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\ Inverse pr oblems '

2 ) =

errors

H (o L Z,
measuremehn  unknown other :
model (Data) quantities  unknowns and noise

Explicit relation: g= H(f;z;2)

Additiv e output error model: g = H(f;z)+ 2

. S g=Hy(f;z) +2
Relation betweenf and z:

Ho(f;2) =0
Non linear+ additiveerrors: g = hij(f)+ 2% or
X
Linear + additiv e errors: hi(f)= hijf; i!

j

g=H(f)+?2

g=Hf +2
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Inverses problems in image pr ocessing '

General non linear inverseproblem:
g(r) = HE(OUr)+2(r); r=(y)2R; r’=(x5y)2R°

Linear model: 7

g(r) = f(rOh(r;r9dr®+ 2(r)

RO

Linear and translation invariante (convolution) model:
Z

o(r) = FON(r i r9dro+ 2(r) = h(r)af (r) + 2(r)

R

Discretized version
g=Hf +2

where g=fg(r); r 2Rg,2=1f2(r);r 2Rgandf =ff(r9%; r°2 RY
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\ Deconv olution '

2()

2

f(t) — h(t) - — g(t) = h(t) af (t) + 2(t)

Obsenation model: g=Hf + 2

yb(t)




Single channel image restora tion '

f (X y)—

2(x;Y)
2
h(x; y) : — g(xy) = (X y) 2h(x;y) + 2(x; y)
Obsenation model: g=Hf +2
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Fourier synthesis in optical Imaging
£ o
g! )= f()exp jj!'r dr+2()

2 Coherert imaging: G(g) =g i ! g=Hf +2
2 Non coherent imaging: G(g) = jg ! g=H(f)+?2

g="fg(' );!' 2-qg, 2=12(1); 1 2-g and f =1ff(r); r 2 Rg
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Deterministic methods .
Data matc hing

2 Obsenation model g =hi(f)+23%; 1=1:.:;M
2 Misatch betweendata and output of the model ¢( g;H (f ))

p = argminf¢(g;H (f ))g

2 Examples: f
X
{LS ¢(gHE) =kgi HEK = jgi hi(f)j
X
{Lp  S(gH({)=kyi H(EK = jai hi(f)" 1<p<?2
. _X i |
(KL e(gH) = gl

2 |In general,doesnot give satisfactory results for inverseproblems.

8
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Regularization theory

Inverseproblems = |l posedproblems
i ! Need of prior information

2 Minimum norme LS (MNLS):  J(f) = jjgi H (f)jj+ _jif jj?
2 Classicalregularization: J(f)=1jjgi H{)jj*+ .jjDfjj°
2 More generalregularization:

or J(f)=Q(gi H(f)+, oDf)
J(f)=¢(gH(F)) + ., ¢o(f ;T 1)

Limitations:

2 Errors are consideredimplicitly white and Gaussian

2 Limited prior information on the solution

2 Lack of tools for the determination of the hyperparameters

&
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\ Pr obabilistic methods '

Taking accourt of errors and uncertainties j ! Probability theory

2 Maximum Likelihood (ML)

2 Minimum Inaccuracy (Ml)

2 Probability Distribution Matching (PDM)

2 Maximum Entropy (ME) and Information Theory (IT)

2 BayesianInference (Bl)

Adv antages:
2 Explicit accourt of the errors and noise
2 A large classof priors via explicit or implicit modeling
2 A coherent approad to combine information content of the data and priors

Limitations:
2 Practical implementation and cost of calculation

10
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Maxim um Lik eliho od (ML)

2 Data obsenation Model: g =hj(f)+2% or g=H((f)+?2
4
2 Noise probability law: p=(23) i! p(gjf)i! I(f) = p(gjf)

2 ML estimate

b= argrr}axfl(f )g = argrr]linfi InI(f )g

2 |[(f ) i1s not a probability distribution
2 |(f ) can be usedto comparedi®erert models via the

likelihood ratio 'f(ffl) > 1

2

2 Caseof linear model and Gaussianlaw: j'! LS
2 Rarely givessatisfactory solutions for inverseproblems with limited number
of data

