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General linear inverse problem

Signal processing : g(t) = Hf(t) +€(t), tell,---,T]
Image processing : g(r) = Hf(r) + €(r), r = (z,y) € R?
More general cg(s) =[Hf(r)](s) +€(s), r=(x,y),s = (u,v)
» [ unknown quantity (input)
» H Forward operator:
(Convolution, Radon, Fourier or any Linear operator)
» g observed quantity (output)
> ¢ represents the errors of modeling and measurement

Discretization:
g=Hf +e

» Forward operation H f
» Adjoint operation H'g: < H'g,f >=<Hf,g >
» Inverse operation (if exists) H~'g, but this is never the case.
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Example 1: Signal Deconvolution

Forward model: Convolution

(0 = [ 1) bt~ 1) a0

\ Impulse response .
| f)— h(t) — | g(t)
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Example 2: Image restoration
Forward model: 2D Convolution

o(z,y) = // o) ha— o'y — o) da dyf + e(z, )

e(z,y)

|
L (D

Inversion: Image Deconvolution or Restoration
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Example 3: Image Reconstruction in Computed
Tomography

» f(x,y) a section of a real 3D body f(z,v,2)
> g(r,¢) a line of observed radiographe g4(r, 2)

» Forward model:
Line integrals or Radon Transform

o(r¢) = /L F(,y) dl+ es(r)
¢

= //f(a:,y) d(r —xcos¢ — ysing) dx dy + €4(r)

» Inverse problem: Image reconstruction

Given the forward model # (Radon Transform) and
a set of data g(r,¢;),i=1,--- | M
find f(x,y)
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Example 4: Fourier Synthesis in different imaging systems

Glu.o) = [ g expl- (wo -+ o) dr dy

X ray Tomography  Diffraction Eddy current SAR & Radar

Forward problem: Given f(x,y) compute G(u,v)
Inverse problem : Given G(u,v) on those algebraic lines, cercles

or curves, estimate f(z,y)
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General formulation of inverse problems

» General non linear inverse problems:
g(s) = [Hf(r)l(s) +€(s), reR, seS

» Linear models:

/f h(r,s) dr + €(s)

If h(r,s) = h(r — s) — Convolution.
» Discrete data:
g(Si):/h(SZ’,T)f(T) d’f'—|—€(3i), 2:17 ,m

» Inversion: Given the forward model H and the data
g=A{g(s;),i=1,---,m)} estimate f(r)

» Well-posed and lll-posed problems (Hadamard):
existance, uniqueness and stability

» Need for prior information
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Bayesian inference for inverse problems
M g=Hf +e
» Observation model M + Hypothesis on the noise € —
p(g|fi M) =pe(lg — HF)
» A priori information p(fIM)
p(glfs M) p(fIM)
» Bayes : M) =
Y p(flgs M) D GIM)

Maximum A Posteriori (MAP):

f = arg max {p(flg)} = argmax {p(g| f) p(£)}

= argmfin{—lnp(g|f) —Inp(f)}
Posterior Mean (PM):

7= / Fo(flg) df
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Supervised and Unsupervised Bayesian Inference

» Bayesian inference:

_ plglf,01) p(£|02)
p(f|g79) - p(g|9)

with @ = (01,02)
» Point estimators: R
Maximum A Posteriori (MAP) or Posterior Mean (PM) — f

» Unsupervised Bayesian inference:
Joint estimation of f and 6 = (61, 62)

o(f.6lg) = P9I 01)P(£162) p(6)
’ p(9)
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Full Bayesian approach
g=Hf+e
» Forward & errors model: — p(g|f,61; M)
» Prior models — p(f|02; M)
» Hyperparameters 6 = (01, 02) — p(0|M)

_ pglf,0:M) p(£|6;M) p(6|M)
- p(g|M)

» Joint MAP: (f,0) = arg ma {p(f,0|g; M)}

» Bayes: — p(f,0|g; M)

- Mareinatsation: | PUIGEM) = [(F.0lg: M) do

Marginalization: { p(0]g: M) —fp (f,6lg; M) df

» Posterior means: I - ff p(f,01g; M) d0 df
= [ [0 p(f,0lg;M)df db

» Evidence of the model:
plalM) = [[ p(gl.6: MIp(F18: M)p(E1M) 4 d
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Two main steps in the Bayesian approach

» Prior modeling: p(f1]61)
» Separable:
Gaussian, Generalized Gaussian, Gamma,
mixture of Gaussians, mixture of Gammas, ...
» Markovian: Gauss-Markov, GGM, ...
» Separable or Markovian with hidden variables
(contours, region labels)
» Bayesian computational aspects
» MAP needs optimization algorithms
» Posterior mean needs integration methods
» Marginal MAP and Hyperparameter estimation need
integration and optimization
» Approximations:
> Gaussian approximation (Laplace)
» Numerical exploration MCMC
> Variational Bayes Approximation (VBA)
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Prior models: Separable p(f) =[], p(f;)

