheticview of thesecontour-basedmethodsandcomparetheir
relativeperformancesandlimitationsto recovercomplex faults.

INTRODUCTION

In computeraideddesign(CAD) or nondestructive testing (NDT) of materials,one
traditionally retrieves 3D scenesfrom shadows or X-ray tomographicdata.In CAD,
thesescenesdescribesolid materialsfor which we seeka computerdescriptionof the
surface.In NDT, they correspondto homogeneousmaterialsin which somefaultsare
sought.

In thecasewherea compactfault
�

is alreadydetectedandits shapeis to berecon-
structed,thescene� is composedof two regionsof constantdensity, for example1 and
0; then,thedensityfunctionof thesceneis written�����
	�� �� if

�
is insidethefault

����
otherwise� (1)

Thereconstructionproblemis under-determineddueto sparsityof thedata:bothnumber
andanglesof projectionsarelimited. Onethenneedsto useall prior informationabout
thefault andthebackgroundto find asatisfactorysolution.

A first approachis to usethe binary characteristicsof the voxels of the sceneand
a Markov randomfield (MRF) to model the homogeneityof both materials[1]. A
more natural approachis to model the exterior contour of

�
(that we also denote�

for sake of simplicity) by a deformablegeometrictemplate, which we reconstruct
directly from theradiographicdata[2, 3, 4, 5, 6, 7]. Amonggeometricmodels,westudy
explicit parametricdescriptions.Possiblemodelsarequadrics,superquadrics,harmonic
surfaces,andsplines.



Thefirst threecategoriesof modelsareglobalbut thelastis local in its parameters.In
particular, we discussfirst ordersplinemodelswhich yield polyhedralshapes[3, 8, 7].
In recentworks [9, 7], we have proposedregularization-basedmethodsto estimatethe
verticescoordinatesof a polyhedrondirectly from theprojections.In this communica-
tion,wegiveasyntheticview of thesecontour-basedmethodsandcomparetheirrelative
performancesandlimitationsto recovercomplex faults.

Direct problem and scene modeling

We modelthedatavector � asthenoisyline projectionsof thedensityfunction:� � ��� � 	������
(2)

where
�

is theprojectionoperatorand
�

is thenoiseprocess,whichweassumeadditive,
i.i.d. andGaussianfor thesakeof simplicity. In otherwords,wemodeleachpieceof data
asthe integral of the densityfunction

�����
	
alongthe line arriving at the centerof the

correspondingdetectorpixel. Thereexist moreaccurate(andcomplex) modelswhich
accountfor the whole areaof the detectorpixels. Projectionsare thenbasedon strip
bandintegrationof

�����
	
, see[10] for example.

Assumewe model the scene� by a setof � binary cubic voxels � ��� �"!#� �$�$� �%�'&)(+*
,

whereeachvoxel valueis equalto 1 if thecentreof thevoxel is insidethefault, and0
otherwise[11, 1]. Operator

�
becomeslineartowards � andequation(2) rereads� � , � ���-�

(3)

where
,

standsfor the X-ray projectionmatrix, whoseelementsarethe lengthof the
intersectionsbetweeneachvoxel andeachprojectionline.

In caseof contourreconstruction,thesceneis describedby thecontour
�

of thefault
region.Assumingthewholebackgroundareahasanull density, it hasnocontributionon
thesceneprojection.Then,werewrite theprojectionoperator

���.�/	
. Themaindifference

from voxel representationis thattheprojectionoperatoris nonlinearwith respectto con-
tourparameters,andthis leadsto complex optimizationproblems.However, thenumber
of thoseparametersis significantlysmallerthanthedimensionof avoxel representation� .

