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2. Modeling: parametric and non-parametric, MA, AR and
ARMA models

v

Modeling 7 for what ?

v

Deterministic / Probalistic modeling

v

Parametric / Non Parametric
Moving Average (MA)
Autoregressive (AR)

v

v
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Autoregressive Moving Average (ARMA)
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» Image restoration
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Representation of signals and images

» Signal: f(t),f(x),f(v)
» f(t) Variation of temperature in a given position as a function
of time t
» f(x) Variation of temperature as a function of the position x
on a line
» f(v) Variation of temperature as a function of the frequency v
> Image: f(X7y)7 f(Xa t)7 f(V7 t)a f(Vla V2)
» f(x,y) Distribution of temperature as a function of the
position (x, y)
» f(x,t) Variation of temperature as a function of x and t
>

» 3D, 3D+t, 3D+v, ... signals: f(x,y,z),f(x,y,t),f(x,y,z,t)
» f(x,y, z) Distribution of temperature as a function of the
position (x, y, z)
» f(x,y,z,t) Variation of temperature as a function of (x,y, z)
and t
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Representation of signals

T w w w4 » @ W w % W

1D signal 2D signal=image 3D signal
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Linear Transformations

g@ﬁiéﬂﬂmnﬁm

f(r) — | h(r,s)|— g(s)

» 1-D:
gQ:AﬂﬂMuﬂw/

g(x) = /D f(x") h(x,x") dx’
» 2-D:

g(x,y) = // £, y') b, yi 5 y') dx dy’
D

g(r7¢)=//Df(X7y) h(x,y; r¢) dx dy
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Linear and Invariant systems: convolution

h(r,v') = h(r — ')

f(r) —| h(r)

» 1-D :

— g(r) = h(r) = f(r)

g(t):/Df(t’)h(t—t’)dt’

g(x) =

» 2-D :

/D F(x') h(x — x') dx’

g0 = [ Fxy)hx—xy =) ax' dy

> h(t) impulse response

» h(x,y) Point Spread Function
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Linear Transformations: Separable systems

g(s) = /D F(r) h(r. s) dr
h(r,s) = H hi(rj, sj)

Examples:

» 2D Fourier Transform
glenisy) = [ Flxy) e (iwox + )} dxdy

h(x,y,wx,wy) = hi(wxx) ha(wyy)
exp {—j(wxx +wyy)} = exp {—j(wxx)} exp {—j(wyy)}

» nD Fourier Transform
g(w) = / f(x) exp{—jw’x)} dx
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Fourier Transform
[Joseph Fourier, French Mathematicien (1768-1830)]
» 1D Fourier: F;

gw) = [ F(e)exp (—jut) o
f(t) == [ glw)exp {+jwt} dw

Y[y

» 2D Fourier: F>
glniy) = [ lxy) e {—jlnx+wyy) dxdy
fy) = P [ gl o (il +wyy) dos do,
» nD Fourier: F,
gw) = [ ix)ew {—juw'x} dx
f(x) = (%)”/g(w) exp {+jw'x} dw
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1D Fourier Transform F;

() :/f(t)exp{—jwt} dt

f(t) :% g(w)exp{+jwt} dw

» |g(w)|? is called the spectrum of the signal (t)

» For real valued signals f(t), |g(w)| is symetric

Examples:

F(t)

g(w)

exp {—jwot}
sin(wot)
cos(wot)
exp {—t2)
exp {—3(t — m)?/o?}
exp{—t/T},t>0
1 if[t] < T/2
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2D Fourier Transform: F»

glwx,wy) = // f(x,y)exp{—j(wxx +wyy} dx dy

f(x,y) = (%)2// g(wx,wy) exp {+j(wxx + wyy} dwy dw,
> |g(wx,wy)|? is called the spectrum of the image f(x,y)

» For real valued image f(x,y), |g(wx,wy)| is symetric with

respect of the two axis w, and w,.
Examples:

f(x,y) g(wx,wy)
exp {—j(wxox + wyOY)} §(wx — wx0)d(wy — wyo)
exp{ x? +y )}
exp {—3[(x = mx)*/a% + (y — my)?/o}]}
exp{—(|x| + |y[)}
1if x| < T /2 & |y| < T,/2
Lif(x>+y?)<a

A. Mohammad-Djafari, Advanced Signal and Image Processing Huazhong & Wuhan Universities, September 2012, 20/344



nD Fourier Transform: F,

/f(x)exp{—jw/x} dx
flx) = (%)”/g(w)exp {+jw'x} dw

g(w)

» |g(w)|? is called the spectrum of f(x)
» For real valued image f(x), |g(w)| is symetric with respect of
all the axis wj.

Examples:
f(x) g(w)
exp {—j(wox)} d(w — wo)
exp {—x'x} = exp {—[x[|} | exp{-w'w} =exp {~[lw|?}

exp{—HDxHZ} ?

exp {—3[(x —m)Z " (x —m)} ?
1if x> <R ?
1 if|xj| <R ?
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1D Fourier Transform: Classical definition and properties

Classical Definition for Integrable 1-D signals

f(t) € Ly, /+OO |F(t)] dt < oo

—00

Flw) = /+OO F(£) exp {—jwt)} dt

Some important properties :
» FT is additive: f + g < F(w) + G(w)
» FT is homogenious: cf(t) +» cF(w)
» The spectral amplitude is bounded:

FEls [

—0o0
» F(w) is uniformly continuous on [—o0, o]
» Rieman-Lebesgue lemma:
lim |F(w)|=0

|w|—00
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Convolution

If £(t),g(t) € Ly

h(t):/+oof(t—7')g(7') dr = frg

— o0

v

The convolution integral [f * g](t) exists almost everywhere
for t € [—00,00] and, furthermore, f x g € L;.

| 4
+o0 +o0 —+00
| lrsaordes [ il d [l ae
» fxg=g=«f (commutativity)

v

(fFxg)xr="fx(g=*r) (associativity)
Convolution and FT:  f(t) x g(t) <> F(w)G(w)

v

A. Mohammad-Djafari, Advanced Signal and Image Processing Huazhong & Wuhan Universities, September 2012, 23/344



FT and Convolution properties

» if f € L3N Ly, then F(w) € L, and

“+00 -I—oo
/ £ ( |2dt——/ 2 dw < o0

Lets note by fj_, ,(t) = 1,t € [-n, n] and O elsewhere

Planchrel Theorem:
Let f € Lo, fo(t) = f(t)_nn(t) and Fy(w) the FT of f,(t). Then

» There exists a function F(w) € Ly such that F,(w) converges
to F(w) in the Ly norm, i.e.,

“+oo
Ii)m / |F(w) — Fp(w)]? dw =0
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FT and Convolution properties

» For any F(w) € Ly, there exists a unique f(t) € L, such that
f(t) <> F(w), where the double arrow denotes the L, Fourier
transform.

» If f € L1 N Ly, then
F(w) = lim Fu(w)

n—o0

pointwise, and F(w) agrees with definition of the FT for Ly
functions.

» For any f € Ly, the Parseval identity holds, i.e.,

+o0 1 +o0
/ F()P dy- = / IF(w)]? do < o,

—0o0 —00
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FT and Convolution properties
» If F(w) € Ly and we note by
Fio(w) = F(w)—a,a(w),
then Fg)(w) € L1 N Ly and we can define
fia)(t) = F ' Figy(w),

and show that fig|(t) converges to f(t) in the Ly norm, i.e.,

+oo 5
li f(t) — fio(t)|” dt =
Jim [ 1A~ oo de =0
Note the following

Fo(w) = / F() exp {—juwt} dt

—n

Q
fal(t) = % /_Q Fw) exp {jwt} dw

A. Mohammad-Djafari, Advanced Signal and Image Processing Huazhong & Wuhan Universities, September 2012,

26/344



FT and Convolution properties

If f,g € Ly

h(t) = /+°° F(t—x)g(x) dx = fr g

—0o0

> h(t) is bounded, continuous, and converges to zero as t goes
to infinity.
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Convolution for 2D signals

—+00 “+o0
F(wx,wy) = / / f(x,y)exp{—j(wxx +wyy)} dxdy

» Rieman-Lebesgue lemma:

lim |F(wx,wy)| =0

|w24-w2|—o0

+oo —+o0
f(x,y) = / / F(wx,wy) exp{—j (wxx +wyy)} dwy dw,,

If f,g € Ly

+o0
h(X,Y)Z/ fix—uy—v)glu,v)dudv="~Fxg

—00
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Sine and Cosine Transforms
Sine Transform: For un odd function f(—t) = —f(t)

S(w) = 2/000 F(£)sin (wt) dt

F(t) = % /Ooo S(w)sin (wt) dw

S(w) = }[F(w) — F(-w)

Cosine Transform: For un even function f(—t) = f(t)

Clw) = 2/0°° F(£) cos (wt) dt

f(t) =t /OOO C(w) cos (wt) dw

C(w) = F(w) + F(—w)
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Laplace Transforms: L
[Pierre-Simon Laplace, French Mathematicien (1749-1827)]
Let f(t) be a signal with support in [0, 00) such that
exp {—kt} f(t) € Ly for some real number k.

F(s) = /000 f(t) exp{—st} dt

» F(s) is defined at least in the right half of the complex plane
defined by Real (s) > k.

» When the inversion conditions for the FT hold, we also have
an inversion for the LT given by

1 a+joo
f(t)= e /a_joo F(s)exp{+st} ds, Vt>0
where a > k is a real number such that exp {—kt} f(t) € L;
» Suppose f(t) and g(t) have support in [0, c0),
exp{—kit} f(t) and exp{—kat} g(t) are in Ly, f +» F, and
g < G. Then

t
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Laplace Transform: few examples

f(t) | &ls)
t 1/s
exp{as} | 1/(t—a)
sinwt | w/(t? + w?)
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Bilateral Laplace Transform

» Definition:
+0o0
L(s):/ F(£) exp {—st} dt

» Whereas the LT integral converges in half—planes
Real (s) > k, the bilateral LT integral converges in infinite
strips k1 < Real(s) < ko

f(t) ! /a+joo L(s)exp {+st} ds

B ./2—7T —joo

where a is a real number k; > a > k», and kq, kp are such that
exp{—kit} f(t) € L1 and exp {—kot} f(t) € L.
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Mellin Transform (MT)
[Hjalmar Melin, Finnish mathematicien (1854-1933)]

» Definition:
If tReal&)=1£(¢) € L, on (0, 00),

g(s):/ F() 51 dt
0
1 a+joo .
f(t) = —/ s)t > ds
=5 &)
where 51 < a < s».

» Convolution for MT involves a product—type kernel and is
given by

h(t) = /Ot f(x)g(t/x)xLdx, t>0

H(s) = F(s) G(s)
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Abel Transform (AT)

[Niels Henrik Abel, Norwegian mathematician (1802-1829)]
» Definition: If f(t) € Ly,

g(s) = 2/5Oo 1;(:) r2 dr

r’—s
=1 [* dg(s)/ ds
f(l') = 7/': 752 — r2 dS

» Generalizations
A(x) = —- / F() (x — £)*1 dt
Ma) Ja

» For a = n, a non negative integer, we have

// / F(xn) dxe- -+ dxy
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Abel Transform (AT)

» For Real (@) > 0 and Real (8) > 0
A (A(F)) = A™(F)
AL(f) = /X f(t) dt
0

» If f is continuous
Af)=f
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Hilbert Transform: H

[David Hilbert, German mathematicien (1862-1943)]
» Definition: If f € Ly on (—o0,0),

o1 [ 10

T J_ o t—X

f(t) = _—1/+oo &) 4,

T J_ooo X—t

The integrals are interpreted in the Cauchy principal
value(CPV) sense at t = x.

» Alternate expression useful in signal processing:

g(t)zllim/oo fledr) —ft-7)

T e—0 T

dr
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Hilbert Transform: H

» If fel,
> H(H(F)) =f
» f and H(f) are orthogonal, i.e.,

lim /_ [FH(F)](u) du = 0

r—o0

» The Hilbert transform of a constant is zero.
» Hilbert and Fourier Transforms

M) =F+— — FIH(F)} = jsgn(w)F(w)
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Radon Transform (RT): R

» Definition:
This transform is defined for the functions in 2 or more
dimensions. Here we give the relations only in the 2-D case.

R(r,¢) = /L f(x,y)dl
— // f(x,y)d(r — xcos(¢) — ysin(¢)) dx dy

» The Radon transform maps the spatial domain (x,y) € R? to
the domain (r,¢) € R x [0,x]. Each point in the (r, ¢) space
corresponds to a line in the spatial domain (x,y).

