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Computed Tomography or how to see inside of a body

» f(x,y) a section of a real 3D body f(x,y, z)
> g,(r) a line of observed radiography g4(r, z)

» Forward model:
Line integrals or Radon Transform

go(r) = /L f(x,y)dl 4+ €4(r)

- //f(x,y)é(r—xcosqS—ysin ¢) dxdy + €g(r)

> Inverse problem: Image reconstruction

Given the forward model # (Radon Transform) and
a set of data gy, (r),i=1,---, M
find f(x,y)
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2D and 3D Computed Tomography

Projection:
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gs(rn,n) / f(x,y,z)dl  g4(r) = / f(x,y)dl
risr,é

)
Forward probelm: f(x,y) or f(x,y,z) — gy(r) or gs(r1, r2)
Inverse problem: gy(r) or gs(ri, ) — f(x,y) or f(x,y,z)
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Forward and Inverse problems in Computed Tomography

Forward: f(x,y)
Inverse: f(x,y)
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X ray Tomography, parallel

Source o

f(x,y)

geometry and Radon Transform
r

g(r,6) = /xyd/ I

e Detector

projection g(r, ¢)

x,y)0(r — xcos ¢ — ysin@)dxdy

f(x,y) — |Radon Transform| —s g(r, ¢)

g(r,¢o) — ‘ Image Reconstruction

— f(x,y)
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Radon Transform and its 2D inversion

[Johann K.A. Radon, Austrian mathematician (1887-1956)]

» Definition in cartezian coordinate system:

Fxy) =25 g(r, ) = // F(x, y)(r—x cos(¢)—y sin(@)) dx dy

» Definition in polar coordinate system:

[e'e) 27
f(p.6) 25 g(r.0) = /0 /0 (9. 6)5(r — peos(é— 6)pdpdd

» |nversion

og( ,cb)/@r
fix.y) 277/ / r — xcos(¢) — ysin(¢) drd¢
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Analytical Inversion methods
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Radon:

6(r0) = [ )bl = xcoso - ysing) dxay

B oo g(r.¢)
flxy) = < 27r>// r—xcos¢> ysmqﬁ)drdqb
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Filtered Backprojection method

+oo g(r,o)
f(x,y) = ( 27T2>// r—xcosqb ySln¢)drd¢

Derivation D :  g(r,¢) = agg; ?)
Hilbert Transform¥ : gi(r',¢) = 1/ g(r, <f>,) dr
mJo (r—r)

1 ™
Backprojection B : f(x,y) = 27r/ gi(r' = xcos¢ + ysin ¢, ¢) do
0

f(x,y) =BHDg(r,¢) =B F, ' |Q| Fig(r, )

e Backprojection of filtered projections:

~

gﬂ) FT . Filter IFT gﬂb Backprojection

Fi Q| Fit B
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Radon Transform Inversion and FBP

Direct Inverse Radon Transform

g(re

=

Differentiate
D

Hilbert Transform | z(r,¢) | Back—projection

H

Convolution Back—projection method

g(r¢)

—

1-D Filter gﬂz;) Back—projection | f(x,y)

]

Filtered Back—projection method

g(r.9)

FT
F1

Filter
Q

Fit

Back—projection

B
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Main limitations of analytical methods

» Based on line integral and parallel geometry

v

Adaptation were needed for fan-beam and other geometries

v

Need uniform projection angles and complete data
» Do not account for the noise and errors

» can not easily account for ray shapes, detectors size, diffusion,
limited angles, measurement noise properties...
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Limitations : Limited angle or noisy data

o o 0 o 0 40 20 o 0

Original Data Backprojection Filtered Backprojectiol
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Algebraic methods: Discretization

Ay
Sc\ Hjj
AN f
N
( 7_)/\\ ?J\\
> gi
fn
N . [ 1 if(x,y) € pixel j
bj(x.y) = { 0 else
N
(o) = | Flxy)al &= Hf+e
j=1

g=Hf +e€
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Algebraic methods g=Hf+e

