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1. Sparse signals and images

» Sparse signals: Direct sparsity
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Sparse signals and images

» Sparse signals in a Transform domain

» Sparse images in a Transform domain

F
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Sparse signals and images

» Sparse signals in Fourier domain

Time domain Fourier domain

» Sparse images in wavelet domain
Space domain Fourier domain

N\

100

150

A. Mohammad-Djafari,




Sparse signals and images

» Sparse signals: Sparsity in a Transform domaine
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Sparse signals and images
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Sparse signals and images

Fourier Wavelets
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2. First ideas: some history

» 1948: Shannon:
Sampling theorem and reconstruction of a band limited signal
» 1993-2007:
» Mallat, Zhang, Candes, Romberg, Tao and Baraniuk:
Non linear sampling, Compression and reconstruction,
» Fuch: Sparse representation
» Donoho, Elad, Tibshirani, Tropp, Duarte, Laska:
Compressive Sampling, Compressive Sensing
> 2007-2012:
Algorithms for sparse representation and compressive
Sampling: Matching Pursuit (MP), Projection Pursuit
Regression, Pure Greedy Algorithm, OMP, Basis Poursuit
(BP), Dantzig Selector (DS), Least Absolute Shrinkage and
Selection Operator (LASSO),...
» 2003-2012:
Bayesian approach to sparse modeling
Tipping, Bishop: Sparse Bayesian Learning,
Relevance Vector Machine (RVM), ...
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3. Modeling and representation

» Modeling via a basis (codebook, overcomplete dictionnary,
Design Matrix)

N
gty => fibit), t=1,-- T —g=8f
j=1

» When T > N

2
T

N
[ =argmin ¢ > 1g(t) =Y fi6;(t)] p —
Ji t=1 j=1
F= argmin {|lg — &'} = [22] " @9
» When orthogonal basis: #®' = I — ? = dg

N
Fi=0(t) ¢;(t) =< g(t), 6;(t) >
t=1

» Application in Compression, Transmission _and Decompression
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Modeling and representation

> When overcomplete basis N > T": Infinite number of solutions
for @' f = g. We have to select one:

~

— ; 2
Foarg wm {I71E)

or writing differently:
minimize ||f||3 subjectto ®'f =g
resulting to: R
f=o@® 'y
> Again if ®® =T — f = ®g.
> No real interest if we have to keep all the N > T coefficients.
> Sparsity:
minimize ||f|lo subject to ®'f =g
or
minimize ||f||1 subject to ®'f =g
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Sparse decomposition
» Strict sparsity and exact reconstruction
minimize ||f|lo subject to ®'f =g

| fllo is the number of non-zero elements of f

Matching Pursuit (MP) [Mallat & Zhang, 1993]

Orthogonal Matching Pursuit (OMP) [Lin, Huang et al., 1993]
Projection Pursuit Regression

Greedy Algorithms

v

v vy

» Sparsity enforcing and exact reconstruction
minimize ||f||1 subject to ®'f =g

» Basis Pursuit (BP)
» Block Coordinate Relaxation
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Sparse decomposition
» Strict sparsity and approximate reconstruction
minimize ||f|lo subject to |lg — ®'f|* < ¢
f= argmin {[|£lo +ullg — @]} = argmin {lg — 271 + Al o}
» Sparsity enforcing and approximate reconstruction

f= argm}n{ug — @' fIP+ Al £ll1 }
J(f) =g — @' FI> + Al fll = llg — ®'FIP+ XD 1]
J

» Main Algorithm: LASSO [Tibshirani 2003]

minimize ||g — ® f||*> subject to | f|1 <7
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Sparse Decomposition Algorithms

» LASSO:
J(f)=llg =@ FI* + 2D 1]
J

» Other Criteria

> Lp

I =llg—®FI2+ M S50 1<p<2
J
» Elastic net
T(F) =llg = FIIP+ > (Mlfil+ Al f5 )
J
» Group LASSO
J(F) =g =@ FI>+ M D _1f5il+ XY 15— fial
J J
» Weighted L1:
T(F)=lg =3 FI*+ 2D |w; /5]
J

A. Mohammad-Djafari, Tutorial: Sparsity in signal and image processing, Novémber 28, 2013, NUDT, Changsha, China, 14/53



Multi Dimensional signals: PCA, SPCA, BSS, ...