» Note that (r, ¢) are not the polar coordinates of (x,y). In
fact if we note the polar coordinates corresponding to the
(x,y) point (p,0), then we have

x =pcosf, y=psinf, r=pcos(p—0)
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X ray Tomography Se
(x,y)

| / X
oD
p(r,9)

I =lpexp{—pux} — I = lyexp —Z,ujxj ,
Jj

I:IOexp{—/Lf(x) dx}.—)—ln%:/Lf(x,y) d/,
p(r.0) = [ Flxy) di = [ Fx)atr = xcoso—ysing) dxdy

f(x,y) — ‘ Radon Transform ‘ — p(r, ¢)

p(r,¢) — ‘ Image Reconstruction ‘ — f(x,y)
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X ray Tomography: Radon Transform

» Deux dimensions :
y

& =[cos¢,sing]’, & =[—sing,cos¢]
x = [x,y]' = [pcos b, psinb], Lyg:r=xcosp+ysing =€ x
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X ray Tomography: Radon Transform

g(ro) = [ ) di= [[ Flcy)itr = xcoso = ysing) dx dy

gr&) =[] fxn)otr € x) dxay
sro) = [ /02”f(p,e)a(r_pcos(¢_a))pdpd9

n-D case:

X = [X17X27~"7Xn]/7 €: [617527-”76"]/ avec ‘E‘ =1

dx = dxydxo... dx,, r=€& -x=E&xi+&x0+ ...+ Enxy

g(r€) = [ F(a(r— € -x) dx
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Radon Transform: Some properties

[Johann K.A. Radon, Austrian mathematician (1887-1956)]

» Definition in cartezian coordinate system:

0xy) =2 (0) =[] Fx.3)0(r—xcos(0)-y sin(0)) dx ay

» Definition in polar coordinate system:

(00) B £(r,0) = [ [ Flp.0)5(—pcos(o—0)p dp 09

» |nversion

g(r,¢)/0r
bey) = 27r/ / r — x cos(¢) — ysin(¢) drd¢
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Radon Transform: Some properties

>

A. Mohammad-Djafari, Advanced Signal and Image Processing Huazhong & Wuhan Universities, September 2012,

Linearity:

afi(x,y)+ bh(x,y) — agi(r,d) + bg(r, )
Symetry:

f(x,y) — g(r.¢) = g(-r,¢ £ )

Periodicity:

f(x,y) — g(r,¢) = g(r,¢ £ 2km), k integer
Shift:

f(x —x0,y — yo) — &(r — xocos(¢) — yosin(¢), ¢)
Rotation:

f(p,0 +60) — g(r,¢ + o)

Scaling:

flax,ay) — |f;g(ar, 6), a#0

Mass conservation:

M://_Zf(x,y)dxdy—> I\/I:/OW/_:Og(r,qb)drdgb
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Radon Transform: Inversion

Direct Inverse Radon Transform

g&i;)

Differentiate
=D
T

Hilbert Transform
H

g(r,¢) | Back—projection

Convolution Back—projection method

gﬁ;)

Filter Back—projection method

g&i;)

FT
F1

Back—projection

1-D Filter |2&(r.¢)| Back—projection |f(x.y)
o | B

N Filter N IF:I'1 2(r,0)
Q 1

B

fﬁ;)
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Unitary Transforms: 1D case
Flu) = /f(x)h(u,x) dx
fx) = /F(u)h*(x,u)du

(B0R() = [ AG0E () dx
(R ) = [ FWF©) d
Flw) = (700, )

f(x) = (F(u), hx(u))

F(u) = (f(x),hy(x))
) = /F(u)hj(x)du
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Unitary Transforms: 2D case
(Alxy) hlxy)) = // e, y) B (x.y) dx dy
(Fi(u,v), F2(u,v)) = //Fl(u, v) F3(u,v) du dv

Flu,v) = h(u,v;x,y) dx dy

flx,y) = (x,y;u,v)dudv

Flu,v) = (f(x.y), . (xy))
f(Xay) = (F(U, V)7hX,}/(u7 V)>
{ F(U,V) = < (X y)v uv( ,}/)>

f(x,y) = // F(u,v)hy(x,y) dx dy
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Discrete signals and images
Sampling theory

» Relation between a signal f(t), its samples f, = f(nA) and
sampled signal f5(t) = >, fd(t — nA)

fi(t) = Za t—nA) — Fy(w Z(S —n/A)

» Sampling theorem:
An € band limited signal can be exactly reconstructed from
its samples if the sampling interval A < 1/(2Q).
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Discrete systems

» 1-D: N—1
= h(k,m)f(m), 0<k<N-1
m=0
» 2-D : N—1
gk, ) =" h(k,l;m,n)f(m,n), 0<kI<N-1
m,n=0
¢ Translation Invariance
» 1-D:
N—1
th m)fm)—h*f—>fm)—>-—>g m)
m=0
» 2-D:

N—-1
=Y > h(k—m,I—n)f(m,n)=hxf

m,n=0

— f(m,n) — | h(m, n)| — g(m, n)
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Discrete systems: Z transform

» 1-D: -
U(z) = Z u(m)z™"
1 o
u(m) = jz—ﬂj{U(z)z Ldz
» 2-D:

—m —n
U(z1, z2) E E u(m,n)z; ™ z,

m=—0o0 N=—00

1 1 -
u(m,n) = (2n)? 7{7{ U(z1,2) 2" 207 dzy dz

g=hxf 5 G=HF

h Impulse response
H Transfert function
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Unitary Transforms: Vector-Matrix representation

v=Au— v(k) =D am)u(m), 0<k<N-1

» Unitary transform: A~ = A*t

=
L

u=A"v — u(m) = v(k)ay,(k), 0<m<N-1
0

>
Il

W= S %K)y () H{ v(k) = (u,a})

N *
—1 u=>—v(k)ay

» Basis vector:

a; = {a;(m)} column of the matrix A*
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Unitary Transforms: Vector-Matrix representation

» Orthonormal Basis:

N—1
(ak,a) = )  ak(m)ajp(m)=d(k — k')
m=0
A P-1 N-1
up(m) = Z v(k)ai(m) minimise o2 Z |u(m)—up(m)|?
k=0 m=0

» Complete Basis:

N—-1
> a(m)ai(m') = §(m — m')
k=0
N—1
o lu(m) — up(m)]>=0 if P=N
m=0
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Unitary Transforms in 2D

kl)—ZZak,mn) (m,n), 0<kI<N-1

m,n=0

» Unitary transforms:

u(m,n) = ZZ (k,1)amn(k, 1), 0<mn<N-—1

k,I=0
> Basis Images:
Aﬁ,/ = {a;,(m, n)}
» Scalar product:
N—1

(F,G) = Z Z f(m,n)g*(m,n)

m,n=0

N—-1
V(kvl):<U¢Ai,l>? U:ZZV(kal)Ai,l

k,I=0
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Unitary Transforms in 2D

» Complete Basis:

N—1
Z Z ak(m,n)ag (m',n")=06(m—m' n—n')
k,1=0
N—1
USZZZ\u(m,m)—uPQ(m,nN =0 if P=Q=N
m,n=0

A. Mohammad-Djafari, Advanced Signal and Image Processing Huazhong & Wuhan Universities, September 2012, 53/344



Separable Unitary transforms

A
ak,/(m, n) = ax(m) bj(n) = a(k, m) b(/, n)
{ak(m),k=0,...,N—1}, {b(n),/=0,...,N—1}
Two orthonormal and complete basis

AA*T = A*TA =1, BB = B*'B =1,

N-1
=> ) a(k, m)u(m, n)b(l,n) = V = AUB!

m,n—O

ZZa* (k, m)v(k, )b*(I,n) = U = A**VB*
k,1=0
¢ In general, we choose A =B :

V = AUA! = [A[AU]T]"
U=A"VA* = [A[AV]*]]®
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Unitary transforms: Computational cost

» General case:
N—1
U= "> v(k A7, = N>xN>=N*
k,I=0
» Separable case:
U=Aj'"VA;} — 2N\3

» If A; and A, are separables = log, N x N?
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Discrete Fourier Transform (DFT)

» Definition:
1 N-1
vik) = — Y u(mWf", k=0,---,N-1 — v=Fu
\/N m=0
1 N—1
u(m)=—= > v(k)Wy*", m=0,--- N-1 — u=Flv
VN

k=0

with W™ = exp {—j2mkm/N}

» When N is a number power of 2, DFT becomes Fast Fourier
Transform (FFT).

» |n Matlab notation: v=fft(u) and u=ifft(v)
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Link between DFT and FT

ue(n)é{ u(n) n=0,...,N—1

0 ailleurs
9] N—-1
Ue(w) = Z ue(n)exp {—jwn} = Z ue(n) exp {—jwn}
n=—o00 n=0
DFT of u(n)
N—1
v(k) = Z u(n)exp{—j2wkn/N}
n=0
I

v(k) = Us(2rk/N)
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Discrete Fourier Transform properties

> Symetry :
Fl=F

v

Periodic Extension: u(k) and v(k) are periodic

u(k+ N) =u(k), v(k+ N)=v(k)

v

FFT when N power of 2 : = N log, N operations

v

Real valued signals:

VAN — k) = v(k) — [v(N/2 — k)| = [v(N/2 + k)|

v

F is a circulant matrice.

v

For any Circulent Matrice H:
FHF* = A =diag[\(, k=0,..., N — 1]

and
A = Fh = DFT of the first ligne of H
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Discrete Fourier Transform and Circular Convolution

» Circulent Convolution:

hc(n) = h(nmodulo N)
DFT{y(n)}n = DFT{h(n)}n DFT{x(n)}n
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Discrete Fourier Transform and Circular Convolution

» Linear Convolution:
{h(n),n=0,...,Ny—1}, {x(n),n=0,..., N, — 1},

y(n) = h(n) * x(n)
{y(n),n=0,..., N, + N, —2}

1. Zero padding: M > N, + N, — 2,
= h(n) for n=0,...,N,—1
0 n=~Ny,....M
~ | h(n) for n=0,...,Ny—1
X(n) { 0 n=Np...,.M
2. DFT computation :
DFT{y(n)}m = DFT{h(n)} s DFT{X(n)}m
3. Inverse DFT computation:

y(n)=y(n), n=0,..., N+ Np—2
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Some References: Signal and image processing
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Some references: Signal and image processing

1. G. E. P. Box, G. C. Tiao, “Bayesian Inference in Statistical
Analysis,”

2. A. Blake, A. Zisserman, “Visual Reconstruction,”

3. S. R. Deans “The Radon Transform and some of its Applications,”

4. A.C. Kak, M. Slaney, "Principles of Computerized Tomographic
Imaging,” IEEE Press, , 1988.

5. A. Tarantola, “Inverse Problem Theory,” Elsevier Science
Publishers, 1987, Second impression(1988).
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Some references: Main Journals

» |EEE transactions on :

Signal Processing (SI)

Image Processing (SI)

Acoustics, Speech and Signal Processing (ASSP)
Medical Imaging (MI)

Pattern Analysis and Machine Intelligency (PAMI)

vV vy vy VvYyy

> Proceedings of IEEE

» Computer Vision, Graphics, and Image Processing
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2. Modeling: parametric and non-parametric, MA, AR and
ARMA models

v

Modeling 7 for what ?

v

Deterministic / Probalistic modeling

v

Parametric / Non Parametric
Moving Average (MA)
Autoregressive (AR)

v

v

v

Autoregressive Moving Average (ARMA)

v

Classical methods for parameter estimation (LS, WLS)
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Modeling ? What for ? 1D signals

e
e

» 1D signals:

Is it periodic? What is the period?

Is there any structure?

Has something changed before, during and after some

traitement
» Can we compress it? How? How much?

v

v

v
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Modeling ? What for ? 2D S|gnals (Imaes

=

> Images:
» Is there any structure?
» Contours? Regions?
» Can we compress it? How? How much?
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Modeling 7 What for ? multi dimensional time series

Temperature

Temperature

2
2
13
<

Temperature
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Modeling ? What for ? multi dimensional time series

» Multi Dimentionsional signals g1(t),- -, gn(t)
» Dependancy: Are they all independent?
If not, which ones are related?
» Dimensionality reduction: Can we reduce the dimensionality?
» Principal Components Analysis (PCA):
What are the principal components?
» Independent Components Analysis (ICA):
What are the independent components?
» Factor Analysis (FA): What are the principal factors?
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Deterministic / Probalistic modeling

» Deterministic:
» The signal is a sinusoid f(t) = a sin(wt + ¢). We need just to
determine the three parameters a, w, ¢.
» The signal is a periodic
f(t) = Zle ay cos(kwot) + bk sin(kwot). If we know wy,
then, we need just to determine the parameters
(ak,bk),k:].,--- ,K.
» The signal represents a spectra f(t) = Zle ar N (mg, vie).
We need just to determine the parameters
(ak,mk,vk),k = 1,--- ,K.
» In the last two cases, one great difficulty is determining K
» Probabilistic:
The shape of the signal is more sophisticated.
1 Sinusoid + noise f(t) = a sin(wt + @) + €(t)
K Sinusoids + noise f(t) = Zle ay sin(wkt + ¢k) + €(t)
No specific shapes: MA, AR, ARMA, ...

v

v Yyyvy
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Deterministic and probabilistic modeling of signals

» Deterministe: f(t) = sin(wt), the value of f at time t is
always the same.

f(t) = sin(2wt) + .4sin(3wt), w = 7/12

» Random f(t) = sin(wt) + €(t), the value of f at time t is not
always the same.

» For a random signal f(t) for the value of f we can define a
probability law, mean, variance, ...

‘:
%)

R = A (), () ~N(0,1).
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Determinist/Probabilist

(1) = asin(wt + 6), a= Lw=2m6=0

ARMA(1,2), g=1,v=1 b =1 a=1,a =8
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Stationary/Non Stationary

b Ik

f3(t) = arsin(2wt) + ap ~ (3wt), w = /12, ar,a ~ U(0,1)

A. Mohammad-Djafari, Advanced Signal and Image Processing Huazhong & Wuhan Universities, September 2012, 73/344



Parametric / Non Parametric

» Parametric
» K Sinusoids + noise f(t) = Zle ak sin(wit + ¢r) + €(t).
The parameters are (ax,wk, ¢x), k=1,--- | K
» K Complex exponentials + noise
f(t) = Zle ck exp {—jwit} + €(t). The parameters are
(ck,wk),k = 1,--- ,K
» Sum of K Gaussian shapes: f(t) = Zle ax N'(mg, vi). The
parameters are (ax, my, vk), k=1,--- , K.
» Non-Parametric

» The shape of the signal is more sophisticated.

» The shape is composed of as much as the number of data of
Complex exponentials + noise
f(t) = ZQ’ZI cn exp{—jnwot} + €(t). If we know wy, then, the
parameters are ¢, n=1,--- , N

» Sum of the Gaussian shapes: f(t) = szl an N(mp, vy). The
parameters are (ap, mp,vy),n=1,--- , N.