H is huge dimensional: 2D: 10° x 10°,  3D: 10° x 10°.
Hf corresponds to forwrd projection

H'g corresponds to Backprojection

H may not be invertible and even not square

H is, in general, ill-conditionned

Generalized Inverse Minimum Norm Solution

f=H{(HH) g

vV Vv Y VY

can be interpreted as the Filtered Back Projection solution
» Due to ill-posedness of the inverse problems, Generalized
inversion and Least squares (LS) methods:

F = argmin {J(F) = |g — HF|2} - = (H'H)"'H’g
f

do not give satisfactory result.
» Need for regularization methods: J(f) = ||g — Hf||> + A\||Df||2
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Inversion: Deterministic methods: Data matching

> Observation model
g:Hf—i—e—>g,-:[Hf],-—i—e,-:h,-(f), i=1....M —
» Misatch between data and output of the model A(g, H(f))

f= argfmin {A(g, H(f))}

» Examples:
~LS  A(g.H() = g - H(P)|* = Z lgi — hi(F)|?
- L, AgH(f) =llg - H()|” = Z lgi — hi(F)IP, 1< p<2

-KL  A(g H(f) = Zg"'” %

» In general, does not give satisfactory results for inverse
problems.
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Regularization theory
Inverse problems = Ill posed problems

—  Need for prior information
Functional space (Tikhonov): g = H(f) + €

J(F) = llg = H(F)II3 + AlIDF| 3
Finite dimensional space (Philips & Towmey): g = Hf + €
J(F) = |lg — HF||? + X||F[|?

e Minimum norme LS (MNLS):  J(f) = ||g — H(F)||? + \||f]|?
e Classical regularization: J(f) = ||lg — H(F)||? + \||Df||?
e More general regularization:

J(f) = Q(g — H(f)) + \Q(Df)
Limitations: J(F) = Au(g, H(F)) + AAz(Df, fo)

e Errors are considered implicitly white and Gaussian
e Limited prior information on the solution

e Lack of tools for the determination of the hyperparameters
A. Mohammad-Djafari, Bayesian Tomography, June 29, 2015, ESRF, Grenoble, France. 16/44
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Inversion: Probabilistic methods

Taking account of errors and uncertainties — Probability theory

» Maximum Likelihood (ML)

» Minimum Inaccuracy (Ml)

» Probability Distribution Matching (PDM)
» Maximum Entropy (ME) and Information Theory (IT)
» Bayesian Inference (BAYES)

Advantages:

» Explicit account of the errors and noise
> A large class of priors via explicit or implicit modeling

» A coherent approach to combine information content of the
data and priors

Limitations:

» Practical implementation and cost of calculation
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Bayesian estimation approach
M : g=Hf +e€
» Observation model M + Hypothesis on the noise € —
p(glf; M) = pe(g — Hf)
» A priori information p(f|M)

> Bayes : p(flg; M) = p(glf; M) p(f|M)

p(glM)
Link with regularization :

» Maximum A Posteriori (MAP) :

o~

f = arg;naX{p(f\g)}=arg;na><{p(glf) p(f)}
= argfmin {J(f) = —Inp(g[f) — Inp(f)}

> Regularization:
T =argmin {J(f) = Q(g, Hf) + AQ(F)}
f

with Q(g,Hf) = —Inp(g|f) and AQ(f) = —Inp(f)
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Case of linear models and Gaussian priors
g=Hf +e¢€

» Prior knowledge on the noise:

1
€~ N(0.02) = plel) x exp |- 5l ~ W]

» Prior knowledge on f:
1
f~ N(0.0HD'D) ) = 1) x exp | DI ]
O
> A posteriori:

1
pll8) x exp |52 6 I — 5 5[1Df

~

» MAP : f = argmaxs {p(f|g)} = argming {J(f)}
with  J(f) = [|g — Hf||*> + \||Df|%, A=2

