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Hierarchical models (2 layers)

p(f, 0lg) o p(glf) p(f|6) p(0)

Objective: Infer on f, 60

e o(0) IMAP:
(f,0) = argmaxs g {p(F, 0lg)}
o p(f|6) Marginalization:
H p(f!g)=/p(f,9\g)d9
G p(glf) p(0]g) = /p(f,e\g)df
VBA:

Approximate p(f, 8|g) by q1(f) g2(0)
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Hierarchical models (3 layers)
p(f,z,0]g) x p(glf) p(f|z) p(2|6) p(6)

Objective: Infer on f,z, 0

) arg maxf z 9y {p(f,0]g)}

Marginalization:

Cf) p(f|z) p(flg) =/p(f,z,0\g)dzde

H plele) = [ plt.2.6lg)cr o
(&) plelf)  p(olg) = [ plr.z.00g)dr iz

VBA:
Approximate p(f,z, 6|g) by q1(f) g2(z) g3(0)
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JMAP

A~

(F,0) = argmax {p(p(f, 0|g)}
(f.0)

Alternate optimization:

5 = arg maxg {,D(f, 0|g)}
f= arg maxg {P(f, glg)}

Main advantages:

» Simple

» Low computational cost
Main drawbacks:

» Convergence issues

» Uncertainties in each step are not accounted for
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Marginalization
> Marginal MAP: 6 = arg maxg {p(0|g)} where
p(018) = [ p(F.0lg) df  plel6) p(0)
and then:
f= arg;nax {p(f\a,g)} or f = /fp(f|§,g)df
» Main drawback: Needs the expression of the Likelihood:

p(gl0) = / p(glf, 61) p(F|62) of

Not always analytically available — EM, SEM and GEM
algorithms
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EM and GEM algorithms

» EM and GEM Algorithms: f as hidden variable,
g as incomplete data, (g, f) as complete data
Inp(g|@) incomplete data log-likelihood
In p(g, f|@) complete data log-likelihood

> lterative algorithm:

E-step:  Q(6,6() = Ep(

» GEM (Bayesian) algorithm:

M-step: 6K = arg maxg {Q(G,a(k_l))}

E-step:  Q(60,0(K)) = B (fig a0y 1N P&, F10) +Inp(0)}

M-step: 0() = arg maxg {Q(G,g(’“l))}

p(f,6|g) | — [EM, GEM|— 8 — | p(f|0, g)

~

— f
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JMAP, Marginalization, VBA

» JMAP:

p(f.0lg) | —fF
optimization

» Marginalization

p(f.0lg) |—| p(Olg) =60 —|p(flo,g) | —F

Joint Posterior Marginalize over f

» Variational Bayesian Approximation

Variational — q1(f) —f
p(f,0|g) | — Bayesian
Approximation | — gp(0) — 0
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Variational Bayesian Approximation

> Approximate p(f, 8|g) by q(f, 6) = q1(f) g2(0)
and then use them for any inferences on f and 6 respectively.

» Criterion: KL(q(f,0|g) : p(f,0|g))
KL(q:p)z//qlnq=//<;/1qzlnqlq2
P P

> lterative algorithm g1 — g — g1 —> g0, - -+

q1(f) ocexp <|np(g,f,9;,/\/l))az(9)
92(0) o< exp (Inp(g,f,e;/\/l))al(f)

Variational — q1(f) —f

p(f,0|g) | — Bayesian

Approximation | — g2(0) — 0
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VBA, Free Energy, KL and Model selection

p(f, 0,gM) = p(glf, 8, M) p(f|6, M) p(6| M)

_ p(fﬁ,gl,M)
L(g: p) // (F,8)In pf0f|g0)M)dfd6
- g,f p(g. f, 0|M)
p(gIM) = // g(f,0)" o) drde
p(g,f 6|M)
> // g(f, ) In Sy A