3 )
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Moving Average (MA)

MA, g =15, v = 1, by = exp {—.05x k?}
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Autoregressive (AR)
f(t) = z”: a(k) f(t—kAt)+e(t) — f(n zp:a (k) f(n—k)+e(n), Vn
k=1

E{e(n)} =0, E{|e(n)?} = 52,
E{e(n)f(m)} =0, m#n
1 1

A(z)  1+X5_;a(k)z=*

e(n)—| H(z) =

ic BT} ET) Ee) B o 7o ER) ER) Too

AR1l, a=.7, v=1.
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Autoregressive Moving Average (ARMA)

Il
[~
-
5]
—
=

f(n—k)+>_ b(l)e(n—1)
1=0

"8G > ob<k)z-k
Alz)  1+3F —k

e(n)—| Bg(z) | — —>f

—f(n)

ARMA(12),g=1,v=1b =1 a=1a=.8
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Linear prediction and AR modeling

v

{f(1),--- ,f(n—1)} observed samples of a signal.
Predict f(n)

Prediction or innovation Erreur:  €(n) = f(n) — ?(n)
Mean Square Errors (MSE):
MSE = 3, le(n)|? = 32, [f(n) — F(n)|?

Least Mean Squares (LMS) Error Linear Estimation

v

v

v

f(n) = LMSELE{f(n)|f(1),...,f(n—1)} = arg min {MSE}

v

The linear predictor
P
Z a(k) f(n— Vn
k=1

minimizes MSE.
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Linear prediction and AR modeling

» {f(n)} is a Markov chain of order p

f(n) = LMSELE{f(n)|f(n—k), ..., f(n—1)} = Z a(k) f(n—k)

k=1
» Wihtening Filter
f(n)—| Ap(2) |—€(n)
E {e(n)e(m)} = B2 6(n — m)
» Link with AR model
N—1
f(n) = a(k)f(n—k)+e(n), Vn
k=0
1 1

e(n)—| H(z) = —f(n)

Az) " T+3a(k)z*
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Minimum Variance Estimation

» f(n), An n sample of a signal
» AR model:

f(n) =" a(k)f(n— k)
» Modeling errror

e(n) = f(n) — f(n)

» Criterium
8% = minE {|e(n)[?} = minE {[f(n) —?(n)]Z}

» Orthogonality Condition

N—-1
E {[f(n) — > a(k)f(n— k)] f(n— k)} = 3%5(k), k=1,...

k=0
N-1

r(k) =Y a(k) r(n — k) = 8> 6(k)

k=0
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Minimum Variance Estimation

» Correlation matrix

0 A1) r@) e H(p-1)]
(1) | ‘
R | @

(p-1) - - f2) (1) A(0)

r=[r(1),...r(p)]Y, a=[a(1),...,a(p)]",

» Normal equations

Ra =r
r(0) —afr = 52
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Causal ou Non-Causal AR models

» Causal :

f(n) = Z a(k)f(n—k)+e(n), Vn

k=1
A(z) =1- a(k)z ™% — e(n)—| H(z) A(lz) —f(n)
k=1
» Non—causal :
+q
f(n) = Z a(k)f(n—k)+e(n), Vn
s
+q 1
A(z)=1-) a(k)z™* — e(n)—| H(2) A7) —f(n)
purs
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2D AR Models

A(z1,22) =1— Z Z a(k, Nz zyk
(k.]) €5

f(m,n) = ZZa(k, Nf(m—k,n—1)+ ¢e(m,n)

(k1) €S
» Non—causal
S={I>1Vk}u{l =0,k #0}

» Semi—ausal
S={I>1Vk}u{l=0k>1}

» Causal

S ={(k, 1) #(0,0)}
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2D AR Models

» Causal

S={I>1Lvk}u{l=0,k #0}

Recursive Filtre

Finite Differential Equations with initial conditions
Hyperbolic Partial Differential Equations

vV vy vYyy

» Semi—causal
S={I>Lvk}u{l=0k>1}
Semi-recursif Filters
Finite Differential Equations with initial conditions in one
dimention and limit conditions in other dimension
Parabolic Partial Differential Equations
» Non—causal
» S ={(k,1) #(0,0)}
» Non-recursive Filtre
» Finite Differential Equations with limit conditions in both
dimensions
» Elliptic Partial Differential Equations

v

v

v

v
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Causal /Non-Causal Prediction

» Causal : Nt
f(n)= a(k)f(n— k)
k=0
» Non-Causal :
R +q
F(n) =" a(k) f(n—k)
P
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2D AR models and 2D prediction

A(z1,22) =1— Z Z a(k, Nz Kz k
(k,)) €S
fF(m,n)=> Y a(k,l)f(m—k,n—1)+e(m,n)
(k,)) €S

» Non-—causal
» Semi—ausal
» Causal
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2D AR models and 2D prediction

» Causal

S={I>1,Yk}U{l =0, k+#0}

Recursive Filtering

Finite Difference Equation (FDE) with initial conditions
Partial Differential Equations (Hyperbolic)

vV vy vy

» Semi—causal
» S={I>1,Vk}u{l=0,k>1}
» Filtre semi—récursif
» FDE with initial conditions in one direction and limit
conditions in other direction.
» Partial Differential Equations (Parabolic)
» Non—causal
S ={(k,1)#(0,0)}
Non-Recursive Filtering
FDE with limit conditions in both directions
Partial Differential Equations (Elliptic)

vV vy VvYyYy
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3. Deconvolution and Parameter estimation

v

Signal Deconvolution and Image Restoration
Least Squares method (LS)
Limitations of LS methods

v

v

v

Regularization methods

v

Parametric modeling

v

Examples:

» Sinusoids in the noise (MUSIC)
» Antenna Array Processing
» Mixture models (Gaussian and Cauchy)
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Convolution in signal processing

f(t)— h(t) g(t)

- I

&(t) :/f(t’)h(t— ¢) dt’ + b(t) — /h(t’)f(t— ¢) d’ + b(t)

» f(t), g(t) and h(t) are discretized with AT = 1.
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Convolution in signal processing: general case

» h(t) =0,Vt < —qAT, et Vt > pAT.
P

g(m)= Y h(k)f(m—k)+b(m), m=0,---,M — g=Hf+e

k=—q

g = [5(0),8(1),--- ,g(M)]",
f [f(—p)7--- 7f(0)7f(1)7"'

,f(M),”' 7f(M+q)]/

Th(p) -+ h(0) -+ h(—=q) O - e eee 0T
0 . . .
h(p) h(0) h(—q)
: " . 0
0 0 h(p) -~ h(O) - h(—q)]
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Convolution in signal processing: Causal systems

Causal system g = 0:

[ 4(0) ] Ch(p) -+~ h(0) O - oo o 0] ()]
g(1) 0 : 5
' f(0)
= h(p) -+ h(0) f1)
0 :
gM)] [ o 0 h(p) n(0)] LF(M)]

A. Mohammad-Djafari, Advanced Signal and Image Processing Huazhong & Wuhan Universities, September 2012, 92/344



Convolution: Causal systems and causal input
Causal system and causal input signal

[ £(0) |
g(1)

g(M)

A. Mohammad-Djafari, Advanced Signal and Image Processing Huazhong & Wuhan Universities, September 2012,

[ h(0)
h(1)

h(;W)

f(;W)

93/344



Convolution in signal processing: Circulante case

L f(0)

g(0) h(0) h(p) h(1)] | F(1)
g(]-) h(l)

| f h(p)

= |hp) -+ h(O) o ||

0 f(M)

0

lg(M)] |0 0 h(p) h(0) 0 o || :

0
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Modeling imaging systems

General observation model:

fm})

If we neglect the Non Linearity, then

Linear System

h(x,y;x',y")

W&{)

Non linearity

NL(-)

Z(xvyg(x,y)

g(x,y) Z//f(x/,y/) h(x,y;x',y") dx" dy’ + €(x, y)
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Modeling imaging systems

FO 3= h(x.y)

(x,y)

glx,y) = // f(x',y" ) h(x = x",y —y") dx" dy’ + b(x, y)

(Rectangular)

System Point Spread function Transfert Function
h(x, y) H(u, v)
Diffraction+ U v
Coherent source ab sinc(ax)sinc(by) rectf—, —
a

Diffraction+
Incoherent Source
(Rectangular)

sinc? (ax)sincZ(by)

Atmosphoric
Turbulance

exp {—mZ(x2 + y2)}

Horizontal
movement

X 1
fraclarectf— — —§(y)
a 2

exp { —jmua} sinc(ua)

CCD interaction

1
ST Tk b(x — kA, y — 18)

kl=—1

1
SO ausexp {—j2mA(ux + w)}

kl=—1
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2D Convolution for image restoration
e(x,y)

Focyy— h(x.y) %—ﬁ(xﬂ)

g(x,y) = // F(<sy) h(x — Xy — ') dx' dy’ + b(x, )
D

g(mAx,nAy) = Z Z h(iAx, jAy)f((m — )Ax, (n— j)Ay)
i=—1 j=—J

m=1,...,M _ _
{[n:L”wN] Ax=Lay=1

g(m,n) = ZZhlj m—i,n—j)

i=—Ij=—J
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2D Convolution for image restoration
Two caracteristics:

+1
(m,n) = Z Z —i,n—j)
i=—1j=—J
» g(m, n) depends on f(k, 1) for (k,I) € N(k,I) where N'(k,)

means the neigborhood pixels around the pixel '(k,/) — No
Causality

» The boarding effects cannot be neglected as easily as in the
1D case.

Vectorial Forme:

+1
g(m,n) = Z Z m—i,n—j)

i=—1j=—J

s {721 f<k7f>{[5ii:::::’f] [y

g = Hf
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2D Convolution for image restoration

g= g(1,1)7---7g(M71)7 8(1,2)s- -1 8(M2) -+ g(l,/v)7---7g(/w,/v)]t

R R, N - N — ——

f:[ f&l,l)a"'af&K,lﬁ f&l,2)a"'7f(Ka2)7 R f&l,L)W"af&K,L)]t

The structure of the matrix H depends on the domaines Dy, Dy
and Dy .
Matrix Form H :

> Image > Object
» Image=Object
> Image < Object
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2D Convolution for image restoration: Image > Object

J N
Domainel] Domainef]
de Iimage du noyau
L
Domaineld = —
I B vt D,>D; 4|M=K+I-1
fk,1) g N=L+J-1

m=1,...,M k=1,....K o (Ti=1,...,1
gmn{[7=1 V] {52l i {[[Z0]
g= [ g(l,l)a B 7g(M7 1)’ g(l,Q)a cee ;g(M,2)7 ceey g(l,N)7 cee ;g(l\/l,N)]tL

f:[ f&l,l)”")ﬂK,l)y ﬂ1,2),...,f(K,2), RN f&l

— ] R
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2D Convolution for image restoration: Image > Object
[H, . .7 rh(i, J) . L

Ho : : h(i, J)

Hy H .
o H H,

Hy : : TN

Hil

Toeplitz-Bloc-Toeplitz
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2D Convolution for image restoration: Image < Object

J N
Domainel] Domainel]
de l'objet du noyau
L
Domainel
de limage
M K o Dy < Dr

8(1,2) -+ - 8(M,2)s

g= 8(1,1)y -+ 8(M,1)»

f(1’2), SR

f:[ 'af(K,l)v

fl1,1)s -

A. Mohammad-Djafari, Advanced Signal and Image Processing Huazhong & Wuhan Universities, September 2012,

o) ren{ (I

{

L

cey

K

M=K-1-1
N=L-J+1

B(1,N)s - - - ag(l\/l,N)]tL
N

i=1,..

| wea{liza

L
L J
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2D Convolution for image restoration: Image < Object

Hy Hy, --- H
Hy H,
H= H, H,
i Hy H> Hy |
with

h(i,1)  h(i,2) h(i,J) i

h(i, 1) h(i,J)

HI - h(l,l) h(’aJ)

L h(i,1)  h(i,2) h(i, J),
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2D Convolution for image restoration: Image=0bject

Domainel]
du noyay
Domainel]
de l'objet M= K
Domainel] Dg - Df {|:N: :|
de l'image
m=1,.... M k=1,....K i=1...,1
emn{[7=1 V] {52l {20
g=1[ gu1)----8M1) 812)---8M2)y s EAN)s-- s &MN)]
I I R, R N —_
f:[ f(l,l)a"'af(K,l)v f(1,2)a"'7fiK,2)a SERE) f(l,L)v"'af(K,L)]t
SR
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2D Convolution for image restoration: Circulante forme

g(kv /) =

A. Mohammad-Djafari, Advan

=z

| {52l {23

P=K+1-1
RQ=L+J-1

J

f((m, n)) 0 .
............ d|m(f) = [P, Q]
0 0
-g(k, D) 0
............ d|m(é‘) = [P, Q]
L 0 0
h(i,J) 0

dim(h) = [P, Q]

ed SigOaI and Imag'e ProcessinQ Hudzhong & Wuhan Universities, September 2012, 105/344



2D Convolution for image

H; =

Hy
Hp

Hy - -+« ..o Hp
H  Hy - - Hp,
Hp_1 Hy |
h(i,?2)

h(i,1) h(i,2)
h(i,P—1) h(i,P —2)

Circulante-Bloc-Circulante

restoration: Circulante forme

bloc-circulante

circulante
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Classification of the signal and image restoration methods

» Analytical methods
f(t) — — g(t) = H[f(t)]
F(x.y) — — g(x.y) = HIf(x,y)]

H Linear Operator

g(t) — — F(t) = HF(1)]
g(x,y) — — F(x,y) = H Y F(x,y)]

G Linear Operator approximating H !