[

‘mm

N

» Advantage : characterization of the solution
p(flg) = N'(f,P) with f = PH'g, P = (H'H + AD'D)
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MAP estimation with other priors:
f=argmin{J(F)} with J(f) = ||g — HFf||> + AQ(F)
f

Separable priors:

> Gaussian: p(fj) oc exp [—alfi]?] — Q(f) = a >, |fi]?
Gamma: p(f;) oc £ exp [-Bf] — Q(f) = a X, Inf; + Bf;
> Beta:
p(f) o< £A(1—£)P — Q(f) = a Y Infi+ B85, In(1 — £)
Generalized Gaussian:
p(f) cexp[—alfP], 1<p<2— Qf)=aY;|fl,

Markovian models:

p(fj[F) o exp {aZMﬁ’fi)] — Qf)=a) Y (fif),

i€N; JoieN;

v

v
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Main advantages of the Bayesian approach

» MAP = Regularization

» Posterior mean 7 Marginal MAP ?

» More information in the posterior law than only its mode or
Its mean

» Tools for estimating hyper parameters

» Tools for model selection

» More specific and specialized priors, particularly through the
hidden variables and hierarchical models

» More computational tools:

» Expectation-Maximization for computing the maximum
likelihood parameters

» MCMC for posterior exploration

» Variational Bayes for analytical computation of the posterior
marginals
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Two main steps in the Bayesian approach

> Prior modeling
» Separable:
Gaussian, Gamma,
Sparsity enforcing: Generalized Gaussian, mixture of
Gaussians, mixture of Gammas, ...
» Markovian:
Gauss-Markov, GGM, ...
» Markovian with hidden variables
(contours, region labels)
» Choice of the estimator and computational aspects
MAP, Posterior mean, Marginal MAP
MAP needs optimization algorithms
Posterior mean needs integration methods
Marginal MAP and Hyperparameter estimation need
integration and optimization
Approximations:
> Gaussian approximation (Laplace)
» Numerical exploration MCMC
> Variational Bayes (Separable approximation)

vV vy Vvyy

v
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Which images | am looking for?

I i
o[
7 K
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Which image | am looking for?
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Different prior models for signals and images: Separable

» Simple Gaussian, Gamma, Generalized Gaussian

f)ocexp | > o(f))
J

» Simple Markovian models: Gauss-Markov, Generalized
Gauss-Markov

ocexpzz o(fj — i)

JJeN()

» Hierarchical models with hidden variables:
Bernouilli-Gaussian, Gaussian-Gamma

p(flz) ocexp | Y p(fjlzj)| and p(z) < exp | > p(z))
J J
with different choices for p(f;|z;) and p(z;)
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Bayesian inference as Hierarchical models
Simple case:
g=Hf +e
p(flg, 0) o p(glf, 61) p(f|62)
Objective: Infer f
MAP: f=arg max¢ {p(flg, 0)}
Posterior Mean (PM): f= /fp(f|g, 0) df

Example: Caussian case:
f,01) = Hf, 6; ~ o~

o) vl o oll8:0) = M

MAP: f=arg ming {J(f )} with

J(F) = g — [HF|I> + V%Hf||2

Posterior Mean (PM)=MAP:

{?: (H'H + M| "H'g

r ith A = %
S—(HHLNT " Z
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Bayesian inference (Unsupervised case)
Unsupervised case: Hyper parameter estimation

p(f,0g) o p(glf, 61) p(F[62) p(0)

Objective: Infer (f, )

JMAP:  (f,0) = arg max £ gy {p(f,0|g)}

Marginalization 1:

p(tle) = [ p(r.0lg)do

Marginalization 2:

p(0lg) = /p(f,0|g) df followed by:

0 = argmaxg {p(0|g)} — Simple case

MCMC Gibbs sampling:

f ~ p(f|0,g) — 0 ~ p(0|f,g) until convergence

Use samples generated to compute mean and variances
VBA: Approximate p(f,0|g) by g1(f) g2(0)