Free energy:

p(g. f, 0| M)
// (£,0)] SF.0) df do

Evidence of the model M:
p(glM) = F(q) + KL(q : p)
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VBA: Separable Approximation

p(glM) = F(q) + KL(q : p)
q(f,0) = qi(f) a2(0)
Minimizing KL(q : p) = Maximizing F(q)

(91,92) = argmin {KL(q1g2 : p)} = argmax{F(q192)}
(g1,92) (g1,92)

KL(g1qg2 : p) is convexe wrt g1 when @, is fixed and vise versa:

{ g1 =arg min,, {KL(q1g2 : p)} = arg maxg, {F(¢q192)}
g2 = argming, {KL(q1g2 : p)} = argmax,, {F(q192)}

G2(0) o exp

{ Gi(f) o exp

(Inp(g, f,0; M), 0
{Inp(g, f,0; M), )
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VBA: Choice of family of laws g; and g
» Case 1: — Joint MAP
Gufff) =o(f-F) f= arg max; {p(fﬁlg;M)}
q2(018) =4(6—0) 0= arg maxg {p(f, 0lg; M)}

» Case 2 : — EM

{ alf)  xpflo.g) [QO:0)=np(f0lg M) o
G2(010) =4d(0-0) |6 = arg maxg {Q(B,é)}

» Appropriate choice for inverse problems

q1(f) o p(flO,g; M) Accounts for the uncertainties of
q2(0) o p(O|f,g; M) 0 for f and vise versa.

Exponential families, Conjugate priors
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JMAP, EM and VBA

JMAP Alternate optimization Algorithm:

00 —0—| f=arg maxg {P(f,5|g)} —f—f

/]\

- ~ ~

0 «— 0+— | 6 = argmaxg {p(?;9|g)} —f

00 59— q(f) = p(f|§,g)

~ ~ Q~(075) = (Inp(f, 9|g)zq1(f)
6 = argmaxy {Q(ea 0)}

VBA:

—aq(f) — f

«— qi(f)

0 — qo(0)— | qu(F) o exp {<|np(f’9|g)>q2(9)}

—aq(f) —F

1

0« G2(0)+— | g2(0) x exp [(In p(f, 0|g)>q1(f)}

——aqu(f)
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Applications in Inverse problems
» Deconvolution

g(t)=h(t)«f(t)+e(t) > gi=)> hfix+te—>g=Hfte
k

Given h and g estimate f.

» System identification (Supervised Learning)

g(t) = h(t) = f(t) +e(t) > gi= thf,-,k +e¢i—>g=Fh+e
k

Given f and g estimate h.

» Blind deconvolution (Learning and deconvolution)
g(t)=h(t)«f(t)+e(t) >g=Hf +e=Fh+e¢
Given g estimate h and f.
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Applications in Factor Analysis
» PCA, ICA, NNMF, Blind Sources Separation (BSS)

N
gm(t) = ZAm,nfn(t) + em(t) — g(t) = Af(t) + €(t)
n=1

» PCA, ICA: A mixing matrix, B separating matrix

g(t) = Af(t) — f(t) = Bg(t)

PCA: find B such that components of f(t) be, as much as
possible, uncorrelated. R
ICA: find B such that components of f(t) be, as much as
possible, independent.

» Non-Negative Matrix Factorization (NNMF):

g(t) = Af(t) — G = AF

Given G find both A and F (Factorization).
» BSS: Given g(t) = Af(t) + €(t) find both A and f(t)
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Measuring variation of temperature with a therometer

Forward model: Convolution

&(t) :/f(t’) h(t — ') dt’ + (1)

f(t)—

Thermometer

he)

Inversion: Deconvolution

\ g(t
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Deconvolution/Identification (1D case)

o

c) go(t) = h(t) = g(t) d) &(t) = go(t) + €(t)