> Inverse Filtring
» Pseudo—inverse Filtering

» Wiener Filtering
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Classification of the signal and image restoration methods

» Algebraic methods
g(t) = H[f(t)] — Discretization — g = Hf

g(x,y) = H[f(x,y)] — Discretization — g = Hf

Ideal case : H invertible — f = H™1g
More general case : H is not invertible

» Pseudo-inverse
Generalized Inversion
Least Squares (LS) and Minimum norm LS
Regularization

v vy

> Probabilistic methods
» Wiener Filtering
» Kalman Filtering
» General Bayesian approach
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Analytical methods: Inverse Filtering

F(t) — — g(t) = h(t) = f(t)
fix,y) —| hlx.y) |— glxy)=h(xy)«f(xy)

F(u,v) —| H(u,v) |— G(u,v)=H(u,v)-F(u,v)

> Inverse Filtering

1
H(u,v)

H Y (u,v) =

1
H(u,v)

G(u,v) — — F(u,v)

» Difficulties:
» What to do when H(u, v) = 0 for sme values of (u, v)?
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Analytical methods: Inverse Filtering

» Noise Amplification

By o) — a(u, v) _ (H(u,v) F(u,v) + N(u,v))
)= ) )
-

> Pseudo—inverse Filtering

H Y (u,v) =4 H(u,v)’

A. Mohammad-Djafari, Advanced Signal and Image Processing Huazhong & Wuhan Universities, September 2012,

110/344



€

d
f()—[ h(t) | —D— slt)
&(t) ://f(t/) h(t — ¢) dt + e(t)

Analytical methods: Wiener Filterirg%
t

» f(t), g(t) and €(t) are modelled as Gaussian random signal

6(>Iy)
fx,y) —| hix,y) |— D — glxy)

glx,y) = // f(xX,y")h(x —x',y —y') dx’ dy’ + €(x,y)

» f(x,y), g(x,y) and €(x, y) are modelled as homogeneous and
Gaussian random fields
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Wiener Filtering

e(t)

f(t) — H(w) g(t)

g(t) = h(t) = f(t) + e(t)(t)
E{g(t)}, E{e(t)} and E{f(t)}

Ree(T) = E{g(t) g(t + 1)}
Ree(T) = E{f(¢) f(t +7)}

Rof(T) = Rap(—T)
Ref (1) = Reg(—7)

E{e(t) f(t+7)}
E{g(t) f(t+7)}
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Wiener Filtering
e(t)

f(t) — H(w) g(t)

E{g(t)} = h(t)«E{f(t)} +E{e(t)}

Reg(T) = h(t)* h(t) * Rg(T) + Ree(T)
Rgf(T) = h(t) * Rff(T)
Seg(w) = |H(W)?Sk(w) + Ree(w)
Sgr(w) = H(w)5#(w)

Sg(w) = H'(w)Sr(w)

g(t)— W) (1)

F(t) = w(t)  g(t)
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Wiener Filtering

EQM = E{[f(t) — F()]2} = E{[(t) - w(t) * g(t)]*}
OB — 2 {[7(t) — w(t) »g(1)] < gt +7)} =0
E{[f(t) — w(t)*g(t)]g(t+7)} =0 Vit,7 —
Reg(T) = w(t) * Rgg(T)

_Sg(@) M) Sa(w)

Wiw) Seg(w) | HW)2 Sgr(w) + See(w)
Wiw) = o @sr@) 1 [HE)
H@PSH@) + Salw) — HE) )P + 2
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Analytical methods: Wiener Filtering

> Linear Estimation: f(x,y) is such that:
> ?(x,y) depends on g(x, y) in a linear way:

Foxn) = [[ ey wix—xy =y ax ey
w(x, y) is the impulse response of the Wiener filtre
» minimizes MSE: E {|f(x,y) - ?(x,y)|2}
» Orthogonality condition:

(Fxy)~Fley)le(y)  — E{(f(xy) = F(xy)g(x,y)} =0

f=gew — E{(F(x,y) —g(x,y) * w(x,y)) g(x + o1,y + az)} =0
Reg(0, a2) = (Rgg#w)(a1, a0) — TF — Sgg(u, v) = Sgg(u, v)W (u,v)

4

Stz(u,v)
Sge(u, v)
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W(u,v) =




Wiener filtering

Signal ‘ Image
L) — Stz(w) yov) — Stz(u, v)
Wiw) Sgg(w) Wik v) Sgg(u, v)

Particular Case:
f(x,y) and b(x, y) are assumed to be centered and non correlated

Stg(u,v) = H'(u,v) Ser(u, v)

Sea(u,v) = |H(u, v)[> Sr(u, v) + See(u, v)
H'(u, v)Sg(u, v)

W =
(V) = T ESa (0 v) + Sl v)
Signal ‘ Image
1 |H(w)|? 1 |H(u, v)|?
W)= B )\2(+)5“ o | ) S B v)(|2+)5“(” D)
w Spr(w) ’ ’ Se(u,v)
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Wiener Filtering: Implementation

» No noise — W/(u,v)=1/H(u,v)
> Sec(u,v)/Sg(u, v) have to be given.
» No blur case: h(x,y) = d(x, y) (denoising):

1
W(u,v) = 1+ Sec(u,v)
Sff(uvv)
Numerical implementation:
» Direct Implentation by convolution
1 H 2
W) — )
H(u,v) |H(u, v)P + 2405
w — W(k,/ c . :
9 [ | [ |2 g

Restored Image

Convolution R ?(m, n)

g(m,n) — w(m, n)
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Wiener Filtering: Implementation

» Fourier domaine Implentation

Sampling

W(u,v) — Nx N | Wik, 1)

z(m, n)
Blurred & Noisy Image \l, Zero Filling DFT
g(m,n) — QX — N ox N — Nx N —
W(k,I)
J

Inverse DFT -~

— R — Nx N — f(m, n)

A. Mohammad-Djafari, Advanced Signal and Image Processing Huazhong & Wuhan Universities, September 2012,

118/344



Algebraic Approches

Signal ‘ Image

ﬂﬂ—%.ﬂﬂl—%dﬂ‘ﬂ&m—% hxy) |— &(xy)

Discretization

4
g = Hf

> Ideal case: H invertible — f = H™!g
» M > N Least Squares:

g=Hf +e¢€
e = g — HFf|* = [g — Hf] [g — Hf]
f:argmfin{e}

Ve = —2H[g— Hf| =0 — H'Hf = H'g

» If H'H is invertible f = (H'H) 'H'g
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Algebraic Approches: Generalized Inversion

?:Wg

W is such that: e = ||g — Hf||?> = [g — Hf]'[g — Hf] is minimum.
The solution may not be unique.

Generalized Inversion f = Hg
H™ is such that:

e=[g—H'fl[g— H"f] = |g — HTf|]?

is minimum and that [|f[|> minimum too.

> f= H™g also minimizes
e:ﬁ—ﬂﬁ—ﬂ:T%H—ﬂﬁ—ﬂ}:Tﬂﬁﬂ—H*W}

» Estimation is perfect if HTH =1 .
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Algebraic Approches: Generalized Inversion
General case of [M, N| matrix H:
» if M= N and rang{H} =N then HF = H™!

» if M > N and rang{H} = N then HT = (H'H)"'H’
» if M < N and rang{H} = M then H" = H'(HH')~!
» if rang{H} = K <inf M, N then

» Singular Value Decomposition (SVD)
» lterative methods

» Recursive methods
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Generalized inversion by Singular Value Decomposition

(SVD)
g =Hf

HHv; = )\fvj, j=1,...,n v, Eigen Vectors of H'H
HH u; = Mux, i=1,...,m u; Eigen Vectors of HH’

H)\juj, j:].,...,n
H’u,-:)\,-v,-, i:1,...,m

H=UAV

U=lupmi ] V= [vive o]y A= diagOu o,

» Truncation order r

r r

H= zr:/\mvmu:n — H" =

m=1 m= m=1
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Generalized inversion: lterative Algorithms
» Bialy Algorithm If M = N

fo=0
{ for1 =fn+a(g — Hf,), with 0 <a <2/|H|
» Landweber Algorithm

fo=0
{ for1=f,+aH (g —HFf,), with 0<a<2/|HH]|
» Van-Cittert Algorithm

fo=0
{ for1=Ff,+aH (g —HTFf,), with 0<a <2/|T'HHT]|
where T is a truncation operator
n
fo=a) [I-oH'HT]*H'g
k=0

n filters [I — aH'HT]
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Generalized inversion: lterative Algorithms

» Kaczmarz Algorithm

> uses the data one by one as they arrived
> is based on the more general
Projection On Convex Sets (POCS)

> g=Hf —y=[Hf| =3 H;fi=<h;f>

» each data is considered as a constraint
» in Compted Tomography, it is called
Algebraic Reconstruction Technics (ART)

fo=0
fop1 = C(g,fn) = Cm(---62(61(f))---)

k+1 k+1 i .
(f ) f —|— <| |> h, I—1,2,...,M

where h; is the ith line of the matrix H.
C is a set of other constraints such as positivity
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Kaczmarz or ART Algorithms

£ & = anh + axnh
g1 = annh + anh

f1
f>
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Regularization
Regularization of an ill-posed inverse problem is its
transformation to a well-posed problem, i.e.defining a unique
solution for any possible data and insure that this solution is
stable with respect to errors in those data.

A regularizer of g = Hf is a family of of operators
{Ry;a € NCRT}

such that:
» Vf € F limg_o||R.HF — |2 =0
» Ya € A\, R, is a continuous operator of G to F

Approximate Solution

fc.=R.g.,, with g.=Hf+e

Ife—H'g| < [[Reg—H'gll  + [Rulgc—g)ll
regularization error error due to the noise
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Regularization by Truncated SV Decomposition
g=Hf
HHv; = )\fvj, j=1,....,n {u;} eigen values of H'H
HH u; = Xu,, i=1,...,m {v;} eigen values of HH'

ij:)\juj, j:].,...,n
H’u,-:)\,-v,-, i:1,...,m
H = UAV'
U= U]_,E,Uz,E,"']’ V= |:V1757V27E7"'j|’ I\:diag()\l’)g’”')

» Truncation order k
aj = /\i, si Aj # O(significatif)

A ={a;},
a;j =0 si \j =~ 0(non-significatif)
[|f]] Amax \ % |I9g]l
g +og = H(f +of) — 101 < l1ogl}
D= T = ) el
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Regularization

» Stopping rule in lterative method
» Establish a stopping rule based on the residual error

P
IHf —g.|| > d pouri < k

~k .
|IHf —g.|| < pouri>k
> % plays the role of the regularization parameter

» Introduction of additional constraints: C
f = Cf iff f satisfait la contrainte

Example : Positivity

Cf:{f |f f>0
0 sinon

g=Hf — g=HCf
At each iteration replace H by HC
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Regularization for Continuous / Discretized problems

» Tikhonov (Regularization for continuous problems)

» Philipps and Twomey (Regularization for discretized
problems)

Continuous case:

Jo(F) = |Hf — gl|3 +aQ(f) a>0

o) = [ 32wl (o) d

where f()(t) is the ith derivative of f(t) and w;(t) postive,
continuous and derivable functions.

Example : i = 1: first derivative
() = I[HF — glfy +a [ 1F(2)? de
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Regularization for Continuous / Discretized problems
Discrete case:

Ja(f) = [Hf — g]'[Hf — g] + o[Df]'[Df] = |[Hf — g||* + || DF||?

1 o --. .o 0] 1 o --. .o 0]
-1 1 -2 1

o -1 1 ° 1 -2 1
| 0 0 -1 1} | 0 1 -2 1

VJa = 2H'[Hf — g]’ + 20D'Df = 0

[H'H + oD'D]f = H'g — f = [H'H + oD'D] 'H'g
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Regularization Algorithmes

minimize  J(f) = Q(f) + \Q(f)
with  Q(f) = |lg — Hf||* = [g — Hf]'[g — Hf]

minimize Q(f) subj. to the constraint
e=|lg — Hf|]> = [g — Hf][g — Hf] < ¢

A priori Information:
» Smoothnesse
Q(f) = [Df)'[Df] = || Df |
f=[HH+\D'D] 'Hg
» Positivity:
Q(f) = a nonquadratique function of f
No explicite solution
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Regularization Algorithmes: 3 main approaches

f=[H'H+\D'D] 'Hg

Computation of f = [H'H + AD'D]*H'g
» Circulante matrix approximation:

when H and D are Toeplitz, they can be approximated by the
circulant matrices

» |terative methods:

~

F=argmin {|U(F) = ||s — HF| + ADF|?)

> Recursive methods:
f at iteration k is computed as a function of f at previous
iteration with one less data.
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Regularization algorithms: Circulant approximation

1D Deconvolution:
g=Hf+e¢€

H Toeplitz matrix

f=arg min {F} J(F) = Q(F) + AQ(F)

Q(f) = |lg—Hf||* = [g—Hf)'[g—Hf] and Q(f) = ||Cf||* = [CF]'[CF]

C a convolution matrix with the following impulse response
hy =[1,-2,1] — x(i)=x(+1)—2x(i) +x(i — 1)

N
Q(F) = (x(i +1) — 2x(i) + x(i — 1))* = |[Cf||> = F'C'CF
j=1
Solution : R
f=[H'H+\C'C]'H'g
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Regularization algorithms: Circulant approximation

Main Idea : expand the vectors f, h and g by the zeros to obtain
g. = H.f. with H. a circulante matrix

F(i) = x(1) i=1,...,Nx
10 i=Nx+1,...,P>Nx+ Nh—1

[ y(i)y i=1,...,Ny
Ye(l)_{o i=Ny+1, P
[ h(i) i=1,...,Nh
he(’_{o i=Nh+1,...,P
Nh—1
Ye(k) = > xe(k —i)he(i) — g =Hefe
i=0

with H, a circulante matrix whcich can diagonalized by FFT
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Regularization algorithms: Circulant approximation

ki 1 ki
H. = FAF ! with F[k, /] = exp {j27r5} F ik, 1] = 5 &XP {—jQwﬁ}

I\:diag[)\l,...,)\p] and [)\1,...,)\;3] =TFD [hl,...,hNh,O,...,O]
L [y i=1,...,3
c=L-21 Ce(’)_{ 0 i=4,..,P
f=[HH+ AC'C] 'H'g — Ff. = [N,A, + AM.A A, Fg
TFD {fc} = [N,An + AMLA] AL TFD {g}

oy L |H(w)?
)= Hy @R R
Link with Wiener filter: C(w) = N(w)/X(w)
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Image Restoration
C Convolution matrix with the following impulse response:

0 1 0
Hi= |1 -4 1
0 1 0

Qf)=>_> (Fli+1,))+f(i—1,))
+F(i+ 1,7+ 1)+ F(i —1,j+1) — 4f(i,)))?