Bayesian estimation

We useBayesianmethodologyto performthereconstruction.It affordsthedefinition
of a posteriordensityof probability 0 � �213� 	

by accountingfor the noiseprocessand
a prior 0 � � 	

on the scene,which modelsour physical knowledgeof both fault and
background.Bayesrule leadsto theexpressionof 0 � �213� 	

:

0 � �213� 	�� 0 � �41 � 	 0 � � 	0 � � 	 �
(4)



where 0 � � 	
is a normalizationfactor. We select the maximuma posteriori (MAP)

estimator 5� , i.e., thescenewhich maximizestheposteriorlaw. Then,it alsominimizes
thenegativeof its logarithm.5� � 687$9;:=<?>@ ACBED?F 9 0 � �213� 	#GH� 687$9;:=<?>@ ACBIDJF 9K� 0 � �41 � 	 0 � � 	L(MG � (5)

Denotingby NPO thevarianceof thenoiseprocess
�

, 5� minimizesthefunctionalQ � � 	R� S � B ��� � 	KS O B �MT'U N O 	WV DJF 9 0 � � 	X�
(6)

where Y is the numberof data.Criterion
Q

is thendefinedasthe sumof two terms,
a fidelity to datatermthatwe denoteZ � � 	[�\S � B ��� � 	]S O , anda regularizationterm,
which correspondsto theprior information.In fact,we define BIDJF 9 0 � � 	[^`_a� � 	��cb

,
where

b
is a constantterm,andfunctional

Q
is thenequaltoQ � � 	d� Z � � 	��cef_g� � 	X�

(7)

up to aconstantterm.In thenext sections,wespecify
_a� � 	

for eachscenemodel.

VOXEL BASED RECONSTRUCTION

If wedefinethe3Dscenebyasetof � binarycubicvoxels �ihj� �`� �"!X� �$�$� �%�'&)(+*
, themain

prior knowledgeis thatimage� is piecewisehomogeneous.Thatleadsto thedefinition
of aMarkov randomfield, with thefollowing energy:Q � � 	�� Z � � 	/�ke4lmon"prqs�t� m B � p 	#�

(8)

whereZ � � 	r�uS � B , � S O , q
isanevenfunction,nondecreasingonIRv , and“ w ” denotes

theneighborhoodrelationbetweenvoxels[1]. Minimizationof
Q

is notstraightforward
sinceit hasto bedoneoverthediscreteset A � � � G &

. Wechooseto extendandoptimize
Q

onacontinuousdomain,i.e., x �u� � � � 	 &
for algorithmicpurposes.Function

q
is chosen

to beconvex, we practicallyusetheHuberfunction,which is quadratictowards0 and
linear at infinity [12]. Functional

Q
is thenconvex asa sumof two convex functions.

Then,minimizationof
Q

over x canbecarriedout by gradient-basedtechniques.
The above modelingdoesnot accountfor our other physical knowledge, i.e., the

densityvaluesof eachmaterial.Following the work of Gautier[13], we adda second
regularizationtermwhichbiasesthevalueof all voxelsto themetal,i.e., 0.Theposterior
densityfinally writes:Q � � 	d� Z � � 	[�ye lmzn"p{qs�M� m B � p 	��`| l m 1 � m 1 } �

(9)

where ��~k��~ T
. As in the casewhere

|c� �
,

Q
is convex and differentiable,then

gradient-basedmethodscanbeusedto obtaintheMAP estimate.
However, this modelingdoesnot accountfor fault compacity. Moreover, the size

of � is huge for a high resolutionsamplingof the scene,and voxel reconstruction
may be computationallyexpensive. For thesereasons,we studydirect compactshape
reconstructionprocedures.



CONTOUR BASED RECONSTRUCTION

We heredirectly take advantageof thebinarycompactnatureof theobject.Insteadof
reconstructingthe volume of � , we chooseto model the contour

�
by a deformable

templateandestimateits parametersfrom theradiographicdata.Thereareseveralways
of modelinggeometrictemplates.

The first is to defineimplicitly the contour
�

as the zero-thlevel-setof a function���
IR� B
� IR [5, 6]. � � A �E�

IR� �]� ���
	;� � G � (10)

The principle of level-setmethodsis to definean evolution law for
�

(
� ���;�t��	

now
dependson a time parameter

�
) and to updateits level-set

� * . This approachneedsa
transformationof the implicit curve

� * into voxels in order to calculateapproximate
projectionsof scenes� * . Suchprojectionprocessesyield timeconsumingreconstruction
algorithms.