» Deconvolution: Given g(t) and h(t) estimate 7(t).
» Identification: Given g(t) and f(t) estimate h(t).
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Deconvolution/Identification (1D case)

c) go(t) = h(t) = g(t)
» Deconvolution: Given g(t) and h(t) estimate 7(t).
» Identification: Given g(t) and f(t) estimate h(t).

d) &(t) = go(t) + (1)
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Making an image with an unfocused camera
Forward model: 2D Convolution

g(x,y) = // F(X Yy ) h(x = X',y — y')dx'dy" + e(x, y)

h(Xay) |
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Deconvolution/Identification (2D case)

c) g(x,y) = h(x,y) x f(x,y) d) g(x,y) = golx,y) + €(x,y)
» Deconvolution: Given g(x,y) and h(x,y) estimate f(t).
» lIdentification: Given g(t) and f(x,y) estimate h(x, y).
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Deconvolution/Identification (2D case)

2 @ geo pluw 25 @ Two pdaw

oS plgasal
swinl anily s> sy

o8 pulbymed]
swinl anily Gugz o
ssSimwl)y Gawgd s caS Guz SsSiml) g pe caal iz

sz il sS b oulseS

s guils g8 b olaeS

b) h(x,y)

c) g(x,y) = h(x,y) x f(x,y) d) g(x,y) = go(x,y) + €(x,¥)
» Deconvolution: Given g(x,y) and h(x,y) estimate f(t).
» lIdentification: Given g(t) and f(x,y) estimate h(x, y).
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Deconvolution: Simple prior, Supervized case

g(t)=h(t) «f(t) +¢(t) —g=Hf+¢
p(flg, 6) o p(g|f, 61) p(f[62)
Objective: Infer f

MAP: f=arg max¢ {p(flg, )}

Posterior Mean (PM): f = /fp(f\g,e) df
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Deconvolution: Simple Gaussian prior, Supervized case
g(t) = h(t) = f(t) + €(t) — g =Hf + ¢
p(flg, @) o p(glf, 01) p(f|02)
Objective: Infer f

Caussian case:
p(lf, vo) = N(gHF, vel)x exp [ 52 g — hf 2]

2ve
p(flve) = N(F0,vel) o exp | 52I1FI?]
p(flg, ve, vr) oc exp [5HJ(F)]

MAP: = argming {J(f)} with
J(F) = 5 llg — [HFI> + 2112

_VE

Posterior Mean (PM)=MAP:
p(flg. 6) = N (F[F, £)
f = (H'H + 1] Hg

~

T =(HH+ !
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Deconvolution: Simple prior, Unsupervized case
g(t)=h(t)«f(t)+e(t) —g=Hf +¢€

p(f, 0|g) o< p(glf, 61) p(f|62) p(6)

Objective: Infer (f,0)

JMAP:  (f,0) = arg max £ gy {p(f,0|g)}

Marginalization 1:

pltle) = [ p(r.0lg)do

Marginalization 2:

p(Olg) = /p(f,0|g) df followed by:

0 = argmaxg {p(0|g)} — Simple case

MCMC Gibbs sampling:

f ~ p(f|0,8) — 0 ~ p(0|f,g) until convergence

Use samples generated to compute mean and variances
VBA: Approximate p(f,0|g) by g1(f) g2(0)

Use g1(f) to infer f and g2(6) to infer 6
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Deconvolution: Simple prior, Unsupervized Gaussian case
g(t) = h(t)x f(t) + e(t) — g =Hf + ¢
g|f, v.) = N(g|HF, vel)ox exp ——1||g—hf||2]
[ve) = N(F]0, vel) o exp 2waH ]

p(

p(f
{ ( ) Ig(v5|a60,ﬁ€0)
p(vr) = IG(vr|ag, Br)

[, Br| [egs Bey| P Ve, vrlg) O<f(g|f, ve) p(Flve) p(ve) p(vr)
JMAP:  (f, V., vf) =arg maxf , . {p(f, v, vr|g)}
G Alternate optimization:
~ N1
f— <H’H + ﬁl) H'g
o Aezgeage_ﬂeo"i'ng_H/f\Hza 6262055()"i‘l\/l/2
; U= 2 Br = g+ T, G = ag + N2
(%) VBA: Approximate p(f, v.. vr[g) by q1(F) da(v.) 4s(v+)