2 PenalizedML P = argminfj Inp(gjf )+ ©(f )g
f

11
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Minim um Inaccuracy (Ml)
4 1 X
2 Empirical density (histogram) ¥£g) = Ni Hgi O)
2 Inaccuracy of ¥4g) with respect to p(gjf )
g Z
I["2p]= i  “49)Inp(gjf)dg
2 Minimum Inaccuracy (Ml) estimate:

p= argfmin f1 (“49); p(gif ))g
2 In caseof I.I.d. data:

| Y | 1 X .
p(gjf ) = p(gijf ) = exp NW In p(gijf )

Z .
= exp N *Ag)Inp(gjf )dg = exp[i NI [*4g);p(g)f )]]

7

j! Ml = ML
%
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Probabilit y Distribution Matc hing (PDM)
2 Match probability distributions in place of matching the data.
2 Mismatch measure: Kullback-Leibler (KL) mismatch function

Z
UL 49)
2 MKL estimate P = argmin fK [“£9); p(gjf )]lg
f
2 Note that 7 y
K PAQp@if)] = o) 9 dg
7 p(ajf ) 7

= i “g)Inp(gjf)dg+  *Ag)In’4g)dg
= 1[49);p(9)f )] i H[#AQ)];

where H[%£g)] Is the entropy of ¥4g) & doesnot depend on f
j | PDM = Mi

13
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Maxim um entrop y (ME) .

Data model: g=H (i) where HWi= f p(f)df

Z

maximize p(f ) In p(f )

Po(f )

df st g=H([M1)

Solution:

£ o £ 0
p(f) = po(f)exp ,'"H(f) = po(f)exp , '"H(f)i InZ(,)

Z c o
Z(,)= po(f)exp , 'H(f) df

1
Z(,)

Z

Gnzl) -y i=geee;M it it pit PQ)=  f p(f)di

@;

14
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In caseof linear modelsH (f ) = Hf and noting by:

S5 = HY; -(s)=InZ(s); D()=."'gi G(H',)

and m = f po(f)df, we obtain

,b = argminfD(, )g Dual criterion

b= arg rrginf@(f ;m)g s.t.g=HTf Primal criterion

2 Functions D(, ) and ©(f ;m) depend on po(f )

2 ©(f ;m) iIs a distance measurebetweenf and m

29 analytical expressionsfor D(, ) and ©(f ; m) for special casesof po(f ), in
particular when po(f ) is separable.

15
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2 Some special cases;

Gaussian

Poisson

Gamma

7\

of ;m)= (fji m;)?
J
©(f'm)—'X f—jlnf—j+(f-' m; )
’ =1 | mj mj ]| ]
A N
O(f ;m) = In — + —
mj m

j

Quadratic

Kulback

Burg entropy

16
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2 Relation

p

with

regularization:

argminfO(f ;m)g; subjectto ¢

f

argminfO©(f ;m)g; subject to
f

© a
argmin ©(f :m)+ ®gi H fk?

f
. © )
argmin kgj Hfk +  ©O(f ;m)
f

a

O0OO0OO0OO0OO

X
= hify
j
02
X o
gii hj fjo
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\ Bayesian estimation appr oach .

2 Data obsenation and noise models: j ! p(gjf ; H2)
2 Prior information onf : i ! p(f Ut )
2 Bayesrule:
, If ;) p(f |
o(f ig: 1) = p(aif ; k=) p(t Jur )

p(g;u%
where  p= (He;pe) and p(gju) = p(gjf ; pe) p(f jug ) df

N

Inference or estimation rule:  cost function c(f ;p)
Yol ¥4

P=argmin  cf;z)p(f jg;p) df
Z
Example:
Maximum A Posteriori (MAP):

b= argfminfi In p(f jg; n)g = afgfminfi In p(gjf ;=) i InYe(f jur)g

18
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Point Estimators:
2 Maximum a posteriori (MAP):

off ;P)y=1; «f i P)j! P= argmaxf p(f jg; W)g

2 Posterior mean (PM):
Z

c(f ;P)=1[f i PI'Q[f i P'j! P=Effg= f p(fjg;p)df

2 Marginal MAP (MMAP):
Y
of:P)= 1i Hfii B)i! M= argmaxfpi(fijg;ng;
i |
where 7
Pi (fijg;U) = p(f jg;ll) df1¢¢¢dfii 1- dfi+1 ¢¢¢dfn