Use q1(f) to infer f and g2(6) to infer 6

(===
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Unsupervised Gaussian model
Unsupervised case: g = Hf + €, €~ N(€|0, vl)

{p(g|f, Ve) = N(g|Hf7 Vel)
p(flvr) = N(g|0, vfl)

{P(Ve) = ZG(Ve|ovey, Beo)
p(ve) = ZG(velag, Br)

’Oéf Bf‘ ’a 3 ‘ p(f7 Ve, Vf|§) X p(g|f, Ve) p(f|Vf) p(Ve) p(Vf)
o Plof [0 Zol JMAP:  (f, V., vr) = arg maxf, ) {p(f, ve, vr|g)}

0 @ Alternate optimization:
~ ~\ -1

f= (H’H n )\I) Hg with A= &

0 e Aﬁ:geage_ﬁeo+”g_H/f\H{aG:O‘Go_"M/z

H Ve = 2,5 = By + [FI2 @ = ag + N/2
e VBA: Approximate p(F, v., v¢|g) by q1(F) g2(v.) 4s(v¢)
Alternate optimization:

o~ =/
a(f) = N(fla, Z¢)
q2(V€) - Ig(‘/€|aev /85)
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Sparsity enforcing models

» Student-t model

St(flv) o exp {— 1Iog (1+f2/u)

» Infinite Gausian Scaled Mixture (IGSM) equivalence

o /OOJ\/'(f\,O, 1/2)G(z|a, B)dz, with a =8 =1v/2
0

plfla) = TLplfs) = [LA50.1/) xexp 35 2f7]
pzla, ) =T1;9(zjle B) < TT; 2 exp [-82]]

ocexp 3 ;(a—1)In zJ BZJ}
p(f,z|la, ) o< exp —72 zjf; 24+ (a—1)Inz —ﬂzj]
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Non stationary noise and Integrated Gaussian Scaled
Mixture (IGSM) model

Non stationary noise:
g = Hf+e, ¢; ~ N ([0, v.,) — € ~ N(€|0,V, = diag [Ve1, -+, vem])

Student-t prior model and its equivalent IGSM :
fj’ij ~ N(fj|0, V@) and vE ~ Ig(v,5.|af0,ﬂf0) — fj ~ St(fj|af0,,3f0)

g|f,v.) = N(g|Hf,V.), V.=diag[v]
= N(gl0, V¥), V¢ = diag[vs]
Hizg(vﬂ"aeoaﬁéo)
p(vr) =11; ZG6(vs|ag, Br)
o e p(f,ve, vrlg) oc p(glf, ve) p(Flvr) p(ve) p(vr)

~

JMAP: (f, V., Uf) = arg Maxf v v,) {p(f,ve,vr|g)}
e VBA: Approximate p(f, v, v¢[g) by qi(F) g2(vc) a3(vr)

’Oéfo, Bfo‘ Qg s ﬁeo
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Sparse model in a Transform domain
g=Hf+e f=Dz-+¢§ zsparse
p(glf, ve) = N(g[HF, vl)
’O‘&)» 5&0‘ ’aZoa 520‘ p(f|z) = N(f|Dz, Vﬁl)a

(g

(

EZ‘\)’Z) Ig( (Z|‘O7 Vg)7) Vz - diag [Vz]
OO p(v2) = [T 76 (v |0 )
e ° ° p(ve) = G (ve|ag,y, Bey)

(F,z, ve,vz, velg) ocp(glf, ve) p(flzs) p(z|vz)
p(VE)p(VZ)p(VE)
0 e IMAP:

(f Z,Ve,Vz, Vg) = argmax  {p(f,z, ve,vz, velg)}

(f727Vqu7V5)
e Alternate optimization.