Alternate optimization:

ai(F) = N(flia, Zf)_
q2(vf) = Ig(vf|&6a ﬁe)
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Deconvolution: Simple prior, Unsupervized Gaussian case
JMAP: (f Ve, V¢) = argmaxf , {p(f Ve, vr|g)}
Alternate optimization:

- (H’H + %I>_ H'g

Ve = %7 Be = 660 + Hg - H?H27 &6 = Qg + M/2

Ve =2, Br = B + [IFI1%, & = ag + N/2
VBA: Approximate p(f, v, v¢|g) by q1(f) g2(ve) g3(vr)
Alternate optimization:
[(@1() = N (7l Z)

q2(ve) = IQ(W\%&)
q3( r) = IG(ve|ar, B)
(f-f= (H H+ ;i;|>_1 H'g
> = (~H’H + A—fl)
V. = 25, Be = Bt < llg — HF[]? >, &c = aq, + M2
Vr = éf, Br = B+ < fI12 >, ar = ag + N/2
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Sparsity enforcing models
» Generalized Gaussian model (p.c.: Double Exponential)
GG (fla B) o exp |—alf|’]

» Student-t model (p.c.: Cauchy, heavy tailed)

V—zi_ 1 log (1 + fZ/I/):|

» Infinite Gausian Scaled Mixture (IGSM) equivalence

St(f|v) x exp [—

St(flv) = /OOON(f\,O, 1/2)G(z]a, B)dz, with a =8 =1v/2

p(flz) =TI p(flz) = ILN(610,1/2) o exp [~ 52, 2f2]
p(zlo.B)  =T1;9(zlo,8) o [1;2° ™ exp [ 2]

ocexp Y i(a—1)Inz; — BZJ}
p(f,z|a, B) o< exp —%ijj-sz—i-(a—l)lnzj-—ﬁzj-]
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Deconvolution: Generalized Gaussian prior, Supervized

g(t) =h(t)«f(t)+e(t) —g=Hf +¢€
pllf, ) = N (glHF, ul) o exp | 52 g — 2]
p(fla, B) o< exp [—a|f||g] o< exp |-« ZJ. |fj|f3}

p(f|g, Ve, &, B) (8 p(g’fa Ve) P(f|0<, B)

MAP: f= arg maxg {p(flg, ve, a, B) }

Optimization:
0 e f = argming {J(f)}
H with

e J(F) = i\lg—Hfll2+aHfllﬁ
=5 lg = Hf|? +a 3, £
Link with LASSO
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Deconvolution: Generalized Gaussian prior, Unsupervized
g(t) = h(t) = () + e(t) — g = Hf + ¢
plelf. v.) = N(glHF, vl) o< exp | 5L [1g — hf 2]
p(fla, B) ox exp [=allfl|s] o< exp | —a ;17|
p(f1vr, B) ox exp [~ 5L IFll5) o exp [~ 54 55,1717

{ (V) Zg(ve|a607/8€o)
p(ve) = ZG(vr|ag, Br)

2, B [aco, e p(F, v, velg, B) o p(gIF, ve) p(FIve) p(ve) p(ve)
JMAP:  (f,V.,vf) = arg maxf, {p(f, ve, vr|g)}
@ Alternate optimization:
o J(F) = ol — HF? + 5L [Iflls
= o lg = Hf|? + 5137, |17
H {vez Be 5= B+ lg —HF2, & = aq + M/2
(e) G = &, By = B + [Pl r = g+ N2

VBA: Approxnmate p(f, ve, ve|g) by gi(F) g2(ve) g3(vr)