19
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Case of linear inverse problems
g=Hf +2
2 Hypothesison noise:2 » N(0;1=1) i! gjf » N(Hf;1=1)

p(gif ;) / exp i Skgi HTK
2 Hypothesisonf: f » N(f ,;1=@P g)

h & | i
p(f i®) 1 exp i Sf i TP i ol

2 Posterior p(f jg) » N (P;P) with

. . ¢
P=PHYg; Hf,); B="H'H + PL1 "

2 MAP estimate:
b= argrr]lian(f )= Q(f )+ , ©(f )g with

Q(f):kgl ka2; @(f):ftpblf :kkaZ;

@

20
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Gamma law hypothesisfor f :
X . |
p(fi)/ (fi=m)®exp[j fj=m]i! ©p(f)=® In i 0
j M M
Beta law hypothesisfor f : X X
p(f;) / 2@ f)M®i1  ©e(f)=® Infj+(1i ® Inli fj)
] ]
GeneralizedGaussianlaws for f : X
p(f;) / exp[i ®f;jP]; 1< p<2j! ©p(f)=® jfjP
]
Markovian modelsjor f : 3
| X X X
p(fjjf )/ exp4i ®  A(fj;fi)0 !  ©e(f)=® Afj;Ti)
i2N; j i2N;

Jf)=kgi Hf k®+  ©(f)

21
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General MAP estimate :

b= argn;ian(f )g with J(f)=kgj Hf k?+  ©p(f)
2 Gaussianlaws: ©g(f ) quadratic
i! J(f) quadratic j! P linear function of g

P
2 Entropic laws: 8@)(1‘ ) corvex and separable:©(f ) = ; Ap(fj)
with  Ag(fj) = ®fjp; ®&f; Inf; i fj); ®&(nfji f5);:::
i! J(f)corvexi! Nonlinear estimators but easyto calculate

P ) )
2 Markovian models: ©p(f ) = = ;| 5y, Ae(fj i fi) with Ae(t) =

8 8
tj> if jtj < ®; t if jtj < ®  ®%t?
I & . M ; >, logcosh({=®)
® else, . 2@t ® else, 1+t
©e(f ) non corvex j! Nonlinear estimator and

need of global optimization

22
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\ Open pr oblems .

Choice of p(f ju; ) : Gaussian/ Entropic / Markovian
Markovian models: choice of the potential functions

i I Transformation group invariance, ME,
Scaleinvariance, etc. (Djafari93, Brette et al. 93, 94)

Hyperparametersestimation and model selection
il GMAP, MAPM, EM, SEM, ...

Choice of the estimation criteria : MAP, PM or MMAP
{ MAP : Optimization
{ PM or MMAP : Integration

Optimization and integration algorithms and implementation
{ Local/ Global, Determinist / Stochastic
{ multigrids & multiresolution

23
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Mul ti sensor image processing pr oblems .

Disjoint multi sensorssystem:
g, = H;if, +2;; 1= 1;¢¢; M

General multi input multi output (MIMO) system:

g; = Hijfj+2i; | = 1,¢¢¢C; M
j=1

General unknown mixing gain MIMO system:

X
g =  AjH;f; +2; 0= 10¢e¢;M
j=1

Blind SourcesSeparation (BSS) problem:

X
o= Ajf;+2%; i=10¢M
i=1
where A = fA; ;i = 1;¢¢¢;M; | = 1;¢¢¢; N g is an unknown mixing matrix.

24
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Multi-sp ectral image deconvolution

fi(Gyr— h(x;y)

Obsenation model ;

21 (X;y)

g; = HT;+?2

g(y) = fi(xy) ah(xy) + 3(xy)

- 1=1:2:3

25
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Image fusion and joint segment ation .

gi(r)="fi(r)+2(r); i=1¢¢;M
g(r)=fg(r); i=1Mg, g, = fgi(r); r 2 Ry, g=fgi(r); 1=1Mg
g(r) = 1(r)+ 2(r); g="f +2

26
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Blind image separa tion and joint segment ation

. Separatlon

PN
gi(r)= = Ay fi(r)+2(r)

fafr) or) = fai(r); i = LMg

g(r) = Af(r)+ 2(r);

g=fgi(r); 1=1LMg
g = fagi(r); r 2 Ry,

fa(r)

g2(r) g= Al _+2
fa(r)

