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Computed Tomography:
Making an image of the interior of a body

» f(x,y) a section of a real 3D body f(x,y,z)
> gy(r) a line of observed radiographe gy(r, z)

» Forward model:
Line integrals or Radon Transform

gs(r) = /L Flxoy) di + eo(r)
ro

— //f(x,y) §(r — xcos ¢ — ysin @) dx dy + €4(r)

» Inverse problem: Image reconstruction

Given the forward model H (Radon Transform) and
a set of data gy, (r),i=1,--- M
find f(x,y)
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2D and 3D Computed Tomography

g¢(r17r2):/ f(Xv.va) d/ g¢(r):/ f(va) d/
[*rl,r2,¢ Er,d)
Forward probelm: f(x,y) or f(x,y,z) — gu(r) or gs(r1, )

Inverse problem: g,(r) or gy(ri, ) — f(x,y) or f(x,y,z)
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CT as a linear inverse problem

T T
Fan beam X-ray Tomography

051

1r Source positions IR Detector positions

g(si) = / f(r) dl; + e(s;) — Discretization — g=Hf + €
L;

» g, f and H are huge dimensional
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Inversion: Deterministic methods
Data matching
» Observation model
gi=hi(f)+e, i=1....M—g=H(f)+e
» Misatch between data and output of the model A(g, H(f))

~

f = argmin (A(g. H(£))}
» Examples:

-LS  Ag,H(f) =g —H(f)I* = Z lgi — hi(f)I?
- L, Alg, H(f)) =g — H(H)I” = Z lgi — hi(f)IP, 1<p<2

_KL A(g,H(f)):Zg"ln%

> In general, does not give satisfactory results for inverse
problems.
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Inversion: Regularization theory

Inverse problems = Il posed problems
—  Need for prior information
Functional space (Tikhonov):

g =H(f) +e— J(f) = lg — H(F)I5 + NIDF||3

Finite dimensional space (Philips & Towmey): g = H(f) + €
e Minimum norme LS (MNLS):  J(f) = |lg — H(f)|]> + A|| f|?

e Classical regularization: J(f) = llg — H(F)||?> + \|Df|?
e More general regularization:

J(f) = Qg — H(f)) + DY)
Limitations: HF) = Balg H(f)) + A2(f; fo)

e Errors are considered implicitly white and Gaussian
e Limited prior information on the solution
e Lack of tools for the determination of the hyperparameters

or
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Bayesian estimation approach
M g=Hf +e
» Observation model M + Hypothesis on the noise € —

p(glfi M) = pe(g — H)
» A priori information p(fIM)

» Bayes : p(flg: M) = p(glf; M) p(f|M)

p(g|lM)

Link with regularization :

Maximum A Posteriori (MAP) :

o~

= argm]gX{p(flg)}=argm;><{p(g|f) p(f)}
= argmin {=Inp(glf) —Inp(f)}

with  Q(g,Hf)=—Inp(glf) and X2(f)=—Inp(f)
But, Bayesian inference is not only limited to MAP
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Case of linear models and Gaussian priors
g=Hf +e

v

Hypothesis on the noise: € ~ N(0,021)

1
plalf) oo { 5 slo — HFI?
Hypothesis on f : f ~ /\/'(O,a,%I)E

1
p(f)  exp {—ggnfuz}

v

» A posteriori:
L > 1 2
pUf19) x o { gl ~ HISIE 5111
» MAP :  f =argmaxs{p(f|g)} = argming {J(f)}

with — J(F) = llg = HfIP +AIFIP. A=%

Advantage : characterization of the solution

flg ~N(f,P) with f=PH'g, P=(H'H+\)"

v

1
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MAP estimation with other priors:

f=arg min {J()} with J(f) = g = HF|* +2Q(f)

Separable priors:
» Gaussian:
p(fi) ocexp {—alfi} — Q(f) = | fII? = a 35; 16
> Gamma: p(fj) o £ exp {—pf;} — Q(f) =a_;Infj+ 51
> Beta:
p(fi) < £2(1 = £)7 — Q(f) = a X ;Infi+ B3 In(1 — )
» Generalized Gaussian:
p(fj)) x exp{—a|fj|P}, 1<p<2— Q(f)= azj Ifi|P,
Markovian models:

p(fi|£) o< exp {a > é(f, f,-)} — Q) =a) > 6 h),

ieN; Jj iEeN;
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Main advantages of the Bayesian approach

» MAP = Regularization

» Posterior mean 7 Marginal MAP 7

» More information in the posterior law than only its mode or
its mean

» Meaning and tools for estimating hyper parameters

» Meaning and tools for model selection

» More specific and specialized priors, particularly through the
hidden variables