[ x(k) k=1,....K I=1,...,L
Xe(k’/)_{o k=K+1,...,P I=L+1,...,P
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Regularization: lterative methods: Gradient based

{J(F) = Q(F) + AQ(F)}

f= arg min
f

Let note : gk = VJ (f¥) gradient, H* = V2J (f¥) Hessien.

First order gradient methods

> fixed step:

fHD) — £ 4 gt o fixe

» Optimal or steepest descente step:
flHD) = (k) 4 (K g(k)
o gWgld gk
grH g [lgk]13

a(
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Regularization: lterative methods: Conjugate Gradient

» Conjugate Gradient (CG)
d(Wtg(k)
(k1) — g(k) 4 A gk) (k) — —_— " & °
f 9 4+ ad o OETNG)
K)t gk
dkt1) = gk 4 glkglk)  glk) — _ g(Ktg(k)

g(k—Dtg(k—1)

Newton method

v

fHD) — f0) 4 (H(R)1g(K)

v

Advantages : Q(f) can be any convexe function

v

Limitations : Computational cost
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Regularization: Recursive algorithms

f=[H'H+ D] 'Hg
Main idea: Express f; ;1 as a function of f;
fir1 = (HiziHit1 +aD) 'H 18
fi = (H/H; + oD) 'Hig;
4
fir1=(H{H; +hip1h},; + oD) '(Hig; — hiyig; + 1)
Noting:
P, = (H!H;+aD)™! and P!, =P!+h;h}
\
fir1=F +Pipihita(gipq —hiyqfi)
Pis1=P; —Pihi1(h . PiHi1 + ) thiy, P
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Regularization: Wiener Filtering with FIR

ZZ i,j) f(m—i,n—j)+ b(m,n)

ij=—N

=Y S i m i)

ij=—M
EQM = E {(f(m, n) — f(m, n))2}
Orthogonality condition:
E{(?(m,n) — f(m, n)) g(m — k,n — /)} =0, Vk/=-M,... .M
(2M + 1)? linear equations

Reg(k, 1) — ZZ (i,j) Reg(k—i,1—j) =0, Vk,I=-M,....M

I,_[_—
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Regularization: Wiener Filtering

Linearity and white Gaussian noise variance o3 :

Reg(k, 1) = Re(k, 1) x a(k, 1) + o2d(k, )

A
a(k, 1) = h(k, 1) * h(k,1) = ZZhlj (i + k,j + k)

7.]7_00

Reg(k, 1) = h(k,1)* Ree(k, 1) =Y > h(i, j)Ree(i + k. j + k)

ij=—00
ok, /)A Re(k, 1) _ Re(k, 1)
Rff(0¢0) 0-1%

ro(—k, —/) = ro(k, /)
2

f
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U—gé(k, I+ ro(k, 1)~ a(k, l)] sw(k,l) = h(k,Dxro(k, 1), Vk, I =—M, ...

M
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Regularization: Wiener Filtering

v

Equation

Z—‘Ea(k, 1) + ro(k, 1) = a(k, /)] s w(k, 1) = h(k, 1) = ro(k, 1)
2

v

Matrix-Vector form:

o2
[—gI—I—R}g:r
of

v

R is a Bloc—Toeplitz of (2M + 1) x (2M + 1) blocs, each bloc
has the dimensions (2M + 1) x (2M + 1).

» g and r are two vectors of dimensions (2M + 1)? x 1
containing g(k, /) and h(k, ) * ro(k,1).
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A more direct presentation

g(m,n) = ZZh/] m—i,n—j)+e(mn) — g=Hf+¢€

’J__N

mn) ZZ (i,j)f(m —i,n—j)—)?:Wf

I,_[_—

EQM = E ZZ (F(m, n) — f(m, n))? :E{[?—f]'[?—f]}

ij=—
E{[f-flg'} =
W =E{fg'} [E {ge'}] ! = RyH'[HRzH + R.]™*
Ry =E{ff'}, R.=E{e€'} Rp=E{fe'} =0

Orthogonality:
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» Matrix Inversion Lemma:
W = RyH'[HR#H' + R.] ™' = [HR'H + R 'H'R}
» R, = o2l
W = RyH'[HR#H + o2l ! = [HH' + oiR' | 'H’
> Particular Case: ai =0

| HH]H — [F=HH] 'H'g
| ReH'[HR#H ™! — — f = R#H[HR4H'| g
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Generalized Wiener filter using unitary transforms
W = [H'H + 02R;'|'H
A
P=[HH+ iR !
Consider a unitary transform F, i.e. F'F=FF =1
~ VAN
f = F[FPF'|FH'g = F'/Pz

_A A
P=[FPF], z=FH'g

g—|H ]| —=[F]—z—|P=[FPF])|—z—[F | —F

For an appropriate unitary transforms P becomes an almost
diagonal matrix

7=Pz = 2(k.)~pk 1) z(k])
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Generalized Wiener filter using unitary transforms

If H corresponds to convolution matrix h(m, n), H' is also a
convolution matrix with h(—m, —n)

Bk, )

: : U
g(m,n)| Convolution Unitary Transf. |z(k,/) 2(k,1)
— h(—m, —n) — F — ®

Inverse Unitary Transf. |7
F/
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Content

© N o o s

. Introduction: Signals and Images, Linear transformations

(Convolution, Fourier, Laplace, Hilbert, Radon, ...,
Discrete convolution, Z transform, DFT, FFT, ...)

. Modeling: parametric and non-parametric, MA, AR and

ARMA models, Linear prediction

Deconvolution and Parameter Estimation: Deterministic (LS,
Regularization) and Probabilistic methods (Wiener Filtering)

Inverse problems, Regularization and Bayesian estimation
Kalman Filtering

Case study: Signal deconvolution

Case study: Image restoration

Case study: Image reconstruction and Computed Tomography
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4. Inverse problems and Bayesian estimation

» Inverse problems? Why need for Bayesian approach?
» Probability ?

» Discrete and Continuous variables

» Bayes rule and Bayesian inference

» Maximum Likelihood method (ML) and its limitations
» Bayesian estimation theory

» Bayesian inference for inverse problems in signal and image
processing

> Prior modeling

» Bayesian computation (Laplace approximation, MCMC, BVA)
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Inverse problems : 3 main examples

» Example 1:
Measuring variation of temperature with a therometer

» f(t) variation of temperature over time
» g(t) variation of length of the liquid in thermometer
» Example 2:
Making an image with a camera, a microscope or a telescope

» f(x,y) real scene
» g(x,y) observed image

> Example 3: Making an image of the interior of a body

» f(x,y) a section of a real 3D body f(x,y, z)
» g4(r) a line of observed radiographe gy(r, z)

» Example 1: Deconvolution
» Example 2: Image restoration

» Example 3: Image reconstruction
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Measuring variation of temperature with a therometer

» f(t) variation of temperature over time

» g(t) variation of length of the liquid in thermometer

» Forward model: Convolution
&(t) :/f(t’) h(t — t) e’ + €(t)

h(t): impulse response of the measurement system

> Inverse problem: Deconvolution

Given the forward model # (impulse response h(t)))
and a set of data g(¢;),i =1,--- , M
find £(t)
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Measuring variation of temperature with a therometer

Forward model: Convolution

2(t) :/f(t’) h(t — t') e’ + (1)

\\ Thermometer |
| f(t)— h(t) — g(t)
Inversion: Deconvolution
I 0 () j
\\ ~
oal \ |

_

A. Mohammad-Djafari, Advanced Signal and Image Processing Huazhong & Wuhan Universities, September 2012, 151/344



Making an image with a camera, a microscope or a
telescope

» f(x,y) real scene

» g(x,y) observed image

» Forward model: Convolution

g(x.y) = // F(xy') hx — Xy — y') i dy’ + e(x, )

h(x,y): Point Spread Function (PSF) of the imaging system
> Inverse problem: Image restoration
Given the forward model H (PSF h(x,y)))

and a set of data g(x;,y;), i =1,--- ,M
find f(x,y)
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Making an image with an unfocused camera

Forward model: 2D Convolution

glx.y) = // F(xy') lx — Xy — y') dx dy’ + e(x, )

e(x,y)

h(x,y)

b
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Making an image of the interior of a body
Different imaging systems:

Incident
wave
Actlve Imagmg Passuve Imagmg
Measurgment Meagurement
Incident )
wave Incident

W e |

Transmission Refle¢tion

Forward problem: Knowing the object predict the data
Inverse problem: From measured data find the object

A. Mohammad-Djafari, Advanced Signal and Image Processing Huazhong & Wuhan Universities, September 2012,

154 /344



Making an image of the interior of a body
» f(x,y) a section of a real 3D body f(x,y,z)
> g,(r) a line of observed radiographe gy(r, z)

» Forward model:
Line integrals or Radon Transform

gs(r) = /L f(x,y) dl 4+ €4(r)
ro

- //f(x,y) d(r — xcos ¢ — ysin @) dx dy + €4(r)

> Inverse problem: Image reconstruction

Given the forward model H (Radon Transform) and
a set of data gy, (r),i=1,--- , M
find f(x,y)
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2D and 3D Computed Tomography

nnnnnnnnnnn

80
- = 0
v S
S P 20
e B
% o
e, °
. ~.
P e o
By o
Y 2 -4
-60)
-a0)

go(rsn) = / flaoy.2)dl gy(r
r,mn,¢
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)= / F(x,y) di
E,’qb

Forward probelm: f(x,y) or f(x,y,z) — gy(r) or gs(r1, )
Inverse problem: g,(r) or gy(ri, ) — f(x,y) or f(x,y,z)
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Microwave or ultrasound imaging

Measurs: diffracted wave by the object g(r;)
Unknown quantity: f(r) = k3(n?(r) — 1)

y Measurement(]
Intermediate quantity : ot pens
Object
g(r) = // Gm(ri,¥') f(r'ydr, r;e S @
= o(r / Go(r,r") f(r')d /(/ V
Born approximation ( ~ ¢o(r o
g(ri) = // Gm(ri, ¥ )o(r) £(r) dr, rreS o .
D
Discretization : ¢9 .
g=GnF gvi; Héfl diag(F) C . . ®
= ¢+ GoFo' —cl1e8 .

H(f) = G,,F(I — G,F) 1o,
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Fourier Synthesis in X ray Tomography
g(r,9) = //f(x=y)5(f—xcosqf>—ysin¢) dx dy

G(R.0) = / g(r, 0) exp {—jr} dr

Flwx,wy) = //f(x,y)exp{—ijx,wyy} dx dy
F(wx,wy) = G(2, ¢) for wy=Qcos¢ and w, =Qsing

Ky
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Fourier Synthesis in X ray tomography

G(wx,wy) ://f(x,y) exp {—j (wxx + wyy)} dxdy

50 100 150 200 250 300

Forward problem: Given f(x, y) compute G(wx,w))
Inverse problem: Given G(wy,w)) on those lines
estimate f(x,y)
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Fourier Synthesis in Diffraction tomography

o) FT "

lIJ(r,/ 1 fo,, w,)

Incident
plane wav

Diffracted
wave
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Fourier Synthesis in Diffraction tomography

G(wx,wy) ://f(x,y) exp {—j (wxx + wyy)} dx dy

Forward problem: Given f(x, y) compute G(wx,w))
Inverse problem : Given G(wx,w)) on those semi cercles
estimate f(x,y)
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Fourier Synthesis in different imaging systems

G(wx,wy) ://f(x,y) exp {—j (wxx + wyy)} dxdy

X ray Tomography  Diffraction Eddy current SAR & Radar

Forward problem: Given f(x, y) compute G(wx,w))
Inverse problem : Given G(wx,w)) on those algebraic lines,
cercles or curves, estimate f(x, y)
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Invers

v

A. Mohammad-Djafari, Advanced Signal and Image Processing Huazhong & Wuhan Universities, September 2012,

Problems: other examples and applications

X ray, Gamma ray Computed Tomography (CT)
Microwave and ultrasound tomography

Positron emission tomography (PET)

Magnetic resonance imaging (MRI)
Photoacoustic imaging

Radio astronomy

Geophysical imaging

Non Destructive Evaluation (NDE) and Testing (NDT)
techniques in industry

Hyperspectral imaging

Earth observation methods (Radar, SAR, IR, ...)

Survey and tracking in security systems
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Computed tomography (CT)

A Multislice CT Scanner

‘Fan beam Xfray‘ Tomography
-0.5
0
05 i P
N g(s) = [ () di+ els)
1 Source positions T+« . . " Detector positions Li
- — : - : Discretization
g=Hf +¢
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Positron emission tomography (PET)

Huazhong & Wuhan Universities, September 2012,



Magnetic resonance imaging (MRI)

Nuclear magnetic resonance imaging (NMRI), Para-sagittal MRI of
the head

PHILPS




telescope.