N
git) =Y ®ifi(t), i=1,--- M, t=1--T
j=1

G=®F, withG[MxT], ®[MxN], FI[NxT|
» f;(t) factors, sources, codes
» & Loading matrix (Factor Analysis),

Mixing matrix (Blind Sources Separation),
Design matrix (Sparse coding, Compressed Sensing)

» Objective: Find ® and f;(t)

J(F1), @) =" llgh)=F O+ DY [@il+X2 Y Y 1f5(t)]
t i toJ

J(F,®) = |G — F|* + At[| @[y + Aol F[x
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Matrix Decomposition or Approximation

» Matrix approximation:
Find an approximate matrix G = ®F' for G with some
degrees of sparsity in the elements of ® and F'.

J(F,®) = |G — @F|” + M| @[l + X2 F|lx

» Low rank Matrice decomposition:

K
a = deuk'v; =UDV
k=1

with some degrees of sparsity in the elements of w and v.

JU,V)=|G-UDV|* 4+ M||U|1 + || V1
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4. Sparse decomposition: Bayesian MAP interpretation

» Sparsity enforcing and approximate reconstruction

f= argm}n{ug — @' fIP+ Al £ll1 }

» Equivalent to MAP estimate in a Bayesian approach
» Bayesian approach:

p(glf)p(f)
p(g)

{ p(glF) = N(@'f,0?) o< exp { 5 llg — ' f]1°}
p(f) = DE(—y) x exp {7 fllr}
» Maximum A Posteriori (MAP):

p(flg) = o p(glf) p(f)

~

= argmax = argmin {J
f=arg 2 {p(flg)} = arg 4 {J()}

J(F)=llg—®'FI*+ Al fl1 with X =2y0?
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Sparse decomposition: Regularization or MAP

» Regularization: J(f) = ||lg — ®'f||*> + M| fll

» With fixed A\: Find a good optimization algorithm
» How to choose A ?

» L-Curve, Cross Validation, adhoc A =1, ...

> MAP: J(£) = g — ®'FI2 + Al Fll with A= 2707

» How to estimate v and 02?

» Bayesian: Joint MAP, Expectation-Maximization, MCMC,
Variational Bayesian Approximation,...

» Advantages of the Bayesian approach:

» More probabilistic modeling for sparsity enforcing
» Hyperparameter estimation
» Uncertainty handling
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5. Sparsity enforcing prior models

» Simple heavy tailed models:
» Generalized Gaussian, Double Exponential
Student-t, Cauchy
Elastic net
Generalized hyperbolic
Symmetric Weibull, Symmetric Rayleigh

vV YyVvyy

» Hierarchical mixture models:

» Mixture of Gaussians
Bernoulli-Gaussian
Mixture of Gammas
Bernoulli-Gamma
Mixture of Dirichlet
Bernoulli-Multinomial

vV vy VY VvYy
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Simple heavy tailed models
e Generalized Gaussian, Double Exponential

p(f17v.8) = [ 96(fil. B) xexp § =7 Y 151
J J

(8 =1 Double exponential or Laplace.
0 < B < 2 are of great interest for sparsity enforcing.

0.05F P [ exp(-yIxI®)

Generalized Gaussian family
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Simple heavy tailed models
e Student-t and Cauchy models

p(flv) = HSt filv) o exp —VT—HZbg(l—I-ff/y)
J

Cauchy model is obtained when v = 1.

-10 E3 -6 -4 -2 [ 2 4 6 ] 10 a4 -3 -2 -1 [ 1 2 3 a

Student-t and Cauchy families
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Simple heavy tailed models

e Elastic net prior model

p(flv) = HSN filv) o exp Z’yﬂfﬂ—i—’ygfj)
j

Elastic Net family
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Simple heavy tailed models

e Generalized hyperbolic (GH) models

p(£16,v,8) = [J(0° + £)¥ D2 exp {B2)} K\—1p0(y /62 + f2)

J

Generalized hyperbolic family
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Simple heavy tailed models
e Symmetric Weibull

p(f1v.8) = [[W(filr. 8) ocexp d = D117 + (B — 1) log | ;]
J J

B = 2 is the Symmetric Rayleigh distribution.
B8 =1 is the Double exponential and
0 < B < 2 are of great interest for sparsity enforcing.