» More computational tools:

» Expectation-Maximization for computing the maximum
likelihood parameters

» MCMC for posterior exploration

» Variational Bayes for analytical computation of the posterior
marginals
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Full Bayesian approach

vV v Y

v

g=Hf+e
Forward & errors model: — p(g|f,01; M)
Prior models — p(f]602; M)
Hyperparameters 6 = (01, 02) — p(6|M)

Bayes: — p(f,0|g; M) = P(glfﬂ;M)p;(v;{/I\z:)M) p(6IM)

Joint MAP: (f,0) = arg (n;ca0>§ {p(f.0|g; M)}
flgiM) = [ p(f,6lg: M) df
0lgiM) = [ p(f.0lg: M) do

f=J7p(f,6lg: M)df do
6 = [0p(f 6lg;M)df do

Evidence of the model:

o p(
Marginalization:
& { p(

Posterior means: {

plalM) = [[ plal . 6: M)p(£16; M)p(61M) d d6

A. Mohammad-Djafari, NIMI Workshop on medical imaging, Gent, Belgium, May 29, 2010.

12/41



MAP estimation with different prior models

=Hf+e
g— Hf+e 9 . 2
- r=c h =z~ N(0,0¢1
(57 oy ~{ 5-€71% i < aosin

p(flg) = N(f.P;) with f=PiH'g, P;=(H'H+\D'D)”’
J(f)=—Inp(flg) = llg — Hf|” + N|Df|J

g=Hf +e¢ [ g=Hf+e
p(f) =N (0,02(WW?)) — | f=Wz with z~N(0,0%I)

p(z|g) = N(Z, P.) with z = P.W'H'g, P. = (W'H'HW + )\I)‘l

J(z)=—Inp(zlg) =g — HWz|? + \|z|? — f =Wz
z decomposition coefficients
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MAP estimation and Compressed Sensing

g=Hf +¢€
f=Wz

» W a code book matrix, z coefficients

» Gaussian:

p(z) = N(0,02) x exp { 5% 57 |2}
(=) =~ Inp(zlg) = llg = HW =[P + X5, |22

» Generalized Gaussian (sparsity, 3 = 1):

p(=) < exp { A5 1217}
J(z) = —Inp(zlg) = g = HW=[? + A5, |21

> z=argmin, {J(z)} — f=WZ
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Two main steps in the Bayesian approach

» Prior modeling

» Separable:
Gaussian, Generalized Gaussian, Gamma,
mixture of Gaussians, mixture of Gammas, ...

» Markovian: Gauss-Markov, GGM, ...

» Separable or Markovian with hidden variables
(contours, region labels)

» Choice of the estimator and computational aspects

MAP, Posterior mean, Marginal MAP

MAP needs optimization algorithms

Posterior mean needs integration methods
Marginal MAP needs integration and optimization
Approximations:

vVvy vV VvVYy

> Gaussian approximation (Laplace)
> Numerical exploration MCMC
> Variational Bayes (Separable approximation)
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Which images | am looking for?

50 100 15 200 250 300

F
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Which image | am looking for?

| /\ /\ 1 /\M/\Mﬂ«—i:
W\NW WW

Gaussian Generalized Gaussian
p(filfi-1 OCGXP{ alfi — f 1|} p(flfi— 20<eXP{ affi — fi-1|P}
[ T T \ [ ;
Piecewize Gaussian Mixture of GM
p(fila;, fi-1) = N ((1 — g;)f-1,07) p(filzj = k) = N (my, o7)
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Gauss-Markov-Potts prior models for images

"In NDT applications of CT, the objects are, in general, composed of a
finite number of materials, and the voxels corresponding to each
materials are grouped in compact regions”

How to model this prior information?

f(r) z(r) € {1,...,K}
p(f (7’)|Z(7’) =k, my, vi) = N(my;, vk)

(f(r)) = Z = k) N (my, vk) Mixture of Gaussians
k
p(z(r)|z(r"), 7 € V(r)) xexp {7 D 6(z(r) — 2(r))
r’'eV(r)
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Four different cases

To each pixel of the image is associated 2 variables f(r) and z(7)

F

» f|z Gaussian iid, z iid :
Mixture of Gaussians

» f|z Gauss-Markov, z iid :
Mixture of Gauss-Markov

» f|z Gaussian iid, =z Potts-Markov :

Mixture of Independent Gaussians
(MIG with Hidden Potts)

» f|z Markov, z Potts-Markov :
Mixture of Gauss-Markov
(MGM with hidden Potts)

A. Mohammad-Djafari, NIMI Workshop on medical imaging, Gent, Belgium, May 29, 2010. 19/41



Four different cases

ag(r)