VBA: Approximate

p(f,z, ve, vz, velg) by qi(f) g2(z) qa(ve) qa(vz) gs(ve)
Alternate optimization.

jel
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Gauss—l\/larkov—Potts prior models for images

j HJ
f(r) z(r) =1-6(z(r) — 2(r'))
p(f(r )|Z( )— k, mic, i) ZN(mk,Vk)
p(f(r) Z P(z N(my, vi) Mixture of Gaussians

> Separable ||d hidden variables:  p(z) =[], p(z(r))
» Markovian hidden variables: p(z) Potts-Markov:

p((N)Iz(F).F € V) xexp |7 S oz )]
rey(r)
ocexp|:fyz Z d(z(r) — z( )]

rerRrey(r
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Four different cases

To each pixel of the image is associated 2 variables f(r) and z(r)

» f|z Gaussian iid, ziid :
Mixture of Gaussians

» f|z Gauss-Markov, ziid :
Mixture of Gauss-Markov

» f|z Gaussian iid, z Potts-Markov :

Mixture of Independent Gaussians
(MIG with Hidden Potts)

» f|z Markov, z Potts-Markov :
Mixture of Gauss-Markov
(MGM with hidden Potts)

»
)Jf(r)
i
-
Jz(r)
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Gauss- I\/Iarkov—Potts prior models for images

r)=1-0(z(r) - z(r))

g=Hft+e f=Dz+§& zsparse
7] p(glf. v.) = N(glHF. v.1)
p(F(N)|2(r) = k, me i) = N(F(0) mi, ve)

() p(flz) = 35, Tlrer, M ()| mic i)
{ (VE Ig(v€|0460,ﬂ60)

e G ° p(f, z, ve, vz, velg) ocp(glf, ve) p(flzr) p(z|v:)
p(ve) p(vz) p(ve)
IMAP:

° ° fzvg,vz,v§) argmax  {p(f,z, ve,v,, ve|g8)}

(f Z,veVz,ve)
Alternate optimization.

VBA: Approximate

7, Bayesian Tomography, JuP 29, 2015, ESRF, Grenoble, France. 34/44
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Bayesian Computation and Algorithms

» Joint posterior probability law of all the unknowns f,z, 0
p(f.2,0lg) o p(g|f, 61) p(f|z, 6) p(z|63) p(6)

» Often, the expression of p(f,z,0|g) is complex.

» lts optimization (for Joint MAP) or
its marginalization or integration (for Marginal MAP or PM)

is not easy

» Two main techniques:

» MCMC:
Needs the expressions of the conditionals

p(flz.0,g), p(z|f,0,8), and p(0]f,z g)
» VBA: Approximate p(f,z, 0|g) by a separable one

q(f,z,0g) = q1(f) q2(2) 93(0)
and do any computations with these separable ones.
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MCMC based algorithm
p(f.z,01g) o< p(glf, z, 01) p(f|z, 02) p(z[03) p(6)

General Gibbs sampling scheme:

o~

T~ p(f2,6,8) — z ~ p(z[f,0,8) — 0 ~ (0[f,Z,g)

» Generate samples f using p(f|Z, 0, g) x p(glf, 0) p(f|zZ, 6)
When Gaussian, can be done via optimisation of a quadratic
criterion.

» Generate samples z using p(z|/f\,5,g) x p(gﬁ’\,i, 5) p(2)
Often needs sampling (hidden discrete variable)

» Generate samples 0 using

p(6If.Z, g) o p(glf. o21) p(F[2, (mk, vi)) P(8)
Use of Conjugate priors — analytical expressions.

» After convergence use samples to compute means and
variances.
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Hij
f1
™N
> gi
fn
¢)=/f(xy )di
L
(x,y) =22 fibi(x.y)
1 |fxy € pixel j
bj(x,y) = {O else
N
gi=> Hjfi+e
j=1
g=Hf +e¢€

Case study: Reconstruction
from 2 projections

gi(x) = [ f(x,y)dy,

g(y) = [f(x,y)dx

Very ill-posed inverse problem
f(x,y) = g1(x) &2(y) QAx, y)
Q(x,y) is a Copula:
[Q(x,y)dx =1
JQx.y)dy =1
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Simple example