Alternate optimization:
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Deconvolution: Generalized Gaussian prior, Unsupervized
p(f, ve, vrlg, B) o p(glf, ve) p(flvr) p(ve) p(vr)
JMAP:  (f, V., vf) = arg Maxf , . {p(Ff, ve, v¢|g)}
Alternate optimization:
J(F) = 5 llg — HFI* + 5 |Iflls
= o llg = HFP? + 50 > 1517
{\7\6 = (%, Be = Bey + Hg - Hsza Qe = Qe + M/2
Ve =2, Br = B + [IFllg, ar = ag + N/2
VBA: Approximate p(f, ve, v¢|g) by q1(F) q2(ve) q3(vr)
Alternate optimization:
qu(f) = N(f|p, X¢)

qa(ve) = ZG(velae. Be)
Lq:;(v,f) = Ig(Ve|&f7Bf) L
f=i=(HH+Z1) Heg

T - (~H’H + ;i;l)_l

Y3 Be i 2 ~
v, = &< = B, + < |lg — Hf|| >, a. = & M
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Deconvolution: Nonstationnary noise, Student-t prior
g(t)=h(t)«f(t)+e(t) —g=Hf +¢€
{p(g\f, ve) = N(g[Hf,V.), V.= diag[v]
p(flve) = N(gl0, Vr), V¢ = diag|[vs]
{p("e) = Hizg(vﬂmemﬁw)
p(vr) = I1; Z6(vs|ag, Br)
p(F,ve, velg) oc p(glf, ve) p(Flve) p(ve) p(vr)
JMAP:  (f, U, VUf) = arg Maxf v v,) {p(f,ve,vrlg)}
Alternate optimization:
f=(HV H+V, 1) 'Hg

() (&) {%i=50Be=bo+ (i~ ML) @ = o +1/2

’afoa /81’0‘ Qe s /860

" Vij = 85, Br = By + ()%, @r = ag + 1/2
e VBA: Approximate p(f, v, v¢|g) by qi(f) ga(v.) g3(vr)
Alternate optimization:

alf) = N(Er)
q2(v€i) = Ig(vfi’aemﬁe,-)
95(v/) = TG(v |y, Oy)
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Deconvolution results 1

a) f(t) and g(t)

oy ;‘{ W WWAWW/ o\ : l[ [ l IJE l [
c) g(t) and g(t) d) £(t) and Thresholded 7(t)

A typical result obtained with VBA: a) f(t) and g(t), b) f(t) and
f(t) c) g(t) and g(t) and d) f(t) and thresholded f(t). The
A. Mohatrﬁtl?dtliﬁla%rsj I%ﬂ&%&xrh&t\%?@@enéﬁt I)ie%[lﬁ:’cafr(otdlls,a ngmhggmw Cg(ot!-))e, érgnde, 31/42



Deconvolution with sparse dictionnary prior

g=Hf+e f=Dz zsparse, g=HDz+e — f =Dz
p(glz, vc) = N(g|HDz, vcl)
p(Z|Vz) = N(Z|07VZ)7 V. = diag [Vz]

{P(VE) = ZG(Ve|aeys Bey)
aeo?ﬁeo p(VZ):HiIg(VZj’aZOHBZO)

P(z, ve, v2|g) xp(g|z, ve) p(z|v2)
() p(v2)

(/Z\, \?57"\2) = arg max {p(27 VE7 VZ’g)}
(Z,VE,VZ)

Alternate optimization.
VBA: Approximate

p(27 Ve, Vz|g) by ql(z) q2(VF) q3(Vz)
Alternate optimization.