In thefollowing,weonly consider“fully geometric”models,i.e.,parametriccontours.
We definea setof parameters� andthecorrespondingcontour

� � . Estimationof 5� is
doneby least-square(LS) or MAP techniques.5� ��687�9;:E<J>� A Q � � 	�� Z � � 	��cer_a� � 	#GC�

with Z � � 	���S � B ����� � 	�S O �
(11)

where,as in section, Z � � 	
accountsfor fidelity to dataand

_g� � 	
is a regularization

term.LS estimationcorrespondsto
eI� �

. We distinguishtwo typesof parameterized
surfaces:local andglobal ones.A surfaceis saidlocal with respectto its parameters�
if for eachparameter� m

, a modificationof � m
yieldsa move of only partof thesurface� � . Oneobviously needsa local parameterizationto describearbitrarynonconvex and

irregularcontours.However, in thefollowing, wealsoconsiderglobalparameterization
of contoursby a limited numberof parameterssinceit canretrieve the low frequency
featuresof contours.

In any case,the difficulty is the calculationof Z � � 	
, in fact the evaluationof the

projections
���.� � 	

. For specificmodels,analyticexpressionsof
����� � 	

arenotavailable,
we thenusea polyhedralapproximation� � of

� � , whosecomputationof projections
maybeexpensivedependingon thenumberof verticesof � � .

The restof the sectionis organizedasfollows: we first considervery simpleglobal
models,thendefinemore complex ones,leadingto star-shapedcontours.Finally, we
studythecaseof splinesandtheirability to reconstructvariousshapes.

Quadrics and Superquadrics

Quadrics/Superquadricsarevery simpleshapessincethey only dependon few pa-
rameters.Superquadricsaregeneralizationsof quadricsandyield nonconvex andstar-
shapedshapes.Thesecontourshavemainlybeenusedin imagesegmentation[14]. Con-
sideringasuper-ellipsoidasastar-shapedcontour, anddenoting� its centralpoint, this



surfaceis definedby:��� �����%�
	�� � �;� <J> } ��� F �W� ���'� � <?> } � � <J> � ������� F � } ��( * �
(12)

where
�s��� � �%T)U/	#�'�2��� � ��U/	

, and� �t 
arepositiveparameters.Definition(12)isbasedon

sphericalcoordinatesasillustratedon figure1. Surfaceparametersare A � � � �¡���¡�'� � �M ¢G
.

Quadricscorrespondto � �� �� � .
Practically, we first estimatetheposition � andtheaxesof inertiaof

�
from thedata

usingexplicit relationsbetweenthe momentsof the projectionsand thoseof the ob-
ject [3, 15]. Then,we processthedevelopment(12) in thebasisformedby theseaxes,
wherethe third coordinatecorrespondsto the greatestmomentof inertia. Estimation
of � �\� � �¡���¡�'� � �M £( *

is doneby a constrainedleast-squaremethod(i.e.,
eE� �

in equa-
tion (11)) anda gradientbasedalgorithmwhoseinitialization correspondsto a sphere.
We set the constraints

� ~ � ~ � ~ �
and

� � T ~¤� �t  ~`¥ ; the latter avoids degenerate
shapes.

Harmonic contours

We considerthe following generalizationof superquadrics.Surfaceharmonicsare
starshapedsurfacesdefinedontheunit sphereof IR� (see[16, 17] for theirusein image
segmentation).Usingnotationsof figure1, wedefinethegeneralparameterization:��� �t���%�
	d� ¦]�t���¡�§	f� � <?>¨�¨� F � ��� � <?>¨� � <?>f���t� F � ��( * � (13)

We now use the following property [16]. Any function
¦]�t���¡�§	

of finite energy and
differentiableon the unit sphereof IR� canbe decomposedasa linear combinationof
sphericalharmonics: ¦]�t���¡�§	�� ©l ª¬«r�l® ¯°® ± ª � ¯ ª ¦ ¯ ª �����¡�§	X�

(14)

wheresphericalharmonics
¦ ¯ ª

arelinked to Legendrepolynomials[16]. Introducinga
cut off ² , we considerthe family ³�´ of surfaceharmonicswhosecoefficients � ¯ ª

are
null for µ[¶¤² . The vectorparameteris then � � A � ¯ ª � 1 ·¸1"¹uµ/¹u² G

. The starshaped
constraintreads ¦]�t���%�§	 ¶ � �-º������¡�§	X�

(15)

leadingto unintersectedsurfaces.As for superquadrics,parameterization(13) is done
with respectto thebasisformedof theestimatedinertiaaxesof

�
. Projectionof surfaces

of ³�´ areevaluatedby theirsamplingintopolyhedraA � mJ» p � � ��� m?» p �%� mJ» p 	¼G
. Estimation

of � is doneby aconstrainedleast-squaretechnique.Constraintsare
¦ m?» p ¶¾½ for all ¿ andÀ

, where½ is anarbitrarythreshold.

Splines

A commonandconvenientway to describelocal shapesis splinemodeling;see[18,
19] for 2D splinecurvesreconstructionand[20] for 3D splinecurvesreconstructionin
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FIGURE 1. Sphericalcoordinates.

tomography. Parameters� arethecontrolpoints A � m � ¿ � � � ���$� � � G
of thesplinemodel.

This modelis local sinceeachpoint � m
affectsonly a partof

� � . More precisely, spline
representationis basedon thearclengthof thecontour. For example,in 2D case,spline
modelingreadsasfollows. ���[�tÁ)	#�MÂ§�MÁ'	$	 * � &l m « !
Ã m �MÁ'	 � m �

(16)

wherefunctionalsÃ m �tÁ)	
areB-splinebasisfunctionsof boundedsupport,andextremal

points � &
and � !

are equal,to generatea closedsurface.The choiceof the order of
the spline, i.e., of polynomials Ã m

is not straightforward.A large orderyields smooth
contoursanda larger degreeof locality, whereasa small orderdoesnot favor global
smoothness.In the following, we choosefirst-ordersplines,i.e., polygonsandpolyhe-
dra; in otherwords,functions Ã m

areaffine on their correspondingarc lengthinterval,
and

� � �MÁ'	
is piecewise affine. The reasonsfor that choicearemostly algorithmic.In-

deed,computationof projectionsof first-ordersplinesis fairly straightforwardsinceit
only requiresintersectionsof projectionraysandobjectedges(faces)of the polygon
(polyhedron).Cunninghamet al. [18, 8, 4] have derivedsimilar modelsbut themethod
they usefor computationof projectionsis not direct. It is an approximateevaluation
basedona transformationof thesceneinto asetof voxelsandtheuseof classicalvoxel
setprojectionsroutines.However, thatmethodis moreeasilyextendableto stripbandin-
tegration[4]. Both strategiesareillustratedon figure2. Thedirectprojectionevaluation
is still simplein 3D caseprovidedthepolyhedralfacesaretriangular. In thefollowing,
wefirst developthe2D method,andthenits extensionto 3D case.

Polygonalshapes

A polygon� is definedasaclosedconnectionof vertices:� � h A � !¼� �$��� � � &�GC� � m �ÅÄÆ
,

wherevertices � m
arearrangedin theanti-clockwiseorder. Hence,fault reconstruction

is equivalentto estimationof positions� m
subjectto thefollowing constraint:theedges

of � do not intersect.In recentyears,we have developeda regularizationmethodto
reconstructpolygonalshapesfrom sparsetomographicdata[21, 9]. With notationsof
equation(11), we estimatea MAP solution 5� by minimizing the a posteriori energyQ � � 	

, wherethe regularizationfunctional tendsto favor local smoothnessof � � . We



thenuseMarkovianbasedpenalizations[9]:_a� � 	�� &lp « ! �[� 1 � m B � � m?Ç !C� � m v !�	�ÈÉT 1 	X�
(17)

where
�

is anondecreasingfunction.Algorithmic aspectsaresimilar to the3D caseand
will bediscussedin thenext paragraph.