L o 2 3 s B 10 % = = Y o T 2 B 3
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Mixture models
e Mixture of two Gaussians (MoG2) model

p(fle,v1,00) = [T laN (£510,01) + (1 = @)N(£510, v0)]
J
e Bernoulli-Gaussian (BG) model

p(fla,v) Hp £i) =[] leN (£10,0) + (1 — @)3(£;)]
J

o.
G
MoG2

. . . 3 . . .
-10 E3 -6 -4 -2 [ 2 4 6 ] 10~ -3 -2 -1

Mixture of 2 Gaussians families
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e Mixture of Gammas
p(fIN o1, v0) = [[ NG (filaa, 1) + (1 = N)G(fjlaz, Ba)]
J
e Bernoulli-Gamma model
p(fIX . 8) = [T AG(fjla, B) + (1 = N)d(f;)]
J
e Mixture of Dirichlets model

p(f|/\,H1,a1,H2,a2) = H [/\D(fj‘Hhal) + (1 - )‘)'D(fj‘H%aQ)]

-
1
D(fj|H,a) = HFaO agt ™, >0, ap>0
whereH—{al,"',aK}anda—{Oél,"‘aOZK}

with >, o = and ), ap = 1.
e Bernoulli-Multinomial (BMultinomial) model

p(FINH o) = [TIN(F) + (1= N Mult(f;|H, )]
J
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Hierarchical models and hidden variables

» All the mixture models and some of simple models can be
modeled via hidden variables z.

K
_ p(flz = k) = pr(f),
p(f)_kz::lo‘kp’“(f) } { P(z:k):akf Spok =1

» Example 1: MoG model: pi(f) = N(f|mx, vi)
2 Gaussians: pg = N (0,v9),p1 = N(0,v1),a0 = X\, a1 =1—X\

p(filA v1,v0) = AN (f510,v1) + (1 — NN (510, v0)

{ p(fj|zj - O’UO) :N(fj|0’U0)’ and { P(Zj - O) = A,
p(fjlz = 1,v1) = N(f5/0,v1), P(zj=1)=1-X

p(£12) =L p(fil2) = [N (£510,02,) o exp {_% s }

T
T vz

p(z) = )‘nl(l - )\)no’ ny = Zj 5('2] - 1)7 no = Zj 5(2])
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Hierarchical models and hidden variables

» Example 2: Student-t model

St(f|v) exp{— Log (1 +f2/1/)}

» Infinite mixture

St(f|) o / N(F,0,1/2) G(=|o, B) d=,  with o = 8 = 1//2

p(flz)  =TLpfle) = TN U0.1/2) xexp { =3 52, 2 £2}
p(zlo,B)  =T1;6(zl08) o< I, 2V exp {52}

X exp Zj(a —1)Inz; — sz}
p(f.2l08) xexp{-1% 22+ (a— )z — B2}
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Hierarchical models and hidden variables

» Example 3: Laplace (Double Exponential) model
DE(fla) = gexp{—a|f|} = / N(f],0,2)E(z]a%/2) dz, a >0
0

p(flz) =L pUil) = TN (10, 2) e {55, 72/% )
p=19) =T EGS) xexp{¥; 52}
p(f.2|%) o« exp {—% i fiz+ %Zj}

» With these models we have:
» Simple priors

p(f,0lg) < p(glf,01) p(f|02) p(0)

» Hierarchical priors

p(f,z,0|g) x p(g|f,01) p(f|z,02) p(2]03) p(0)
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Bayesian Computation and Algorithms

» When the expression of p(f,0|g) or of p(f,=z,0|g) is
obtained, we have following options:

» Joint MAP: (needs optimization algorithms)

(f,0) =arg (I?aGX) {p(f,0l9)}

» MCMC: Needs the expressions of the conditionals
p(f12,6.9). p(z|f,0,9), and p(0|f, 2,9)

» Variational Bayesian Approximation (VBA):
Approximate p(f, z,0|g) by a separable one

a(f;2,0lg) = a1(f) a2(2) q3(0)

and do any computations with these separable ones.
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Joint MAP

p(f,0lg) < p(g|f,01) p(f|02) p(6)

> Objective: A
(f,0) = arg max {p(f,0|g)}
(f.0)

> Alternate optimization:

~

7 = argmax ¢ {p(/,0lg) }

~

0 = arg maxg {p(? 9|g)}

00 —9—| f= arg max p(f|§,g)} —

{
v

~ ~

0<—| 6 =argmaxy

) =)

(6F.9)} |—

> Uncertainties are not propagated.
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MCMC based algorithm

p(f,z,0lg) < p(glf, z,0)p(f|z,6)p(z)p(6)
General scheme (Gibbs Sampling):

» Generate samples from the conditionals:

~ o~ o~

f~p(f|2,0,9) — Z ~p(=|f,0,9) — 6 ~ (6]f,%,9)

» Waite for convergency

» Compute empirical statistics (means, modes, variances)
from the samples

S Wi
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Variational Bayesian Approximation

> Approximate p(f,6|g) by ¢(f,0|g) = a1(f|g) 42(61g)
and then continue computations.