° JMAP:
()
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Deconvolution with sparse dictionnary prior

g=Hf+e f=Dz-+¢§ zsparse
pg ‘f vf) - (g‘Hf7 VE)7 V( - dlag [Vg]
’Oé&)? 550‘ ’aZO’ 520‘ p f‘z) (f‘DZ’ Vfl)’

(8
(
(z|vz) = N(z]0, V), V, = diag|v,]
p(ve) = [1; ZG(ve,laey, Bey)
OO (V) =TT, TG s )
e ° @ P(ve) = LG (velog,, Be,)

(f.z,ve,v;|g) ocp(glf, ve) p(flzs) p(z|v2)

p(Vs)p(VZ)p(Vf)
G () map:
(f Z,Vc,Vz, Ve) = argmax  {p(f,z,v., vz, ve|g)}

(f7z»v( 7V27V§)
e Alternate optimization.

VBA: Approximate

p(f,z,ve, vz, velg) by q1(F) q2(z) g3(ve) qa(vz) gs(ve)
Alternate optimization.

jel
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Deconvolution/PSF Identification/Blind Deconvolution

g(t):h(t)*f(t)+€(t)—>g:Hf+€:Fh+€
Deconvolution Identification

p(g‘f) = N(g’va 2 = Vel) p(g|h) = N(g[Fh, 2 = Vel)
p(f) = N(F|0, Zf = v¢[DiD¢] ) | p(h) = N(f|0, 5 = v4[D},Ds] )

 p(flg) = N(FIT, E5) ' plhlg) = N(f|h, £4)

2= VG[H/H + )\fD/fo]_l 2, = VE[F/F + )\thhDh]_l

f=[HH+\D,D/] ‘Hg h =[FF+ \,D,D,] 'F'g

» Blind Deconvolution: Joint posterior law:
p(f, hig) o p(g|f, h) p(f) p(h)
p(f’ h|g) X €xp [_J(f7 h)]
with J(f,h) = [lg — HF[|* + A¢ [ D¢f[|* + An || Dshl|?

> iterative algorithm
Seminar at AIGM, Grenoble, France, 34/42
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Blind Deconvolution: Unsupervized Gaussian case

g(t)=

Qpy

Bho

Aty

Bt

ae

A. Mohammad-Djafari,

5

p(g’ﬂ VE) = N(g|Hf7 VFI)
p(flve) = N(f]0, V¢)
p(hlvp) = N(h|0, V)
p(ve) = ZG(ve| ey, Beo )
p(ve) = I1; ZG(veklogy, Br)
p(vi) = 1, Z9(velag, Br)
p(f.h, ve,vr,vplg) o< p(glf, ve) p(Flve) p(hlvs)
R p(ve) p(vr) p(vh)
JMAP: (f, V., vr) = arg max , ) {p(Ff, ve, v¢|g)}
VBA:
Approximate p(f, h, v.,v¢,vp|g) by
q1(f) g2(h) g3(ve) ga(vr) gs(vn)
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Super-resolution: Unsupervized Gaussian case
gk(x,y) = hi(x, y)*f (x,y)tek(x,y) — gk = D(Hkf+ex) = D(Fhy+e
{p(gk‘fv VF) = N(g‘Hﬂ VEkI)
p(f|Vf) == N(f|0, Vfl)
Ay af, Qe {p(vg) = Ig(v€’a607/8€o)
Buo| Bt | | Beo p(vr) = ZG(vr|ag, Br)
p(f, ve, vrlg) o< p(glf, ve) p(f|vr) p(ve) p(vr)
JMAP:  (f, V., vr) = arg Maxf , {p(f, v, vrlg)}
Alternate optimization:
N
_ / Ve /
- (I:I H+ le) H'g
Ae = %7 Be = Beo + Hg - HfH27 &e = Q¢ + M/2
Vi = @7 Br = B, + [If|1%, ar = af + N/2

VBA: Approximate p(f, v., v¢|g) by a1(F) a2(v.) gs(vs
Alternate optimization:

qu(f) = N (flia, Z¢)_
a2(ve) = ZG(velak, Be)
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Blind Deconvolution:
Variational Bayesian Approximation algorithm

» Joint posterior law:
p(f, hlg) o p(glf, h) p(f) p(hh)