()

Zz{x)

Case 1: Mixture of Gaussians
g(r)

.\ /.
f(r)
N
f(r")

z(1r)

Case 3: MIG with Hidden Potts

A. Mohammad-Djafari,

NIMI Workshop on medical imaging, Gent, Belgium,

g(r)
f(r)
e -
N z(r)
o -
Zz(x")
Case 2: Mixture of Gauss-Markov
g(r)
o | o
NS £
L J ® ()
TN z(r)
z(r')

Case 4: MGM with hidden Potts

May 29, 2010. 20/41



Four different cases

I
i

o—o0

[ ] fz(,)
L Lo

o—O O0—O0
o—0O O0—O0

F(r)|F(r

= —_O—0 ?—O o—=oO0
o—0—~0 @0 0—0

o O—O
- YO
o —O
= —0—0
o —0—0

f o
ﬁ .

={0,1}
j /l) z(r)|z(r")
T
0 0 0 1 0 0 1 0 ={0,1}
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Case 1: f|z Gaussian iid, z iid
Independent Mixture of Independent Gaussiens (IMIG):

g(r)
p(f(r)|z(r) = k) = N(mk, ), YreR
p(F(r)) = Sy arN (mic, i), with 3oy ae = 1. £(r)
p(z) =1L, p(z(r) = k) = [, ax = [ o}*

Zz(T)

Noting Ri={r:z(r) =k}, R=URx,
mz(1) = my, vz(1) = vi, 0z (1) = o, V1 € Ry
we have:

p(flz) = []N(m:(r),va(r))

reER

,D(Z) = Haz H ZreR5(Z(T HOé
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Case 2:  f|z Gauss-Markov, z iid

Independent Mixture g
of Gauss-Markov (IMGM): e ®
~l
f(r)
p(f(r)lz(r),2("), ('), 7" € V(r)) @ | @
f(r")
= N(jiz(r). va(r)). ¥r € R 2(0)

pz(7) |v(1r)| Zr/ev wi(r')
pz(r') =o(z(r') - 2(7‘)) F(r') + (1= 6(z(r') — z(r)) mz(r")
(L=c(r)) f(r) c(r') mz(r')

p(flz) o< I, N(pz(r), va(r)) o< [T cweN (micd, E)
p(z) =1l v(r) = ITi o

with 15 = 1,Vr € Ry and X a covariance matrix (ng x n).

_|_
_|_
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Case 3: f|z Gauss iid, z Potts

g
Gauss iid as in Case 1:
£(r)
Pflz) =l N(me(r).v2(r)) @ | &
=Tk HrERk N (mg, vk) v e z(r)
z(r')

Potts-Markov:

p(z(r)|z(r'), 7" € V(r)) o exp {7 Y oz(r) - Z(T’))}

reV(r)

2) o exp {7 S et - z(r/))}

reR r'eV(r)
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Case 4: f|z Gauss-Markov, z Potts

g(r)
Gauss-Markov as in Case 2:

F(r)
p(f(r)|z(r),z(r'), f(r"), v € V(r)) = ® )
N(pz(r), vz(r)),Vr € R z(r)

z(xr')

pz(r) = \V(r)\ > 'eV(r) 1z (r")
uz( )= 0(z(r) = 2(r)) £(r') + (1= 6(2(r") — 2(r)) m(r)

p(f1z) o< I N(pz(r), vz(r)) o< [T, cueN (micl, X)

Potts-Markov as in Case 3:

2) o exp {7 > et - z(r'))}

reR r'eV(r)
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Summary of the two proposed models

f|z Gaussian iid f|z Markov
z Potts-Markov z Potts-Markov

(MIG with Hidden Potts) (MGM with hidden Potts)
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Bayesian Computation

p(f,2,6l9) x p(glf, 2, ve) p(flz, m,v) p(z]7, @) p(6)
0 = {ve, (ak, Mg, vi), k =1,-, K} p(@) Conjugate priors

» Direct computation and use of p(f, z,80|g; M) is too complex

» Possible approximations :
» Gauss-Laplace (Gaussian approximation)
» Exploration (Sampling) using MCMC methods
» Separable approximation (Variational techniques)

» Main idea in Variational Bayesian methods:

Approximate
p(f.z 0lg:M) by q(f. 2 0)=aq(f) q(z) g3(0)
» Choice of approximation criterion : KL(q : p)
» Choice of appropriate families of probability laws

for g1(f), g2(2) and g3(0)
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MCMC based algorithm

p(f,z,0|g) < p(glf,=,0)p(f|z,0)p(z)p(0)
General scheme:

~

f~p(flz,0,9) — 2z~ p(z|f,0,9) — 0 ~ (8F,%,9)

> Sample f from p(f|2,0,g) x p(g|f.0) p(£|2.6)
Needs optimisation of a quadratic criterion.