Radio astronomy (interferometry imaging systems)
The Very Large Array in New Mexico, an example of a radio

£ DA
g12,
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General formulation of inverse problems

» General non linear inverse problems:
g(s) = [Hf(r)](s) +€(s), reR, se§

» Linear models:

g(s) = / f(r) h(r,s) dr + €(s)

If h(r,s) = h(r —s) — Convolution.
» Discrete data:
g(si) = /h(s;,r) f(r)dr+e(s;)), i=1,---,m

» Inversion: Given the forward model H and the data
g={g(sj),i=1,---,m)} estimate f(r)

» Well-posed and lll-posed problems (Hadamard):
existance, uniqueness and stability

» Need for prior information
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General formulation of inverse problems

Im(|

< H*g,f >=<g,Af >Vfe F,Vge G
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Analytical methods (mathematical physics)

/-\
N
Il
/-\
K2
=
~
-
~—
=
N
o
=
+
()
o)
L
N
-
Il
—
3

w(s, r) minimizing a criterion:

Qwis.r) = [ - HFOI), = [ | - pew1)] o

-

2
ds

&(s) — / h(s, r) F(r) dr

_ //h(s, r)w(s,r)g(s) ds dr 2

Trivial solution:  h(s,r)w(s,r) = d(r)d(s)

ds
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Analytical methods

» Trivial solution:
w(s,r) = h™i(s,r)

Example: Fourier Transform:
g(s) = / f(r) exp{—js.r} dr
h(s,r) = exp{—js.r} — w(s,r) = exp {+/s.r}

fr) = /g(s) exp {+/js.r} ds

» Known classical solutions for specific expressions of h(s,r):

» 1D cases: 1D Fourier, Hilbert, Weil, Melin, ...
» 2D cases: 2D Fourier, Radon, ...
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X ray Tomography

g(r,¢) = //

1! & ’

A. Mohammad-Djafari, Advanced Signal and Image Processing Huazhong & Wuhan Universities, September 2012,

100 £
-150) [‘j\”\ ( )
TR o w0 W im0

g(r,¢)=—In (é) = /L,,¢ f(x,y) dl

f(x,y)d(r —xcos¢ — ysing) dx dy
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Analytical Inversion methods
A
y

S'\ /

(6% %

Radon:
glr,9) = //f(x,y)é(r—xcosqb—ysingb)dxdy

- +oo g(r, o)
fix,y) = ( 27r2)// r—xcosqzb ysin¢) drdo
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Filtered Backprojection method

+oo 0
Eg(ra(b)
f(x,y) = ( 27r2>/ / (r — xcos ¢ — ysin ) drdo

og(r.¢)

or
Hilbert Transform® : gl(f/mf)) = l/ (Er(n Qrf)/)) dr
™ 0 -

1 s
Backprojection B : f(x,y) = o / gi(r' = xcos ¢ + ysing, ¢) do
0

Derivation D :  g(r,¢) =

f(x,y)=BHDg(r,¢) =B F Q| Fig(r.d)

e Backprojection of filtered projections:

-~

g(rg)| FT Filter IFT |a(r.¢)| Backprojection |f(xy)
5 — —| | =3
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Limitations : Limited angle or noisy data

0 o E \

0 0 20 0 2 4 s -0 40 2 0 20 4 6 -0 40 2

64 proj. 16 proj. 8 proj. [0,7/2]

W 0 20 0 2 )

Original

» Limited angle or noisy data
» Accounting for detector size

» Other measurement geometries: fan beam, ...
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Limitations : Limited angle or noisy data

Original Data Backprojection Filtered Backprojectiol
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Parametric methods

f(r) is described in a parametric form with a very few number
of parameters 6 and one searches @ which minimizes a
criterion such as:

» Least Squares (LS): QRO) =g — [H(O):
» Robust criteria : QO)=>;0(lgi—[H(O)])
with different functions ¢ (L1, Hubert, ...).
» Likelihood : L(0) = —Inp(gl|0)
» Penalized likelihood : L(0) = —Inp(g|0) + A\Q(O)
Examples:

>

>

Spectrometry: f(t) modelled as a sum og gaussians

F(t) = Sy aN (i, vi) 0 = {ak. e, vie

Tomography in CND: f(x, y) is modelled as a superposition of
circular or elleiptical discs 0 = {ay, ik, rx}
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Non parametric methods
g(Si)Z/h(s;,r)f(r) dr—|—e(s,~)7 i=1---,M

» f(r) is assumed to be well approximated by

j=1

with {b;(r)} a basis or any other set of known functions

s)—g,zz / si,r)bj(r)dr, i=1,--- M

g = Hf + € with Hj = /h(s;,r) bj(r) dr

> H is huge dimensional
> LS solution :  f =arg ming { Q(f)} with

Q(f) =3; lgi — [Hf]i|* = ||lg — HF|]?
does not give satisfactory result.
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Algebraic methods: Discretization

Hij
S Ay
| ;
7 N
) /\/* .
0 > fn
X
\<‘ 4 D Z fj bj (x,¥)
1 if (x,y) € |
A y) { ' Ielsex ,y) € pixel j
N
g(ro) = [ flxna —S Hyif e
j=1

g=Hf +¢€
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Inversion: Deterministic methods
Data matching

» Observation model
g;:h;(f)+6;, iZl,...,M—>g:H(f)—|—€
» Misatch between data and output of the model A(g, H(f))

f= arg mfin {A(g, H(f))}

» Examples:
LS AgH(R) = llg = HOI* = > _lei — hi(H)P

- L, Ag,H(f) = Hg—H(f)HPZZ\g;—hi(f)lp7 1<p<2

-KL  A(g, H(f) = Zg; In h,-g(if)

> In general, does not give satisfactory results for inverse
problems.
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Regularization theory

Inverse problems = Il posed problems
—  Need for prior information
Functional space (Tikhonov):

g =H(f) +e— J(f) = lg — H(F)I3 + NIDF||3

Finite dimensional space (Philips & Towmey): g = H(f) + €
e Minimum norme LS (MNLS):  J(f) = ||g — H(f)||?> + A||f]|?
e Classical regularization: J(f) = ||lg — H(F)||? + \||Df||?
e More general regularization:
J(f) = Q(g — H(f)) + AQ(Df)

J(F) = g (g, H(F)) + ADo(F, Fao)

or

Limitations:
e Errors are considered implicitly white and Gaussian

e Limited prior information on the solution

e Lack of tools for the determination of the hyperparameters

A. Mohammad-Djafari, Advanced Signal and Image Processing Huazhong & Wuhan Universities, September 2012,

181/344



Inversion: Probabilistic methods

Taking account of errors and uncertainties —> Probability theory

» Maximum Likelihood (ML)

» Minimum Inaccuracy (M)
» Probability Distribution Matching (PDM)
» Maximum Entropy (ME) and Information Theory (IT)
» Bayesian Inference (BAYES)
Advantages:

» Explicit account of the errors and noise
» A large class of priors via explicit or implicit modeling

» A coherent approach to combine information content of the
data and priors

Limitations:

» Practical implementation and cost of calculation
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Bayesian estimation approach

M: g=Hf+e
» Observation model M + Hypothesis on the noise € —
p(glf; M) = pe(g — Hf)

» A priori information p(f|M)

. ) = PLelfi M) p(fM)
» Bayes : p(flg; M) = (gl M)

Link with regularization :

Maximum A Posteriori (MAP) :

f = arg max {p(flg)} = arg max {p(gf) ()}
= argmin {=Inp(g|f) —Inp(f)}

with  Q(g,Hf) = —Inp(glf) and AQ(f) = —Inp(f)
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Case of linear models and Gaussian priors

g=Hf +e

Hypothesis on the noise: € ~ N(0,021) —
plelf) o< exp { — L lg — HF|}
Hypothesis on f : f ~ N/(0,0%(D'D)" ) —
p(f) ox exp { — 54| DFII?}
A posteriori:
p(flg) o exp { —5kzllg — HF|12 — £ DF|2 |
» MAP: f=arg maxg {p(f|g)} = arg ming {J(f)}
with J(f) = ||g — Hf||> + )\||Df||?, A=

Advantage : characterization of the solution

v

v

v

NS

[

N

v

flg ~ NV(f,P) with f=PH'g, P=(HH+A\D'D)""
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MAP estimation with other priors:

?:argmfin{J(f)} with J(F) = ||lg — HF||2 + \Q(F)

Separable priors:
» Gaussian:  p(f;) o exp {—a|fj|?} — Q(F) = ay; |fi[?
> Gamma: p(fj) o< £ exp {—pBf;} — Q(f) = a ) ;Inf; + Bf;
> Beta:
p(F) x £4(1— £)F — Q(f) = a X, Inf + B, In(1 — £)
» Generalized Gaussian:
p(fi) cxexp{—alfilP}, 1<p<2-— Qf)=ad [,

Markovian models:

pfilf) ccexp —a Y o(fi.f) p — Q) =a) > o(ff),

ieN; JieN;
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MAP estimation with markovien priors:

f=arg min {J(O)}  with  J(F) = ||g — HFf||2 + AQ(F)
Q(f) = Z¢(G —fi1)

with ¢(t) :
Convex functions:
T2 t2 lt|<T
(0% 2 _ —
[t|*, V14 t2 —1, log(cosh(t)), { AT = T2 |t|> T
or Non convex functions:

2

14 t2

2 <
log(1 + t2), . arctan(t?), { vosT

T2 |t|>T
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Main advantages of the Bayesian approach

» MAP = Regularization

» Posterior mean 7 Marginal MAP 7

» More information in the posterior law than only its mode or
its mean

» Meaning and tools for estimating hyper parameters

» Meaning and tools for model selection

» More specific and specialized priors, particularly through the
hidden variables

» More computational tools:

» Expectation-Maximization for computing the maximum
likelihood parameters

» MCMC for posterior exploration

» Variational Bayes for analytical computation of the posterior
marginals
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. Introduction: Signals and Images, Linear transformations

(Convolution, Fourier, Laplace, Hilbert, Radon, ...,
Discrete convolution, Z transform, DFT, FFT, ...)

. Modeling: parametric and non-parametric, MA, AR and

ARMA models, Linear prediction

Deconvolution and Parameter Estimation: Deterministic (LS,
Regularization) and Probabilistic methods (Wiener Filtering)

Inverse problems, Regularization and Bayesian estimation
Kalman Filtering

Case study: Signal deconvolution

Case study: Image restoration

Case study: Image reconstruction and Computed Tomography
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5. Kalman Filtering and smoothing

» Dynamical systems and state space modeling
» State space modeling examples

» Electrical circuit example
» Radar tracking of object

» Kalman filtering basics

» Kalman Filtering as recursive Bayesian estimation

» Kalman Filtering extensions: Adaptive signal processing
» Kalman Filtering extensions: Fast Kalman filtering

» Kalman Filtering for signal deconvolution
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State space model: Continuous case

Dynamic systems:

» Single Input Single Output (SISO) system:

x(t) = Ax(t)+ Bu(t) State equation
y(t) = Cx(t)+ Dv(t) Observation equation

» Multiple Input Multiple Output (MIMO) system:

x(t) = Ax(t)+ Bu(t) State equation
y(t) =Cx(t)+ Dv(t) Observation equation

A, B, C and D are the matrices of the system.
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State space modeling

> A SISO system
> A simple electric system

u(t) x(t) 1 C] T y(t)

» State space model

u(t) = Ri(t) + ve(t) = RCv(t) + vc(t) = RC x(t) + x(t)

» RC =1:

x(t)= —x(t) — u(t) pX(p) +X( ) = U(p) = X(p) = 537 U(p)
{y(t): x(t) L= {y(t) Cethu(t) = h(t) ku(t)
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State space modeling
» A more complex electric system example
u(t) T x(t) €] x(t) t[C] T y(t)

» State space model

u(t) = RCXz(t) + Xz(t), Xz(t) = RC)'q(t) + Xl(t)

» RC=1:
IR RHE
y(1) :[é]xl(t)
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Input-Output model

» Linear Systems
» Single Input Single Output (SISO) systems

y(t) = / ht, ) u(r) dr
» Multi Input Multi Output (MIMO) systems
y(#) :/H(t,T)u(T) dr

» Linear Time Invariant System
» SISO Convolution

y(£) = h(t) % u(t) = /h(t—r) u(r) dr
» MIMO Convolution
y(t) :/H(t—T)u(T) dr

» Impulse response h(t) or H(t) = | . hj(t)
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Link between the two modeling

x(t) = Ax(t)+ Bu(t) State equation
y(t) = Cx(t)+ Dv(t) Observation equation

» x(t) = Ax(t)

» x(t+ At) ~ x(t) + At Ax(t) = (1 + At A)x(t)

» x(t+ nAt) ~ (1 + At A)" x(t)

> limago(l + At A)/AE = exp {tA}

» x(t) = Ax(t) with x(0) =0 — x(t) = exp {tA}

A. Mohammad-Djafari, Advanced Signal and Image Processing Huazhong & Wuhan Universities, September 2012, 194/344



State space and input-Output modeling

Transmission of a AR1 signal through a perturbed channel )
v(t

u(t) — —x(t)  x(t)—{ h(t) 2(t)
x(t) = ax(t — 1) + u(t) 2(t) = hex(t — k) + v(t)
k

» A FIR channel
h= [ho, hy,--- ,hp—l], — z(n) = Ei:o th(n - k) + v(n)

Xp+1 = aXp+ Up
p—1 Xp+1 = Fx,+ Gu,
—7 —
Zn = Zhnxn—k+vn Zn = Hx,+v,
k=0
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State space and input-Output modeling
» A FIR channel z(n) = Y7 _; hix(n — k) 4 v(n)

Xp = [Xna Xn—1,""" 7Xn—p+1]/

/
Xpt+1 = b%+1’xh"“axh—p+2]
[ Xn+1 1 a 0 0 Xn
X 1 0 ... ... 0 Xn—1
n X 5
n—
Xp—1 1 0 ... 0 .
Xn—p+1
Xn—p+1 - 1 0
i L 4 [ Xn—p+2]

— ... ,
ﬁ_[[l,O, ,0] — zy=Hx, + v,

h07h17 o 7hn70],
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State space and input-Output modeling

» A FIR channel z(n) = -7 _; hix(n — k) + v(n)

Xnr1 = Fx,+ Guy E 0 O-
{ Zn = Hx,+v, 1 0 . ... 0
01 0 ... 0
Xp = [Xn,Xn—l, te 7Xn—p+1]/ F=
Xpt+1 = [Xn-i—lu Xpy e aXn—p+2],
G=[1,0,---,0]
H = [ho, h1, -, hn]’ : o 1 0

» A perfect but noisy channel h(t) = hyd(t) — p=1

Xptl = aXp+ Up
Zn = hO Xn + Vn
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State space modeling: Examples

Xpyl = aXp+ Up
Zn = hx,+ v,
up ~ N(0,q)
ve ~ N(0,r)
Xo ~ /\/'(mo,Po)

» Try to obtain X, |, as a function of X, recursively

3<\n—|—1|n = a/)?n|n
Xn|n = Xplp-1t kn (Zn - th\n—l)
K o pn\n—lh . 1 Pnin—1
! thn\n—l +r h Pn|n-1 + r/h2
Pnt+iln = a Pn|n +4q
1 Pn|n—1

pn\n = T 7r
h 2 Pnjn—1+1
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State space modeling of the systems

» Time Varying systems:

Xp+1 = fp(xn,u,) state equation
z, = hp(xn,v,) observation equation

» Time Variying but Linear system

Xn_l,_]_ = Fn xn + Gn un
Z, = H,x,+v,

» Time Invariant and Linear system

Xpt1 = Fx,+ Gu,
Z, = Hx,+v,
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State space modeling examples

» One-dimensional motion
Track-While-Scan (TWS) Radar

X; = %’? L X=X TV,
At 8_ Vn_;’_]_ ~ Vn + TAn

ot LI el 4

= un:An
—X+v zn =Xy + vj
Xp+1 = Fxp,+Gu, . | T 10 _
{Z,, ~Hx, v, N F_[o /6= |7[-H=1 0

fn(xn,up) = Fx, + Gu,
hn(xnyvn) =Hx, +v,
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State space modeling examples

» 1D motion of heavy targets
Track-While-Scan (TWS) Radar with dependent
acceleration sequences

> heavy target:
An+1:pAn+Wn7 n=0,1,...