» Approximation: p(f, h|g) by q(f, hlg) = qi(f) q2(h)
» Criterion of approximation: Kullback-Leiler

KL(qP):/qlnq:/QICD In 192
p p

KL(q1 q2p) = /Ch |nq1+/f72 |nq2/q|np
= —H(q1) — H(q2) + (~Inp((f, hlg)),
» When the expression of g; and g» are obtained, use them.
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Joint Estimation of h and f with a Gaussian prior model

» Joint MAP:
h©® — H— f=(HH+XM ) 'Hg | —TF
T 3
he— h=(FF+M1 ) 'Fg —F
> VBA:
0 -1 ~
h® —H :( 1H+Af>:f) Hg |— f
. R !
P S =02(HZHH + A\rEf) L Xy
fr U
—~ —~ ~ -1
he—| h= (F’):*lF + Ahzh) Fg |+F
<—Zf

T

Zh =0 (F sz + )\,,Z,,)

» Link with Message Passing and Belief Propagation methods

A. Mohammad-Djafari,
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JMAP, EM and VBA for Bayesian BSS

g(t) = Af(t) + (1)
JMAP Alternate optimization Algorithm:

AO s A ] f= arg maxg {p(f,mg)} —f—f

A+ A+ |A=arg maxp {p(?,A|g)} —f

EM:
A® — A—s a1(f) = p(flA.g) —aquf) —F
T — +
. A A) = (Inp(f, A
A R Q~( )= (Inp( |g)zq1(f) — ai(f)
A = argmaxp {Q(A, A)}
VBA:

A® — go(A)— | au(F) ox exp |(In p(F, Alg)) (| [—ar() — T
) \
A — qa(A)—| @2(A) o exp [(In p(F, Alg)) | | <—an(F)
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VBA with Scale Mixture Model of Student-t priors
Scale Mixture Model of Student-t:

&mmz/waumwwwuwwa
0
Hidden variables zj:

ol =T p(7512) = LN (510.1/2) x o0 [-3 55, 72)
p(zjla, B) = G(zj|or, B) zj(.afl) exp [—fzj] with a =5 =v/2

Cauchy model is obtained when v = 1:

» Graphical model:

pro. Bt - ———(1)
®
P )—{8)
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VBA with Student-t priors Algorithm

(glf, z) = N(g[Hf, (1/z)I)
(Ze|04z07ﬁzo) = g(ze|0420,620)
p(flz) = T[; V (£;10,1/z))
p(z|ao, Bo) = 11; G(zjlaxo, Bo)
qu(f[, X) = N(f|p, X)
p=(\),zHg
= (N HH+Z),
with Z =z7! = diag[7]

p
p

() = G(2)1d), 5))
%J' =gy +1/2
Bj = Boo+ < 7 > /2

q3(z€) - g(ZE|aZ€7BZ€)7
Oze = az0 + (n+1)/2
Bze = B0 +1/2[| g]?

—2(f), H'g + H' (') _H]

e (71 = 913, B) | | q3(+[F) = G(r|az, Be)
< | q1(f|z, \) = N(f, X) 3 B . L] & = a0+ n+2» .
. % = a0 + 3 53| B2 = B0 + bl
_ | F= =W _ | 2 = Bz0 g -
5 ezt Bl B s 1)k —a< f7>'2H'g+ H < > H] |-2»
z(t); = &;/B; A =062/P,

<f>= ﬁ~
<ff' >=% +pp’
< f2>=[X]; + i

\=a,/8,
2(t); = &;/B;

&zz
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Open problems

» Other factorizations

p(f,z,0|g) ~ qi(f) g2(z) g3(0)

or

P(ﬂzaefg HqIJ q2_] ZJ Hq3k

» VBA with separable approximation insures the equality of
expected values (first moments). How about the second order
or higher moments?

» Optimization by other methods than alternate optimization
» Convergence of algorithms

» How to measure the quality of different approximations?

» Application in real problems
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