> Sample = from p(z|f,8,g) x p(g|F, %, 8) p(=)
Needs sampling of a Potts Markov field.

» Sample 6 from

p(0|F,2,9) x p(g|f,02I) p(F1Z, (mi, vi)) p(6)
— analytical expressions.
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Application of CT in NDT

Reconstruction from only 2 projections

| -
ﬁ gl(X):/f(Xs)/) dy
]

| | g(y) = / f(x,y) dx
—

n

» Given the marginals gi(x) and g»(y) find the joint distribution

fF(x.y)-
» Infinite number of solutions : f(x,y) = g1(x) g2(y) Q(x, y)
Q(x,y) is a Copula:

/Q(x,y) dx=1 and /Q(x,y) dy=1
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Application in CT

I

glf flz z q
g=Hf +e iid Gaussian id q(r) € {0,1}
glf ~N(Hf,o?I) or or 1—46(z(r) — z(r"))
Gaussian Gauss-Markov Potts binary

Unsupervised Bayesian estimation:

p(f,z 0lg) o< p(glf,z, 0)p(fl|z 0)p(6)
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Results: 2D case

{
|nr— | —

Gauss-Markov+pos GM-+Line process GM-+Label process

E
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Some results in 3D case

(Results obtained with collaboration with CEA)

o -
i
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FeldKamp Proposed method
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Some results in 3D case

FeldKamp Proposed method
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Some results in 3D case

Experimental setup
, Générateur de Rayon X
/

A photograpy of metalique esponge

Feldkamp

Notre méthode
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Application: liquid evaporation in metalic esponge
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Conclusions

» Gauss-Markov-Potts are useful prior models for images
incorporating regions and contours

» Bayesian computation needs often pproximations (Laplace,
MCMC, Variational Bayes)

» Application in different CT systems (X ray, Ultrasound,
Microwave, PET, SPECT) as well as other inverse problems
Work in Progress and Perspectives :
» Efficient implementation in 2D and 3D cases using GPU

» Evaluation of performances and comparison with MCMC
methods

» Application to other linear and non linear inverse problems:
(PET, SPECT or ultrasound and microwave imaging)
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P H. Carfantan, O. Féron (Microwave Tomography)
P> S. Fékih-Salem (3D X ray Tomography)
My present PhD students:
P> H. Ayasso (Optical Tomography, Variational Bayes)

P D. Pougaza (Tomography and Copula)
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>

P> A. Vabre & S. Legoupil (CEA-LIST), (3D X ray Tomography)
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Questions and Discussions

A. Mohammad-Djafari, NIMI Workshop on medical imaging, Gent, Belgium, May 29, 2010. 38/41



Continuous Signals and Images
Simple Gauss-Markov model

g=Hf+¢€

f(r) Continuous Image : Gauss-Markov

p(f)=N(0,Xr)

p(filfi i # j) = N(Bf;- 1,0%) E
pUF()IF(8)) = N (B Y acvin)

MAP : Tﬁ

f = argmax; {p(flg)} = argmins {J(f)}

IF) =g — HFI?+ X (F; = Bfj-1)° II E
J(f)=llg - Hf|? F

£ 5, (F0) B ey F(5))
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Piecewise continuous signals and images
Compound Gauss-Markov with contours hidden variable model

f(r) piecewise continuous image :
Compound Intensity-Contours MRF
Hidden contour variable: q(7)

p(filqj, fii #j) = N(B(1 — qj)fj—1,0%)

p(f(r)lq(r),f(s))
= N (551 - q(’!‘)) ZSEV(’!‘) f(S),O’%)
MAP : (f,q) = argmaxy o {p(f,qlg)}

I
[

f=arg max {p(flg. q)} = arg min {J(f)}
J(f)=llg — Hf|]

+) (1—qg(r )(fr) By f(s )

seV(r)

q = argmaxq {p(qlg)}
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Objects composed of a finite number of
homogeneous materials

f : Compound intensity-regions MRF
Introduction of a class label variable z(r)
z2(r)=k, k=1, K

Ry =A{r : (r)—k} R = URy
p(f(r)z(r) = k) = N(f(r)|my, oF)
z={z(r),r € R} a segmented image
Potts MRF:

ocexp{az Z i(z

reER seV(r)
p(f,z,0lg)
o p(glf,01) p(f|z,62) p(2]62) p(6)
f~p(flz.6,9)
/Z/:N p(Z‘f\,97g)
0~ p(0f,z g)
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