> p near to O: low inertia target

> p near to 1: high inertia target.

Xn1 1 T 0] [X, 0
Vaer| = [0 1 T |V, + |0 W,
Ani1 00 p| A 1
Xn
Z, = [1 0 0] |Va| +en
An
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Kalman Filtering: Recursive Linear Filtering

) [TnerSyem] - 2(0)

non observable observable

» Objective: Estimate x(n) from the observed values of
{z(n),n=1,... k}.
» X(n) is then a function of the data {z(n),n=1,... k}

A
x(n|z(1),2(2),...,z(k)) =x(n| k)

» X(n+ k|n) is called the k-th order prediction of z(n) and the
estimation procedure is called prediction.

» X(n|n) is the filtered value of z(n) and the estimation
procedure is called filtering.

» X(n|n+ 1) is the smoothed value of z(n) and the estimation
procedure is called smoothing.
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State space modeling: General case

Xk+1 = Fixk + Gyu, state equation,
Zy = Hy xx + vi observation equation

xx  N-dimensional state vector

z,  P-dimensional observations vector

v, P-dimensional observations error vector

ux  M-dimensional state representation error

F«, Gx and Hy with respective dimensions of (N, N), (N, M)
and (P, N) are the state transition, the state input and the
observation matrices and are assumed to be known.

» The noise sequences {u,} and {v,} and the initial state xo
are assumed to be centered, white and jointly Gaussian.

vV V. v v Y

Vi Rk 0 0
E X0 [vf,xg, u,t] =0 Py 0| oy
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Kalman Filtering: Prediction, Filtering and Smoothing
Objective: Find the best estimate ?k“ of x, from the observations
Z1,Zp,...,Z).

—~ A/\
Xk(z1,22,...,21) =X(k | /)

» If k> 1 prediction. For example /| = n, k =n+1:

Xn+1(21,22,...,20) =X(n+ 1| n)

» If k=1 filtering. For example | = n, k = n:

Xn(z1,22,...,2,) =X(n|n)

» If k< smoothing. For example = n+ 1,k = n:

Xn(z1,22,...,2Zpp1) =X(n|n+1)
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Kalman Filtering: 3 Interpretations

Three different approaches can be used to obtain the Kalman
filtering equations:

» Least Mean Square (LMS) estimation:

A
Xyl = LMS(xk |z1,...,2/)
which minimizes
E {[xk — Xupu]" Wi [xi — X1l }
» Maximum A posteriori (MAP) estimate:
Xy|j = arg m)?x{p(xk |z1,...,2/)}
» Bayesian MSE estimate:

X = E{xk [z1,...,24}
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Kalman Filtering: Bayesian approach

The main procedure is to apply the Bayes rule recursively to find
the expression of the posterior law p(xx |z1,. .., 2)).
1. All variables are assumed Gaussian
2. All the conditional laws such as p(zx1|xk+1) and
p(zk+1|z1:x) are Gaussian. So, the posterior law
P(Zkt1/Xk+1)

P{Xk+11Z1:k+1) = P\Xk+11|Z1:k
( + | + ) ( + | ) P(Zk+1|21:k)

is also Gaussian.
To obtain the equations in the general case we note

> §k|k the estimate of the state vector at time k from the
observations up to time k ;

> Xj41)k the estimate of the state vector at time k 4 1 from the
observations up to the instant k ;

> epi1 = Zkt1 — Hkqa /)Zk-i-l\k the innovation process of the
observations at the instant kK + 1

A. Mohammad-Djafari, Advanced Signal and Image Processing Huazhong & Wuhan Universities, September 2012, 206/344



Kalman Filtering: Bayesian approach

» The covariance matrix of the innovation by

e _ t
k+1=E {ek-i-l\k ek+1|k}

which is diagonal;

» The covariance matrix of the prediction error by

Pk =E { [Xha1 = Xper1jie] [Xie1 — X1k t} ;

» The posterior covariance matrix of the estimation error by

Piiikr1 =E { [Xht1 = Xiep1jhs1] [Xht1 — Xe1jks1) t}

which is also called the covariance matrix of the filtering error.
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Kalman Filtering: Bayesian

E{x«|z1:«}

COV[Xk|Z]_:k]

E {xk+1]z1:}

cov[Xki1|z1:4]

E{zkalxi1t =
cov[zki1[xkt1]

E{xkt1lzik} =
cov[xei1lzik] =

E{zit1lzre} =
cov[zpqilzik] =

A. Mohammad-Djafari, Advanced Signal and Image Processing Huazhong & Wuhan Universities, September 2012,

approach

A
= Xk
A
= Py
A o~
= Xk41lk
A
= Prik
Hir1 Xk+1
Rit1
Fr Xk

Fy P«F} + G, Qx G},

Hir1 FroXpx
t
Hit1 PryacHigr + R

208/344



Kalman Filtering: Bayesian approach

Replacing the expressions of p(zxi1|xx+1) and p(zx+1]z1:4):

1 "N _ .
P(Xk+1]Z1:k41) = Aexp {_E[xk“ ~ Xic 1k Py s Xk — Xk+1k]}

with 12
1/2 —-1/2 -

A= W{‘Hkﬂ Pir1jk Hipr + Ri |77 Rk | / |Pk+1\k‘}

Xip1k = FuXpr +Proaje Higq .
[Rict1 +Hia Prgape Hia] ™ [Zoen — Hicn Fre Xy |

Pivik = FiPuiFi+ Gk Qi G
-1 _ p-1 t p-1

Pk+1\k+1 - Pk-i-l\k + Hk+1Rk+1 Hiir
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Kalman Filtering: Different forms of equation

» Prediction-Correction form :

» Prediction (Time update) :

Xevilk =  FrXek
Piiik = FuPyFi+Gi Qi G

» Correction (measurement update) :

- L g -
Xirilkt1 = Xiprjk + KE (2o — Hirr X i

g _ t e —1

K1<+1 - Pk+1|k Hk+1(Rk+1)
e t
ki1 = Ripi +He 1 Prgape Hy
f

Piiirr = [1 = KipaHira]Pryaji
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Kalman Filtering: Different forms of equation

» Compact form for prediction :

Xisik = FrXpgpo1 + Ke(RE) ™z — Hi Xige1]
Ri = Ri+HPy_1H
Ki = FiPyu_1Hj

Ptk = FiPup 1 Fi 4+ GrQx Gf — Ki(RY) ! K}

» In all cases the initialization is :

Xo-1 =0 Pg_1 =Py
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Kalman Filtering: Different forms of equation

» Compact form for filtering :

Xk = Xik—1 + KE[zk — Hi Xppie—1]

K& = Pyy_1 HE[Rk + Hi Py Hi]
Prik—1 — KEHKP k1
Pisik = FiPrFr+ Gk Qi G

o
x
ES

Il

» Very compact form for prediction :

Xirik = FiXigeo1 + KE [z — Hi X1l
KE = Pyp_1 HLRk + HePypog Hi ™!
Perik = FuPrpe—1 Fi — FkKEH P 1Fj + Gk Qi G,

where K is called the Kalman filter gain and K& = K, (R$)™!
the generalized Kalman filter gain.
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Kalman Filtering equations: 1D case
An ARL1 signal is observed through a perturbed chanel:

u, ~ N(0
Xn+1 = f xn+ up " ( )
V4 = hX + v Yn ™~ N( )
! ne X0 ~ N(mo,Po)
3<\n—i-1|n = f?n|
Xn|n = ‘ 1+k ( th|n_1) .
— 1 _ pl"\ﬂ—l 1 pn\n—l
kn - (h Pnin—1 + f) pn\n—lh = WPy tr h Pain_1+r/H2
Potin = f° Pojn + 4
_ 1 n|n—1
pn‘n - h hLz Pnln—14+1
We can eliminate the coupling between these equations and obtain
p f2 Pn|n—1 q
n+1ln = 27
Pn|n—1 +1

I’

As n increases, p,y1), and so the gain k, approaches a constant.
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Kalman Filtering equations: 1D case
If ppi1)n does approach a constant, say pe, then po, must satisfy

f? poc
B poo+1

This equation is quadratic and has a unique positive solution

poo=1{[L(1—f2)—q}2+@}1/2—L(1—f2)+q

Poo = +q

2 | Lm? h? 2h?
2 pn|n—1 Poo
|P +1ln — poo‘ = f -
i h_:pn\n—l"i']- h_r2p<>0+]-
< f? |pn|n—1 - poo‘

|p"+1|n - poo‘ < f2(n+1) |p0 — poo|

< f? L

» If [f| <1 then p, 1), converges to pu. ‘pn\n 1 ,Doo|
» |f| < 1is a sufficient condition for Kalman-Bucy filter to

approach a steady state.
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Kalman Filtering: Applications

Track-While-Scan (TWS) Radar

vl - b
Z, = [1 0] [§]+e

» For a more general case in 3D we have a state vector with 6
components (3 positions and 3 velocities).

» But, if we assume that the measurement noise in 3 dimensions
are independent of one another and independent to the
components of the acceleration, the problem can be treated
as 3 independent one-dimensional moving target.
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Kalman Filtering: Applications

Track-While-Scan (TWS) Radar

~ -~

)/{n+1|n _ Xn\n j: 7_/\7n\n
Vn+1|n_ L Vn\n
)?n|n- _;(n\n—l |:Kn 1:| |: v :|
Zoln| |2 Hlz, X,
Vn|n Vn\n—l " K"72 -1
- T P(1,1
|:Kn,1 _ P(li,l)—;—r
= P21
K2l et

where P(k, /) is the (k — I)th component of the matrix Pp,_;.

To reduce the computation, the time varying elements of the
Kalman gain vector can be replaced with some constants (the
steady states values) to obtain

~

)/Sn\n
Vn\n

~

)jn\n—l
Vn\n—l

SER .

with constatnt values for o and S.
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Kalman Filtering: Applications

Track-While-Scan (TWS) Radar with dependent acceleration
sequences

> heavy target:
An+1:PAn+Wna n:0717"'

> p near to O: low inertia target and p near to 1: high inertia

target.
X1 1 7 0][X] [o
Vol = [0 1 7] |V.| + |o]| w,
An+]_ 0 0 P An 1
Xhn
Zy = [1 0 0]|Va| +en
An
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Kalman Filtering: Applications
» Track-While-Scan (TWS) Radar

)En-l-l\n )En\n + T:\\}n\n
Yn-l—l\n = Vn\n "1:\ 7_An\n
An+1\n_ L pAn|n
;Sn\n gn\n—l Kn,l N
/\\/n\n = /\\/n\n—l + Kn,2 |:Zn - Xn\n—l]
_An\n_ _An\n—l K”’3
[Kn 1] r P(1,1)
Knz| = | pan) rGy ]
| Kn3 ] LP(1,1)+r P(1,1)+r

where P(k, ) is the (k — I)th component of the matrix Ppj,_;.

» To reduce the computation:

Xn\n Xn\n—l «
Vn\n Vn\n—l + /B/T2 |:Zn - Xn\n—l}
Aninl | Agin- v/ T
A. Mohammad-Djafari, Advanc (57 on. andnlmage ocessing Huazhong & Wuhan Universities, September 2012,
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Kalman Filtering: Fast Kalman Algorithms

Xk+1|k
e

Ry

K«

Prriik

0Py

F-
= [F-

= FXgu1 + Ki(RE) ™ [z — HXgpi1]
— R + HPk‘k—l Ht

= FPy_1 H

= FPy_1 F'+ GQG' — K, (R}) 'K}

oP Prk—1 — Progk—2
SKE — KE_KE_
6R; = Ri—Ri,

KE_ H][0Px — 6P, H'(RS) ' HP][F — K&_,H]*
KEH][6P + 0P H(R;_;) " HP][F — K&H]*
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Kalman Filtering: Fast Kalman Algorithms

» If 6P, can be factorized as:

OPyi1
Zy
M

e
k—1
Kki1

Prik—1

5P1 = ZoMoZé, — 5Pk+1 = Zy Mk Zf(

2, Mz},

[F — K&H]z,_;

M1+ My 1z HY(R ;)" Hzj 1 My
R; + Hz, My z; H*

Kfﬂ i1 = Kk + Fzg My zjH®

k—1
Py + Z ZJ'M_,'ZJF
j=0

which are called Chandrasekhar equations.
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Kalman Filtering: Fast Kalman Algorithms

v

Note that if @ = rang {0P1} where
6P1 = FPoF' + GQG' — Ko(R$) 'K§ — Py

then z, has dimensions (N, ), My has dimensions (a, «).
» So, in place of updating Py with dimensions (N, N) we only
have to update the matrixes z, and M, with dimensions
(N,a) and (o, @).
> Note also that My is the signature matrix of §P; and the

value of o depends on the choice of the initial covariance
matrix Pg.