LT MM” VI
| "””‘U“ L ‘H i

Gaussian Generalized Gaussian
fila) cexp [—alf;?]  p(fjla, B) xexp[—alf;lf], 1<p<2

E | Hhm

Gamma Beta

p(fjle, B) o fi*exp [=f ;] p(fila, B) o f5(1 = f;)”
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Prior models: Markovian models
Gauss-Markov (G-M)

p(f) x exp [~y ;115 = Fial]

L Ll m/\/ﬂm
W\NW WW
P(f) zp[—»ylzd |§M— 1l
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Sparsity enforcing prior models

» Sparse signals: Direct sparsity

I LR e

» Sparse signals: Sparsity in a Transform domaine

S I I N
el L
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Prior models: Sparsity enforcing models

» Simple heavy tailed models:

» Generalized Gaussian, Double Exponential
» Student-t, Cauchy

» Elastic net
» Symmetric Weibull, Symmetric Rayleigh
» Generalized hyperbolic

» Hierarchical mixture models:

» Mixture of Gaussians
» Bernoulli-Gaussian

Mixture of Gammas
Bernoulli-Gamma
Mixture of Dirichlet
Bernoulli-Multinomial

vV YyVvVvyy
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Simple heavy tailed models

e Generalized Gaussian, Double Exponential

p(f1v.8) = [[66(f;1. B) o exp | =D 1f,1?
J J

5 =1 Double exponential or Laplace.
0 < B <1 are of great interest for sparsity enforcing.

e Student-t and Cauchy models

v+1
p(flv) = [[St(F;lv) ocexp | === log (1+ f3/v)
J J
Cauchy model is obtained when v = 1.
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Mixture models
e Mixture of two Gaussians (MoG2) model

p(fIA,v1,00) = H (AN(f510,v1) + (1 = NN (510, v0))

e Bernoulli-Gaussian (BG) model
p(FIAv) Hp (£)) H N (£110,0) + (1= )d(F;))

e Mixture of Gammas
(A v1,v0) = H (AG(flaa, B1) + (1 = NG (f jlaz, B2))
J
e Bernoulli-Gamma model
p(fIx e, 8) = [[ NG (f5la, B) + (1= N)8(f )]
J
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MAP, Joint MAP

» Inverse problems: g=Hf +¢€

> Posterior law: p(f(0,g) o p(g|f,61) p(f|62)
» MAP:

~

f= arg max {r(£10,9)} = argm}n{J(f) = —Inp(f(0,9)}

» Examples:
Gaussian noise, Gaussian prior:

J(f) = llg — HF3 + Al £

Gaussian noise, Double Exponential prior:

J(f) = llg = HF 3+ Al

» Full Bayesian: Joint Posterior:

p(f,0]g) o< p(g|f,01) p(f|02) p(0)
» Joint MAP: o
(f,0) = arg max {p(f.0l9)}

A. Mohammad-Djafari, Seminar 1: Variational Bayesian Approximation..., Tsinghua University, Beijing, China 18/37



Marginal MAP and PM estimates

» Joint posterior: p(f,0|g)
» Marginal MAP: 6 = arg maxg {p(0]g)} where

p(6lg) = / p(f.6lg) df = / p(g|f.61) p(F162) dF

and then:
» MAP: f = argmaxy {p(f|0,g)}
» Posterior Mean: }:/fp(ﬂ@,g) df
» EM and BEM Algorithms

» Variational Bayesian Approximation:
Main idea: Approximate p(f,0|g) by a simpler, for example a
separable one:

q(f,019) = a1(f) 42(0)
and then continue computations with ¢;(f) and ¢2(0).
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Variational Bayesian Approximation

» Full Bayesian: p(f,0|g) < p(g|f,01) p(£]62) p(8)

v

and then continue computations.
Criterion KL(q(f,0|g) : p(f,0|g))

v

v

v

L(g: p) //qIHQ/p //qlqzln—

Iterative algorithm ¢1 — g2 — g1 — ¢o, -

Approximate p(f,8|g) by ¢(f,0|9) = q1(f|g) ¢=(0|g)

q142

Q1 (f) ocexp (Inp(g, f,0; M)z,
32(0) ocexp |(Inp(g, f,0; M)z (5

Variational
p(f,0lg)| — Bayesian
Approximation
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VBA: Choice of family of laws ¢; and ¢