27




\ Segment ation of hyperspectral Images '

ACROSS TRACK A
il

—_— - ALONG TRACK Il \mAGES ARE ACOUIRED SIMULTANEOUSLY
urribser nf“u.i:. el || | B LAY {:{JN'I'IG-I..I{H_E SPECTRAL BANDS,

of limes P i {Modifeed from Stasnz, 1992}

|
humber of EACH PIXEL HAS ITS
spectral bands CHARACTERISTIC

i

i3} Image Space

HSERRRE i = SPECTRUM

DOngaIN |
1&.g-2ﬂha‘rdﬁ‘!L

sﬁf"

CeCHALM
(e.g. 614 piosls)

! g Mepcition I [
e *u.nhl
i o
s 2| wwaer I||
' > : - Ui
W :||,1.,|;:|'| A R.."\{'\l.'rr\-.. al 4 |
= -

b} Spectal Space lch Faatwe Space  {a) Spectral slice

refloctince
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\ Segment ation of hyperspectral Images '

0 I I I I I I
(0] 5 10 15 20 25 30

gi(r)="fi(r)+2(r); i=1;¢c¢;M
g(r)="fg(r); i=1Mg, g, = fgi(r); r 2 Ry, g=fgi(r); 1=1Mg
g(r) = 1(r)+2(r); g=f +2

29
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Segment ation of hyperspectral

Images

s000

am)

30m)

200

1000

g(r)="fi(r)+ %), 1=
Mg, = fag(r); r 2 Rg,

g(r) = 1(r)+2(r);

g(r)="fg(r); i=

. L L . 1000 L L L n
0
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Blind image separation and joint segment ation

I:)N
. gi(r)= o Ajfi(r)+32(r)
fa(r) ¢ g(r)="fg(r); 1=1Mg
. o(r) = AT(r) + 2(r)
g=1fgi(r); 1=1Mg
fa(r) Separatio =
g; = fai(r); r 2 Rg,
. g2(r) g: Af_+i
fa(r)

31
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\ Bayesian estimation appr oach .

g= Af_+ 2
Forward model and prior knowledge on the noise i ! p(gjf )
Prior knowledgeon f i ! p(f )
Bayesrule: p(f jg) = p(aif ) p(f)=p(9) / p(gif) p(t)

Infer on f via p(f |g):
{ MAP estimator:

© a © &
p = argmax p(fjg) = argmin | Inp(fjg)
- f - f -

- Z
{ MSE estimator E: f p(fjg)df  posterior mean

32
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‘ Bayesian blind sour ces separa tion (BBSS) I

g=Af +2
Likelihood p(gjf ;A1)
Priors P(f JU,), P(AJHs) and p(p)  hyperparametersp = iy Uy Hag

Bayesrule
p(f ;A ujg) I p(gif ;A1) p(f ju,) P(Aju3) p(K)

Generalizeda posteriori EM-ML estimator
© a N O
(R;P) = argmax p(A;pig) i! P= arg max o(f jo; R; )
(ASH)

MSE estimator which correspondsto the posterior mean using MCMC
Z

PR Ag=P;R;Agp(f;A;ujg)df P;R;fg:

33
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HMM modeling of images .

What they share?

Borders & Regions

Segmemation

Hidden variable z(r)

z(r) = k; k= 1;¢¢¢; K

Rk =1fr : z(r) = kg, R = [ kR
Homogeneiy in regions

p(f (r)jz(r) = k) = N (my; %)

Rjk:fr . zj(r): kg, Rj:[kRjk
fo = ()t r2R;0 f;=[«f,.
¥ \d
p(fi(r);ir 2R) = p(fi(r);r 2R;, )= N(mj, 1;%¢)
k=1 k=1

34
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: :
Main hyp othesis: () @
2 Pixels valuesin di®erer regionsof an image
are independert. @ @
2 For pixels valuesin a given region of an image, —
two possibilities: @ Cietd
{ 1i.d.: p(fi (r)jz (r) = k) = N(mjk;%?k) @
r=un

p(fj (r);r 2 Ry, ) = N(mj, 1%, 1)
{ Markovien: p(fj(r);r 2 Rj,)=N(m; 1,8;,)
2 For pixels valuesin di®erent imagesbut in a given commonregion
two possibilities:
{ iid.: (fj (r)jz(r) = k) independert of (fi(r)jz(r) = k); 16 ]
{ Markovien: p(f; (r)jz(r) = k;f (r)) = p(f; ()jz(r) = k;fj; 1(r))