Polyhedral shapes

Recently, several researchershave developed3D polyhedralreconstructionmeth-
ods [22, 8, 7]. Generalizingthe 2D modeling,we definea closedpolyhedron � � �� � �tÊ�	

by a setof � vertices � � A � !#� �$��� � � &�Gi�
IR� &

anda setof triangularfaces
Ê

.
For a fixed � andfixedfaces,thea posteriorienergy

Q � � 	
definedin (11) dependson� only. TheMAP estimateis then5� � 687$9;:=<?>� Q � � 	 � (18)

Following (17), regularization
_a� � 	

tendsto enforcethe local regularity of � . We
considerEuclideandistancesbetweeneachvertex � m

and the centerof gravity �PËm of
its neighbors. _a� � 	�� &lm « ! �[�¼S � m B � Ë m SÌ	#�

(19)

where
�

is a nondecreasingfunction. We selecta nonconvex function, such as the
truncatedquadric.Suchafunctionpenalizesequallyany distance

S � m B �£Ëm S
greaterthan

somearbitrarythreshold,andthenallows largedeformationsof vertices.Otherchoices
areavailablefor

_
; see[4] for curvaturebasedregularizations.

In theabove formulation,theprojectionoperator
�

is highly nonlinearasa function
of thecoordinatesof � m

. Thatgenerallyleadsto multimodalcriteria Z and
Q � Z ��er_

.
Practicaldifficulties are then relatedto the global optimization of

Q
. We use local

techniques(gradientdescentor relaxationprocedures),whichprovidea localminimizer
of

Q
. As in the caseof harmonicmodels,the key point is to selectan initial solution

closeenoughto theglobalminimizerof
Q

. In practicewe usetheharmonicmodeling
methoddescribedin section both to select� 1 andasan initial guessto thepolyhedral
method.

1 Selectionof Í dependson thecutoff parameterÎ thatdefinestheharmoniccontour. ThegreaterÎ , the
higherthespatialfrequenciescontainedin thecontour;ahighvalueof Î thenleadsto anincreaseof Í to
produceanaccuratepolyhedralapproximationof theharmonicshape.
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FIGURE 2. Projectioncalculationin 2D case. a) Approximatenumericalcomputation,basedon
discretizationof Ï into pixels.Calculationis thendoneusingthelinearoperatorÐÒÑ introducedin section.
Here,vector Ñ is not forcibly binary, thevalueof eachpixel ÓzÔ�Õ crossinganedgeof Ï is theproportionof
thesurfaceof Ï;ÖsÓ+Ô�Õ overthesurfaceof ÓzÔ�Õ . b) Exactanalyticcalculation,basedon thepositionsof the
intersectionsbetweenprojectionraysandpolyhedronedges.

SIMULATION RESULTS

The main objective of thesesimulationsis to point out the advantagesandlimitations
of eachcontourbasedapproach.To this end,we presentthe reconstructionsobtained
on a commondataset.Dataare9 noisyparallelprojectionsof a syntheticobject

�
. All

projectionscorrespondto a commondetector, seton a plane × �Ø�XÙ � ÁÚ� �C� �
(seefigure3

for the illustration of the object,the projectiongeometry, andthe data).The signal to
noiseratio (SNR) is 10 dB andthe resolutionof eachsetof projectiondatais Û8Ü�ÝIÛ8Ü
pixels.Apart from thelimited numberandanglesof theprojections,thedifficulty lies in
thefactthattheobjectshapeis highly nonconvex.

As representedonthefirst graphof figure4, theellipsoidalreconstructionobtainedby
themomentbasedtechnique[15] is clearlypoorsinceit doesnot provide information
on the“foot" of themushroom.Moreover, estimationof themainaxisof inertiaof

�
is

incorrect.On the secondgraphof this figure,we representthe superquadricestimated
from thedataby theconstrainedLS methodpresentedin section. This resultdoesnot
clearlyenhancethequality of reconstruction.In fact,thevarietyof superquadricsis not
wideenoughto describeacomplex object,eventhoughthisfamily mayyield nonconvex
shapes.