» Case 1: — Joint MAP
BN =d(f— ) [ F=arsmaxy {p(f.0lg:M) }
2(0]6) =0(6 —0) 0= arg maxg p(f, O\Q;M)}
» Case 2: — EM

{@G) mﬂf&m{@&@WWUﬁQM@Mw@

@2(0\6) =6(0 — 5) 0 = arg maxg {Q(G,é)}

» Appropriate choice for inverse problems

q1(f) in the same family than  p(f|0,g; M)
@2(0) in the same family than  p(0|f,g; M)
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Variational Bayesian Approximation and model selection
» Joint posterior law:

(f.0lg, M) _ p(g|f,61, M) p(f|02, M) p(6| M)
p(g|M) p(g|M)

h
where gty = [ [ ots.0.910) df g6
» Approximate p(f,68|g, M) by a simpler q(f,0) by minimizing

KL(q : p) = /qln% - <ln%>q

p(f,0lg, M) =2

> Free energy:

p(f,H,glM)>

Flg) = <ln p(f.0,91M)

@ a(r.0) /,

» Link between the evidence of the model Inp(g| M), KL(q : p)

and F(q):
KL(q : p) = Inp(g|M) — F(q)
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Variational Bayesian Approximation
» Alternate optimization of F(q) or KL(q : p) with respect to ¢;
and ¢ results in
a(f) ocexp|—(Inp(f,0,9))4, )
02(0) ocexp |—(Inp(f,0,9))q 5

> =6(f—f), g¢a=03(6—8)— IMAP:

0 = argmaxy {p(f,69)}
f =argmaxs {p(f,6]g)}

> ¢ free but g2 = §(6 — 0) < Expectation-Maximization (EM):

Estap:  Q(0) = (1np(f,9,g)>p(f‘gﬁg)
M stap: 6 = argmaxg {Q(6)}

» If p is in the exponential family, then ¢ will be too.
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Comparison between JMAP, BEM and VBA

.

» IMAP:
R Optimize N Optimize
o) w709 |1 »(7F.0l9)
T with respect to f with respect to 6
» BEM:
q1 0 Compute

Q) =<Inp(f,0|g) >4

E:
M: 6 = argmaxy {Q(0)}

a1(£16;9) = p(f10; 9)

» VBA:

Compute

f Compute

0 ©(0|f,9)

and 6

0
% 0 (£16;9)
and f

6
—
§
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Hierarchical models and hidden variables

> All the mixture models and some of simple models can be
modeled via hidden variables z.

» Example 1: Student-t model

(a—1)

{pmazmmmmszmmumKMQ%zmﬁ]
p(zjla,b) = G(zjla,b) oc ;" exp [~bz;| witha=b=1v/2

» Example 2: MoG model:

(712 = TL 1) = TL A7 (fl0,0.,) sexp | 4 5, 2
P(z;=1)=A  P(;=0)=1- A

» With these models we have:

p(f,z,0\g) < p(glf,01) p(f|z,02) p(2|03) p(9)
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Bayesian Variational Approximation

» Alternate optimization of F(q) with respect to ¢1, g2 and g3
results in

a(F) o exp [~ mp(f2.0,9) 0]
Q(Z) X €exp |:_<lnp(fvz)0)g)>q(f)q(9)}
q(0) o exp [— (Inp(f, z, 079)>q(f)Q(Z)}

» If p is in the exponential family, then ¢ will be too.

» Other separable decompositions:
q(f,2,0) = qu(fl2) q2(2) g3(0)

q(f,2,0) = [ [ a1;(f5125) @2 (z5) | [ asx(6x)
§ k
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BVA with Student-t priors
Scale Mixture Model of Student-t:

00 1
St = [ N2 GG 2w/ b,
J
Hidden variables z;:

p(fl2)  =TLp(sle) = TN (510.2) sexp <452, %3]
p(zjlo, B) = G(z)la, B) zj(o‘_l) exp [—fz;] witha = =v/2

Cauchy model is obtained when v = 1:

» Graphical model:

faal-G——(7)
-G —9)

A. Mohammad-Djafari, Seminar 1: Variational Bayesian Approximation..., Tsinghua University, Beijing, China 27/37



BVA with Student-t priors Algorithm

Likelihood:
p(glf,z) =N(glHf, 11)
p(ze|az07 ﬁzO) - g(26|a20, Bz())

Prior laws:
p(f12) = TN (£510,1)
p(zlao, Bo) = I1; (%], Bo)

Joint posterior law:

p(f, 2, 2g]) < p(g|f,z)p(f|z)p(z

ql(.f”vl'a §)~:

N(flp, %)
p=(N,XH'g
S=(\,HH+2)
025 (zj) = G(zilay, B;)
&J = aqo + l

Bj = Boo+ < f2>/2

QB(ZF) = g(Z€|azgaﬁzg)v
)| G =z +(n+1)/2

lwith Z = diag|[Z]

- 1
Approximation by: B _,ﬁzo ,+ 5[||g|/|2 ,
a(Fr2) = i (1) TL ez as(z) =200 g+ H'(f1"), H]
<f>=i. <ff>=S+hiE, <f>=[E+i =%, 5=%
— — i (z51F) = G(z;1a;, B;) 21F) = G(21az, B=
JawEn=nc» |z 925 (25 . n+1J i+ P % ;32(:\‘1)2 i(\TyB ) 1
o | @ = oo 5| B2 = Bz + 3(lgl?
’;;?;25/;4_;—1)71 =, B —ﬁ00+2<f > ESN ;2<,9i>’2 ’gg+H’<ff’>H] 3
~J_a1/51 A=a./B,
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Implementation issues

» To compute f, at each iteration, a gradient based
optimization algorithm is used. This step is a common step
with all the methods. The criterion to optimize is often
quadratic:

J(F) = llg — Hf|? + NI D
and its gradient is
VJ(f)=2H'(9g— Hf)+2\D'Df

> In inverse problems, often we do not have access directly to
the matrix H. But, we can compute:
» Forward operator : Hf — g g=forward(f,...)
» Adjoint operator : H'g — f f=adjoint(g,...)
» For any particular application, we have to write specific
programs (forward & adjoint).
» Often the main computational cost is in these two programs.
being Bayesian does not cost much more
» The main computational cost for BEM and VBA is the

computation and inversion of the covariances.
A. Mohapamad-Dijafarj, ¢ Seminar1: Variational Bayesian Approximation...,, Tsinghua University, Beijings China  29/37



Two other Hierarchical models

F

Lt rr RN
Contours: p(f;|(1 —q;)fj-1) Regions: p

filzj =k) = N(mk, Vk)

—~
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Gauss-Markov-Potts prior models for images

F,J EJ

f(r) =1-46((r) — 2(r"))
p(f(r)]z(r) = k vg) = N(mk, k)
ZP (r=kN mk,vk) Mixture of Gaussians

> Separable ||d hidden variables:  p(z) =[], p(2(7))
» Markovian hidden variables: p(z) Potts-Markov:

p(z(r)]2(r'), " € V(r)) o< exp {7 PRIE ))}
r’'eV(r
Z) X exp [fyz Z 0(z(r) zr))]

reRr'eV(r)
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Four different cases

To each pixel of the image is associated 2 variables f(r) and z(r)

F

» f|z Gaussian iid, =z iid:
Mixture of Gaussians

» f|z Gauss-Markov, z iid :
Mixture of Gauss-Markov

» f|z Gaussian iid, z Potts-Markov :
Mixture of Independent Gaussians
(MIG with Hidden Potts)

» f|z Markov, =z Potts-Markov :
Mixture of Gauss-Markov

(MGM with hidden Potts) z(r)
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Application of CT in NDT

Reconstruction from only 2 projections

91 () z/f(w,y) dy,  92(y) :/f(:lay) dz
» Given the marginals g1 (z) and g2(y) find the joint distribution

f(z,y).
» Infinite number of solutions : f(x,y) = g1(x) g2(y) Q(z,y)
Q(z,y) is a Copula:

/Q(a:,y) dr=1 and Zi/Q(a},y) dy =1
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Application in CT

. i —
L I
‘: ; ;: h % ) ) ) 00 20

glf flz z c
g=Hf+e iid Gaussian id c(r) € {0,1}
glf ~ N(HF,021) or or 1= 3(x(r) — 2(r"))
Gaussian Gauss-Markov Potts binary

p(f,2,0) ocp(glf,01) p(f|z,02) p(2]03) p(0)
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Results

Gauss-Markov+pos GM-+Line process

GM-+Label process

m,

L
-
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Conclusions

> Inverse problems arise in many signal and image processing
applications.

» Two main steps in the Bayesian approach: Prior modeling and
Bayesian computation

» Different prior models: Separable, Markovian and hierarchical
models

» Different Bayesian computational tools: Gaussian
approximation, MCMC and VBA
» We use these models for inverse problems in different signal
and image processing applications such as:
» Spectral and periodical components estimation in biological
time series
X ray Computed Tomography,
Signal deconvolution in Proteomic and molecular imaging
Diffraction Optical Tomography
Microwave Imaging, Acoustic imaging and sources localization
Synthetic Aperture Radar (SAR) Imaging

vV Yy vy VvYyy
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