35
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Mo deling the labels
X

p(fi (Nizi(r)=k) = N(m; ;%) it pfj(r) = P(z(r)=k N(m;;%,)

Kk

2 Independert GaussianMixture model (IGM): z; = fz(r);r 2 Rg 1.i.d.

X Y
P(z(r) = k)= pg; with bk =1 and p(z;) = P
K K

2 Contextual GaussianMixture model (CGM): z; Markovien

2 3
X X
p(z;)/ exp4® +Hz (r)i z(s))?

r2rR S2v (I)

which is the Potts Markov random feild (PMRF).
The parameter ® corntrols the mean value of the regions' sizes.

36
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Expressions of lik eliho od, prior and posterior laws

X
g = Aty +2; 1=15e;M ! g=Af +2
j=1
2 Likelihood:
. WI . WI
P(giA:f ;) = p(gijA;f;82) = N(Af;8:)
i=1 i=1
8., = %21, j! up=f%2%i=1¢¢;Mg
2 HMM for the images:
- W .
p(fjz;pz) = p(fjjzj;m;;8y)
j=1

wherez = fzj;] = 1;¢¢¢; N g and where we assumedthat f ;jz; are
independert. j! p2=f(mi;% );j = L ¢e¢;Ng

37
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2 PMRF for the labels:
2

W

p(z)/  exp4®

=1

3

Hz (r)i z(s))®
2R S2v ()

X X

2 Conjugate priors for the hyperparametersu = (J1; Ho):
w=ff %70 = Leee; Mg, f(mi; %, ): = 1,66¢;M;k = 1;6¢; K gg

p(mj )
p(%, )
P(8j,)
P(%2;)

2 Joint posterior law of f , z and u

= N (Mj ., ?/f?ko)

=1 G(®o0; jo)
= I W(®0;1j0)
= 1 G(®o; io)

p(f ;z;ujg) /' p(gjf ; u1) p(f jz; H2) p(zju2) p(W)

38
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\ General MCMC sampling scheme .

p(f ;z;ujg) /' p(gjf s u1) p(f jz; u2) p(zju2) p(W)

Gibbs sampling:
2 Generatesamples(f ; z; W)™ ; ¢e¢; (f ;z; u)™N) using

{ f» p(fjg;z;w),
{ z » p(zjg;f;p),

{ po» p(ug;f;z),
2 Compute any statistics sudh as mean, median, variance, ...

Ditculties:
2 No mixture, No cornvolution: g, =f;+2;; 1= 1;¢¢;M
2 Mixture but No corvolution: ¢; = szl Ajj fj + 2 1=1.¢¢: M
2 Convolution but No mixture: g, =H;f,+2;; 1= 1;¢¢;M
2 Mixture and Convolution: g = P j!\|=l Aj Hijfy+ 2 | = 1;¢¢C; M

39




Examples of applica tions .

2 No mixture, No convolution applications:
{ Multi channel image fusion and joint segmeimation

g =f,+2; i=10e¢M; f.jz independert
{ Hyperspectral image segmeimation
g =f;+2; i=10e¢;M; f.jz dependert
{ Video movie segmemation with motion estimation
g =f, +2; i=10e¢M; f.jz; independert

2 Mixture, No cornvolution applications:
{ BIindPsource(image) separation (BSS) and joint segmemation
g = sz1 Aj f;+2; 1=1¢e¢;M; f;jz; independert
2 Convolution but No mixture applications:
{ Fourier synthesisin optical imaging g=H((f)+2;, fjz

{ Single channel image restoration g=Hf +2;, fjz

40

%



Images fusion and joint segmentation
(Olivier FERON)

8

3 g(r)="fi(r)+2(r)
p(fi(r)jz(r) = k) = N (miy; %)
p(fjz) = ~p(f)z)