» Criterion KL(q(f,0|g) : p(f,0|g))

L(qg:p) //qln— //qmln@

> lterative algorithm ¢ — q2 — q1 —> g2, -

@ (f) xexpq(lnp(g, f,0;M)), g
q2(0) o exp <1Hp(g,f79§M)>q1(f)

B — B ar(f) < exp {(mplg, £,0: M), } | —0() — ]
' Il
6 < G2(8)¢— | q2(8) o exp {(lnp(g, f,0; M)>q1} —q

» Uncertainties are propagated (Message Passing methods)
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Summary of Bayesian approach

» Simple priors

Lo, B
Hyper prior model p(0|a, 3)
p(92Ja2,ﬁ2) p(O1|on, B1) IMAP R
p(710) | o [plals 00} i 0lg. o, ) MemC |
Prior Likelihood Joint Posterior VBA
» Hierarchical priors
la, B,y
Hyper prior model p(8|c, 3,7)
p(93:|063,53) p(92'|062752) p(O4au, B1) IMAP L3
p(z(0s) | o |p(flz.02) | ©|p(glf.61) | p(f, 2, 6lg) — MCMC|— 2
Hidden variable Prior Likelihood Joint Posterior VBA |
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Advantages of the Bayesian Approach

v

v

v

v

More possibilities to model sparsity
More tools to handle hyperparameters
More tools to account for uncertainties

More possibilities to understand and to control many ad hoc

deterministic algorithms

v

| 4

| 4

>

Hierarchical models give still more modeling possibilities

Bernouilli-Gaussian: strict sparsity

Bernouilli-Gamma: strict sparsity + positivity
Bernouilli-Multinomial: strict sparsity + discrete values (finite
states)

» Independent Mixture models: sparsity enforcing
» Mixture of multivariate models: group sparsity enforcing
» Gauss-Markov-Potts models: sparsity in transform domains

A. Mohammad-Djafari,
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Examples of Hierarchical models

E

Bernouilli-Gaussian

Bernouilli-Gamma

Bernouilli-Binomial

Bernouilli-Multinomial

Piecewise constant

Piecewise Gaussian

L F PR A P (S
o e oy 01 S | N A M
1 Py A VI I e 2 N A It O M 8 Y A | LD
L. W N

Gauss-Markov-Potts 1
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Which class of images | am looking for?

50 100 15 200 250 300
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Which class of signals | am looking for?

! 0l wlllpy =
\/\/W WW

§

Gauss-Markov Generalized GM
— — ,Y]
— ,]m PYRT b
3 —'" T LANA
= AN
_ = il
Ll [ L[ 1] N
Piecewize Gaussian Mixture of GM: Gauss-Markov-Potts
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Gauss-Markov-Potts prior models for images

F,J EJ

f(r) =1-46(z(r) — 2(r"))
p(f(r)|z (T) k vg) = N(mk, k)
Z P(z(r) = k) N(myg,vr) Mixture of Gaussians

> Separable ||d hidden variables:  p(2z) =[], p(2(r))
» Markovian hidden variables: p(z) Potts-Markov:

p(z(r)|z(r"), 7" € V(r)) o< exp {7 > 6z ))}
r’'eV(T)
) o exp {’y Z Z d(z ))}

rerRrevV(r)
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Four different cases

To each pixel of the image is associated 2 variables f(r) and z(r)

F

» f|z Gaussian iid, =z iid:
Mixture of Gaussians

» f|z Gauss-Markov, z iid :
Mixture of Gauss-Markov

» f|z Gaussian iid, z Potts-Markov :
Mixture of Independent Gaussians
(MIG with Hidden Potts)

» f|z Markov, =z Potts-Markov :
Mixture of Gauss-Markov

(MGM with hidden Potts) z(r)
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Application of CT in NDT

Reconstruction from only 2 projections

91 () z/f(w,y) dy,  92(y) :/f(:lay) dz
» Given the marginals g1 (z) and g2(y) find the joint distribution

f(z,y).
» Infinite number of solutions : f(x,y) = g1(x) g2(y) Q(z,y)
Q(z,y) is a Copula:

/Q(a:,y) dr=1 and /Q(az,y) dy =1
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Application in CT

=
F

.
glf flz z c
g=Hf+e iid Gaussian id q(r) €{0,1}
glf ~ N(Hf,02T) or or 1= 3(x(r) — =(r"))
Gaussian Gauss-Markov Potts binary
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Proposed algorithm

p(f,z,0|g) < p(glf,z,0)p(flz,0)p(0)

General scheme:

f~p(f|2.0.9) — 2 ~p(z|f.0.9) — 0 ~ (0]f,2,9)

Iterative algorithme:

> Estimate f using p(f|2,0,9) x p(glf,0) p(f|Z,0)
Needs optimisation of a quadratic criterion.

> Estimate =z using p(2|f,0,9) < p(g|f,2,0) p(2)
Needs sampling of a Potts Markov field.

» Estimate 0 using

p(6lf.Z,g) o< p(glf, o2I) p(£|Z, (mu, vi)) p(6)
Conjugate priors — analytical expressions.
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Results

Gauss-Markov+pos GM-+Line process

GM-+Label process

m,

L
-
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Application in Microwave imaging

— [ 1o ()} dr + ew)

o(u,v) = // F () exp {—j(uz + vy)} de dy + e(u,v)

g=Hf te

flz,y) u,v f IFT f Proposed method
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Images fusion and joint segmentation

(with O. Féron)

g9i(r) = fi(r) + e(r)
p(fi(r)|z(r) = k) = N(miy, 07
p(flz) =1L p(fil=)
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Data fusion in medical imaging
(with O. Féron)

gi(r) = filr) + €(r)
p(fi(r)]z(r) = k) = N(mi, 07,)
p(flz) =I1;p(fil2)

}24
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Joint segmentation of hyper-spectral images

(with N. Bali & A. Mohammadpour)

gi(r) = [i(r) + €i(r)
p(fz(r)\z(r) = k) :N(mik?azzk)v k=1, K
p(flz) =11 p(fil2)

m;y, follow a Markovian model along the index 1
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Segmentation of a video sequence of images
(with P. Brault)

gi(r) = fi(r) + &(r)
p(fz(’l“)‘zz('l“) :k):N(mikaUzgk)’ k=1,--- K
p(flz) =TI p(filz)

zi(r) follow a Markovian model along the index i
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Image separation in Sattelite imaging
(with H. Snoussi & M. Ichir)

N
gi(r) = > Aijfi(r) + e(r)
!

pUf (7)) = k) = Nmj 02,)
p(Aij) = N(Aosj: 05,5)
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Conclusions

>

Sparsity: a great property to use in signal and image
processing

Origine: Sampling theory and reconstruction, modeling and
representation Compressed Sensing, Approximation theory
Deterministic Algorithms: Optimization of a two termes
criterion, penalty term, regularization term

» Probabilistic: Bayesian approach

Sprasity enforcing priors: Simple heavy tailed and Hierarchical
with hidden variables.

Gauss-Markov-Potts models for images incorporating hidden
regions and contours

» Main Bayesian computation tools: JMAP, MCMC and VBA

Application in different imaging system (X ray CT,
Microwaves, PET, ultrasound and microwave imaging)

Current Projects and Perspectives :

>
>

Efficient implementation in 2D and 3D cases
Evaluation of performances and comparison between MCMC
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Thanks, Questions and Discussions
Thanks to:

My graduated PhD students:

P H. Snoussi, M. Ichir, (Sources separation)

P F. Humblot (Super-resolution)

P H. Carfantan, O. Féron (Microwave Tomography)

P S. Fékih-Salem (3D X ray Tomography)
My present PhD students:

P H. Ayasso (Optical Tomography, Variational Bayes)

P D. Pougaza (Tomography and Copula)

| 4

P Sh. Zhu (SAR Imaging)

> D. Fall (Emission Positon Tomography, Non Parametric Bayesian)
My colleages in GPI (L2S) & collaborators in other instituts:

P B. Duchéne & A. Joisel (Inverse scattering and Microwave Imaging)

P N. Gac & A. Rabanal (GPU Implementation)

P Th. Rodet (Tomography)

| 4

P A Vabre & S. Legoupil (CEA-LIST), (3D X ray Tomography)

P E. Barat (CEA-LIST) (Positon Emission Tomography, Non Parametric Bayesian)
P C. Comtat (SHFJ, CEA)(PET, Spatio-Temporal Brain activity)

Questions and Discussions
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