1134 7174 fi|flgs 11-10 ;1110
2146 71716 fr | fa |ga 1110 11-10
3 7 3 7 81 82 0 0 0 0
81 1100 fi fi|fa|f|ga

g | _ 0011 f f|f |13 |8gs5

83 ] |1 010 f3 316 | fo |86

g 0101 fa g1 & &

» Hf =g — f = H g if H invertible.
H is rank deficient: rank(H) = 3

Problem has infinite number of solutions.

v

v

How to find all those solutions ?

v

Which one is the good one? Needs prior information.

v

To find an unique solution, one needs either more data or
prior information.

v
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Application in CT: Reconstruction from 2 projections

I

—_— —— ' g
g|f f|z z c
g =Hf +e iid Gaussian id q(r) € {0,1}
g|f ~ N(Hf,o2l) or or 1—0(z(r) — z(r))
Gaussian Gauss-Markov Potts binary

p(f,z,0|g) o< p(glf, 01) p(f|z, 02) p(2]03) p(0)
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Proposed algorithms

p(f,z,0\g) o p(glf, 01) p(f|z, 62) p(z|63) p(0)
e MCMC based general scheme:
f~p(f2,0,8) — 2~ p(z[f,0,8) — 6 ~ (0]f 2, 8)
Iterative algorithme:
» Estimate f using p(f[Z, 0, g) x p(g|f,6) p(f|z, 6)
Needs optimisation of a quadratic criterion.
» Estimate z using p(z\?,@,g) x p(g|/f\,2, 5) p(z)
Needs sampling of a Potts Markov field.

» Estimate 6 using

p(01f.2,g) o< p(glf. o21) p(F[Z, (M, vi)) P(O)
Conjugate priors —» analytical expressions.

e Variational Bayesian Approximation

» Approximate p(f,z, 0|g) by q1(f) g2(z) 93(0)
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Results

Original

\ s

Gauss-Markov+pos

I,
5

Backprojection Filtered BP

L
L
—

— —

L Ly

n [

GM-Line process GM-+Label process

L
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Implementation issues

» In almost all the algorithms, the step of computation of f
needs an optimisation algorithm.

» The criterion to optimize is often in the form of
J(f) = |g — Hf||* + \||Df||?

» Very often, we use the gradient based algorithms which need
to compute

VJ(f) = —2Ht(g — Hf) + 2\D!Df
» So, for the simplest case, in each step, we have

FEY 79 L0 (g — 1Y) + 2ADtD?(k)}
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Gradient based algorithms
R 30 [H’ <g _ H?(k)) AD Df(k)}

1. Compute g = Hf (Forward projection)
2. Compute dg =g — g (Error or residual)
3. Compute 6f; = H'dg (Backprojection of error)
4. Compute &f; = —D'Df (Correction due to regularization)
=(k+1) /\( )
5. Update f + [0f1 + df2]
Initial estimated Forward projections of Measured
guess —| image —— | projection | — | estimated image | —| - |« | projections
£(0) (k) H g = Hf(k g
T 4
update compare
correction term . correction term in
P Backprojection .
in image space — H — projection space
5f = H'5g — AD/Df(K) jg=g—E

» Steps 1 and 3 need great computational cost and have been
implemented on GPU.
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Conclusions

Computed Tomography is an Inverse problem
Analytical methods have many limitations
Algebraic methods push further these limitations

vV vV.vyYy

Deterministic Regularizatin methods push still further the

limitations of ill-conditionning.

» Probabilistic and in particular the Bayesian approach has
many potentials

» Hierarchical prior model with hidden variables are very

powerful tools for Bayesian approach to inverse problems.

» Gauss-Markov-Potts models for images incorporating hidden
regions and contours

» Main Bayesian computation tools: JMAP, MCMC and VBA

» Application in different imaging system (X ray CT,
Microwaves, PET, Ultrasound, Optical Diffusion Tomography
(ODT), Acoustic source localization,...)

» Current Projects: Efficient implementation in 2D and 3D cases
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