>

41
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Joint segmentation of hyper-spectral images
(Adel MOHAMMADPOUR)

g(r)="fi(r)+23(); r2R; or gy="f;+2;
p(fi(r)jz(r) = k) = N(miy;%,); k= 1;,¢¢;K
o(f jz) = 2, plf 1j2)

W AW QO

m;, follow a Markovian model along the index i

| = 1;¢¢¢; M

42
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Segmentation of a video sequence of images
(Patrice BRAULT)

p(fi(r)jzi(r) = k) = N(mi; ¥%,); k= 1;8¢¢;K
o(f iz) = 2. pif Lizi)

8
% g(r)="~fi(r)+2(r), r2R; or gg=f;+2; org=1f+2
© zi(r) follow a Markovian model along the index |

43



Blind Iimage separation and joint segmentation

X
j=1
R o 0 |
p(if A;82) = <o PO(IF(1);A) =~ or N(AF(r);§2)
Pl (i (1) = K= N (my 5,
p(Fiz) = “por P ()iz ()
p(Aj ) = N (Ag; ;%8;) or p(vect(A)) = N (vect(Ao); %3, I)

. P .
p(f jg;zZ; W A) = rr N(P(r); 8(r)) with
B(r)=(A's2"'A+8§, 1(r))i ! and
B(r)= 8(r) A5 g(r) + 8,(r) Tm,(r)"
p(z(r)ig(r); s A) 1 (p(g(r)jz(r); ;s A)) p(z(r)) with
p(g(r)iz(r);W) = N(Am ,ry; A8 ,r)At + §2)
P(A;82jf ;i) = N(A; Api8p) W(B2T % ©,:82))

%
%
%
]

gG(r)= Ajfp(r)+20)it g(r)=Af (r)+2(r)i! g=Ar +2

44
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Mixing

Separation

\

Segmentation

g»
il
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Single channel image restoration

gr) = h(r% r)f(r)dr+2(r9i! g=Hf +?2

Fourier synthesp Inverse problem

3
_%

(' )= expli j(t:r)If(rydr+2(1)i! g=Hf +2
p(2) = N(0;82) ! p(gjif)= N(HTf;82) with §2 = %>
p(f (r)jz(r) = k) = N(m; %); k= 1;¢8¢;K
o(f jz;;g) = N (P; ®) with
=(H'§821'"H +§,/ 1! and P = ?th§2i1g+ §,1 m,
Compute b = argmaxs fp(fjz;u;9)g= argming fJ(f )g with

P . .
J(f)= 5zkgi Hf K2+ kfkn%klk

p(zjg;w) /' p(giz; 1) p(z) with
p(giz;w) = N(Hm,;§g) with §g=HE&,H"'+ §2
Use p(zjg;f;u)/ p(gjf ;z;u) p(z)

¢
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\ Simula tion resul ts '

a) object, b) exact known support, c) support of the data, d) measureddata,
e) and f) Results when phaseis measured:e) IFT and f) proposedmethod,

g) and h) Results when the phaseis not measuredbut we know the support of
the object: g) by Gerchberg-Saxtonh) by the proposedmethod.
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\ Wavelet domain Bayesian image pr ocessing .

gr)=f(r)+2(r)i! WTil g(r)=€ () +e()

Images Hist. of images  Wavelet coe®. Hist. of wavelet coe®.

2 multi-resolution computation

2 Wavelet coexcients can be classi ed and segmeted in only K = 2 classes
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Conclusion and works in progress

Bayesian approach & HMM are appropriate tools for many image processingproblems
2 H. Snoussi: BSSin 1D and 2D either in pixel domain or Fourier transform domain
2 M. Ichir : BSS with mixture of Gamma and BSS in wavelet domain
2 S. Moussaoui : BSS for non negative sourceswith application in spectrometry
2 0. F#@ron : Data and image fusion and inverse problems in microwave imaging

. Brault : Segmeration of imagessequenceseither directly or in wavelet domain

. Mohammadpour : Segmenation of hyper-spectral images,

. Humblot : Super-resolution from a set of lower resolution images

O
P
A
2 Z. Chama : Image recovery from the Fourier phase (Fourier Synthesis)
=
N. Bali : Source separation using di®erert Hidden Markov models for images
H

. Akbari : Mixture models for source separation in Hyp erspectral imaging
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