In figure5, we representtheharmoniccontourreconstructionsfor differentnumbers
of parameters� ¯ ª

(7 and14). Harmonicdevelopmentis donerelatively to the axesof
inertiaobtainedby themomentbasedtechnique(seetheorientationof theellipsoidof
figure4 (a)).Reconstructedshapesarenonconvex andcloserto therealobject,although
the secondone hasa relatively high computationalcost (150 secondsCPU). In fact,
harmonicmodelingmay not producehigh resolutionresultsunlessthe order ² of the
development(14) is huge.In thatcase,discretizationof thecontourneedsto befineand
then,bothprojectioncalculationandreconstructionprocessareacomputationalburden.

Finally, we show the resultsof the polyhedralmethodwith the above mentioned
reconstructionsas initializations (seefigure 6). The local optimizationtechniqueis a
gradientdescentalgorithm.The first two resultscorrespondto ellipsoidal and super-
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FIGURE 3. a) Original object and projectiongeometry, b) Simulateddata,composedof 9 noisy
projectionimagesof Þ#ß�à°ÞXß pixels.SNRof thedatais 10dB.

a) b)

FIGURE 4. Ellipsoid andsuper-ellipsoidreconstructedfrom thedata. a) Ellipsoid reconstructionby
the momentbasedmethod, b) Superquadricreconstructionby the constrainedleast-squaremethod,
usingthecenterandaxesof inertiaof a).

ellipsoidalinitializations.They only containthelow frequency featuresof themushroom
sinceinitializationsaretoo distantfrom therealobject.Resultsobtainedwith harmonic
initializationsareclearlymoreaccurate(seethesecondline of figure6). Thequality of
the final reconstructionis thenhighly relatedto the initialization, althougha complex
initialization yieldsanincreaseof thenumber� of vertices.In additionto thoseresults,
computationalcostof thepolyhedralmethodis 150and186secondsCPUfor casesa)
andb), which is relatively low comparedto theoneof voxel methods.

CONCLUSION

In this paper, we have presentedseveral methodsof reconstructionof compactfaults
from sparseX-ray tomographicdata.Thesemethodsareall basedon an explicit para-
metricmodelingof theexternalshapeof thehomogeneousobjectandthedirectestima-
tion of thoseparametersfrom thedata.In contrastto globalmodelings,thepolyhedral
approachaffordshighquality reconstructionsof nonconvex objectsin a limited compu-
tationaltime. However, reconstructionsarehighly dependenton the initialization since



a) b)

FIGURE 5. Surfaceharmonicreconstructions. a)Choiceof 7parameters,discretizationof thesurface
into a polyhedronof 58 verticesand 95 triangles, b) Choiceof 14 parameters,discretizationinto a
polyhedronof 112verticesand186triangles.

FIGURE 6. Polyhedralreconstructionswith variousinitializations,whicharetheresultsof quadric,su-
perquadric,or harmonicmethods.First row: initializationby theellipsoidandsuper-ellipsoidrepresented
on figure4. Secondrow: initialization by theharmonicsurfacesrepresentedon figure5. Visualizationis
doneup to a rotationto haveabetterview of the“foot" of themushroom.

theenergy to beminimizedis generallymultimodal.We thenrecommendthecombina-
tion of thethreemethods:

1. Usingthemomentbasedmethodto estimatethecenterof gravity of theobjectand
thepositionof its axesof inertia.

2. Usingthesurfaceharmonicmodelingto obtainanaccurateinitialization.
3. Usingsplinemodelingto performfinal reconstruction.

Futureworkswill involvemultiresolutionprocedures[18, 23] thatmayhelpto obtain
a betterinitialization. We alsoplan to evaluategeometricmethodson real dataandto
studytheir extensionto thecasewhereinterior andexterior densitiesof the objectare



still uniform, but unknown. Onethenneedsto estimatethoseparametersin additionto
thecontourshape.
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