» It is not unusual to have a = 1 which greately reduces the
computation cost.
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Kalman Filter equations for signal deconvolution

[ay

p—

2(k) =Y h(i)x(k — i)+ €(k)

z(1) hp-1y -+ h(o) x(—p) e(1)
Z(k) = 0 h(pfl) h(O) 0 X(O) + G(k)
2(M) 0 0 hpa hoy| Lx(M) | |e(m)

» Constant state vector model
t
<y X—1, X0, X1y - -+ 7XI1]

Xkt1 = Xk =X=[X_p,..
Zk = hZ-Xk-i-Vk
he=1[0 0 0 hyet ... hg 0O 0]

where coefficient hg is in the k-th position.
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Kalman Filter equations for signal deconvolution

» Constant state vector model 0o ... 0 0]
o = 0 1 0 0 0
F = Gy=I1 withD=|0 1 O
hi,, — Dh : .

0 .10
E{x} =xo E {[x — xo][x — x0]*} = Po
E{w}=0 E{vikvj} = roy
Xk = Kket + Ki(rf) " v — - Xt
re = r+hiPg_1hg
Ki = Pyu_1hy
Pk = Pror — Ki(rf) T K

> yk and rg are scalar.
» x is a N-dimensional.
» The covariance matrix P has the dimensions (N x N).
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Kalman Filter equations for signal deconvolution

» Non constant state space model

h=Tlho,...,hp1]", Xk = [Xi, Xk—1,- - -, Xk—pt1]"

z(k) = h'x, +€(k), dimension of x, =p < N
q

x(n+1)=> a(i)x(n—i+1)+u(n+1)

i=1

E{us} =0, E{|un*} =5% E{umus}=0, m#n

. _al a ... ... aq_ _ - - -
x(n+1) 1 0 ... ... 0 x(n) 1
x(n) 0 1 0 ... of] x(n=1) 0
: =|: +1: u(n+1)
| x(n—q+2)] 1 0 | x(n—q+1)] |[0]

XK1 = FXk+GUk+1

k
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Kalman Filter equations for signal deconvolution

» Non constant state space model

Xkr1 = Fxg + Gugyg
Yk = h'-x, + e
-31 d ... ... aq-
1 0 ... ... 0 1
0 1 0 ... O 0
F= , G=].
0
- 1 0 -
» Advantages: F, G and H are constant and we can use fast
algorithms.
» Drawbacks: Determination of g and a,, k=1,...,q.
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Kalman Filter equations for signal deconvolution

» If the input signal is also assumed to be causal, we obtain :

[g(0)]  [h(0) [ £(0) ]
g(1) (1) F(1)
— | h(p) h(0)
0
ey o 0 hp) - KO [F(M)]
and finally if p = M we have :
g0 [h0O) £(0)
g(1) | | h(1) ) F(1)
gMy|  amy o h) Ko |Fm)

Remark that, in all cases matrix H is TOEPLITZ.
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Kalman Filter equations for signal deconvolution

» Circulante form when system and input signal are both causal.

rg0)1 [hO) O - 0 h(p) -+ h(1)] 1 £(0)7
(1) (1) o)
' : hp)| |
h(p) --- h(0) 0 0
g(M) 0 0 h(p) h(0) 0 f(M)
0 0
: 0 -
Lol o .. o0 h(p) - ho)] L 0 ]

» f and g have been completed artificially by some zeros.
This operation is called zero-filling
» The main advantage to do so is that the matrix H is now a
circulant matrix.
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Kalman Filter equations for signal deconvolution

Zy
Xk+1
Xk+1|k
Pri1ik
Xk+1]k+1
f‘
K1
e
k+1

Prr1jktt

A. Mohammad-Djafari, Advanced Signal and Image Processing Huazhong & Wuhan Universities, September 2012,

= Hy xx + vi observation equation
= Fi xx + Gy u, state equation

F i Xi i

Fi Pik Fi + G Qi G

Xir1k + Khpalzisr — Hiern i1 il
P Hip1 (RE 1) ™!

Rit1 + Hig1 Proape Hi g g

[l — Ki 1 Hir1]Priape
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6. Case study: Signal deconvolution

» Convolution, ldentification and Deconvolution

» Forward and Inverse problems: Well-posedness and
Ill-posedness

» Naive methods of Deconvolution

» Classical methods: Wiener filtering

» Bayesian approach to deconvolution

» Simple and Blind Deconvolution

» Deterministic and probabilistic methods

» Joint source and canal estimation
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Convolution: Discretization

f(t)— h(t) g(t)

g(t) =/f(t’) h(t —t') dt’ + €(t) :/h(t’) f(t —t') dt’ +e(t)

» The signals f(t), g(t), h(t) are discretized with the same
sampling period AT =1,
» The impulse response is finite (FIR) : h(t) = 0, for t such that

t < —qAT or Vt > pAT.
P

g(m)=Y_ h(k)f(m—k)+e(m), m=0,---, M
k=—q
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Convolution: Discretized matrix vector forms

f(—=p)
_ggfl)g— rh(p) -+  h(0) -+  h(—q) 0 0 17 F(EO)
' 0 £(1)
_ hp) h(0) h(—q)
(o)
0 F(M+1)
cm) Lo ) (o) el |
Lf(M + q)
g=Hf +e
» g is a (M + 1)-dimensional vector,
» f has dimension M+ p+ g + 1,
» h=[h(p),---,h(0),---,h(—q)] has dimension (p+ g + 1)

» H has dimensions (M +1) x (M +p+q+1).
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Convolution: Discretized matrix vector form

» If system is causal (g = 0) we obtain

[F(=P)]
[g(0)] [h(p) h(0) 0 07 -
g(1) 0 £(0)
: f(1)
- h(p) -+ h(O) '
: : 0
_g(M)_ 0 -~ - 0 h(p) --- h0)] :
| f(M)
» g is a (M + 1)-dimensional vector,
» f has dimension M + p+1,
» h=[h(p), -, h(0)] has dimension (p + 1)

v

H has dimensions (M + 1) x (M + p+1).
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Convolution: Causal systems and causal input

g(0) [ h(0) £(0)
g(1) h(1) . f(1)
= ) - M)
-
ey |0 0 hp) - KO [F(M))

v

g is a (M + 1)-dimensional vector,

f has dimension M + 1,

h = [h(p),--- , h(0)] has dimension (p + 1)
H has dimensions (M + 1) x (M +1).

v

v

v
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Convolution, Identification, Simple Deconvolution and
Blind deconvolution problems

g(t) Z/f(t/) h(t —t') dt’ + €(t) :/h(t’) f(t —t') dt’ +e(t)

€(t) €(t)
f(ty= h(t) —~D—g(t) f(ty= h(t) —~D—se(t)
TR T T s
g=H f+e g=F h+e

g=Hf+e=Fh+e¢

Convolution: Given h and f compute g
Identification: Given f and g estimate h
Simple Deconvolution: Given h and g estimate f

vV vV v VY

Blind Deconvolution: Given g estimate h and f

A. Mohammad-Djafari, Advanced Signal and Image Processing Huazhong & Wuhan Universities, September 2012,

235 /344



Convolution: Discretization for Identification

Causal systems and causal input

[ g(M)]

0
f(0)
f(0) £(1)
£(1)
g=Fh+e

» g is a (M + 1)-dimensional vector,
» F has dimension (M +1) x (p+ 1),
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Identification and Deconvolution

Deconvolution Identification
g=Hf+e g=Fh+e
J(F) = lg — Hf||> + A¢[| D2 J(h) = |lg — Fh[]> + X[ Dsh|?

(f J(h
VJ(F) = —2H'(g — HF) + 2A¢D}D¢f | VJ(h) = —2F'(g — Fh) + 2A,D}Dsh
h

f= [HH—l—)\fD/Df] H'g :[F’F+)\hD D, 'Fg
f(

W) = @ P D@r &) (@) = Formamer @)
Z(w) — H*(w) Zlw) — F*(w)

p(glf) = N(Hf, Z) p(glh) = N(Fh, X,)
_ p(flg) = N (F, Z) p(hlg) = N'(h, X))
;= [HH+ \D;Df] ! zh = [F'F + \;,D},Dp] 71
f = [H/H + )\fD;ch]_lH/g h = [F’F + )\hD Dh] lF/
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Blind Deconvolution: Regularization

Identification
g=Fh+e¢

Deconvolution
g=Hf+e€

J(f) = llg — HF|> + Ar|[Df? | J(h) = [|g — Fh|[? + A4 Dsh]|?

» Joint Criterion
J(f,h) = |lg — HF||® + A¢||D£F||* + Ap[|Dph]?

> iterative algorithm

Deconvolution Identification
V¢J(F,h) = —2H (g — Hf) + 2A/D;Df | V,J(f,h) = —2F (g — Fh) + 2\,D}Dsh
f = [H'H + \/D;Ds]"'H'g h = [F'F+ \,D},Ds]"'F'g

s\ IH(w)? _ F(w)?
f(w) = moy s oer W) | (@) = moyrereoer §W)
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Blind Deconvolution: Bayesian approach

Deconvolution Identification
g=Hf+e g=Fh+e
p(g‘f) :N(Hfaze) p(g|h) :N(Fhaze)
p(f) = N(O/’\Z/f) p(h) = ./\/’(OLZ/;\,)
Zf = [H,H + )\fD;ch]_l }:h = [F/F + /\hDZDh]_l
f=[HH+\D,Df] 'H'g | h = [FF 4+ \,D,D;] 'F'g

» Joint posterior law:
p(f.hlg)  p(g|f. h) p(F) p(hh)
p(f,hlg) oc exp {—J(F, h)}
with
J(F.h) = llg = HF[? + Ar[DF|[* + Ap|[ Dyh

> iterative algorithm
A. Mohammad-Djafari, Advanced Signal and Image Processing Huazhong & Wuhan Universities, September 2012, 239/344



Blind Deconvolution: Bayesian Joint MAP criterion

» Joint posterior law:
p(f, hlg) o« p(glf, h) p(f) p(hh)

p(f, hlg) oc exp {—J(f,h)}
with

J(f.h) = |lg — HF|[? + A¢[ID£F[|* + As||Dsh?

> iterative algorithm

Deconvolution Identification
p(glf,H) = N(Hf, X,) p(glh,F) = N(Fh,X.)

Ap(f‘gaH) :N(?aif) Ap(h‘g7 F) :N(ﬂafh)
= [H,H + )\fD;ch]_l 2, = [F/F + /\hDZDh]_l
f = [H'H + \fD;D¢]"'H'g | h = [F'FF + \;D,,D;] F'g
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Blind Deconvolution: Marginalization and EM algorithm

» Joint posterior law:
> I\/Iarglnallzatlonp(ﬁ hlg) o p(g|F, h) p(f) p(hh)
p(hlg) = [ p(r.hlg) of

h = argmax {p(hlg)} — T = argmax { p(flg, )|
» Expression of p(h|g) and its maximization are complexes
» Expectation-Maximization Algorithm

In p(f, h|g) < J(f,h) = |lg — HF||2 + \¢||Dff||? + Ap||Dph |2

> lterative algorithm
» Expectation: Compute

Q(ha hkil) = Ep(f,hkfl\g) {J(fa h)} = <In p(f7 h|g)>p(f7hk—1|g)

» Maximization:
h* = arg mﬁx{Q(h, h 1)}

A. Mohammad-Djafari, Advanced Signal and Image Processing Huazhong & Wuhan Universities, September 2012,
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Blind Deconvolution:
Variational Bayesian Approximation algorithm

» Joint posterior law:
p(f, hlg) o« p(glf, h) p(f) p(hh)

» Approximation: p(f, h|g) by q(f, h|g) = q1(f) g2(h)
» Criterion of approximation: Kullback-Leiler

KL(q\p)zfqlng Z/qlqz I L2
P P

KL(q1 g2|p) = /ql |nq1+/¢l2 Inqg—/qlnp
= —H(q) — H(q2) + (—Inp((f, hlg)),

» When the expression of g1 and g are obtained, use them.
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Variational Bayesian Approximation algorithm

» Kullback-Leibler criterion

KL(q1 g2lp) = /ql Inq1+/q2 Inq2—|—/q|np
= —H(q1) — H(q2) + (—Inp((f, hlg)),

> Free energy

F(q192) = — (In p((f, h|g)>q1<¥2

» Equivalence between optimization of KL(g; g2|p) and
F(q1 q2)
> Alternate optimization:

qa = arg ”;',iln {KL(q1 q2|p)} = arg ”;',iln {Flarq2)}
G2 = argmin {KL(q1 g2|p)} = arg min {F(q192)}
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Summary of Bayesian estimation for Deconvolution

» Simple Bayesian Model and Estimation for Deconvolution

o
p(fl02) | o|p(glf,01)—t p(flg,0) | —F
Prior Likelihood Posterior

» Full Bayesian Model and Hyperparameter Estimation for
Deconvolution

la,p
Hyper prior model p(0|c, 3
0> 01
— f
p(f|02) © p(g|f> 01) Hp(f>0|gvaaﬁ)_>b\
Prior Likelihood Joint Posterior
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Summary of Bayesian estimation for Identification

» Simple Bayesian Model and Estimation for Identification

o> jor
p(hl62) | ©|p(glh,01)— p(hlg,0) | h
Prior Likelihood Posterior

» Full Bayesian Model and Hyperparameter Estimation for
Identification

la,p
Hyper prior model p(0|c, 3
0> 01
— h
p(h|02) © p(g|h,01)ﬂp(h,9|g,a,,@)_>§
Prior Likelihood Joint Posterior
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Summary of Bayesian estimation for Blind Deconvolution

Known hyperparameters 6

193 192 191 N
— f
p(hl83) | o | p(fl02) | op(g|f,h,01)— p(f, hlg, ) - h
Prior on h Prior on f Likelihood Joint Posterior
Unknown hyperparameters 6
Lo, B,y
Hyper prior model p(0|c, 3,~)
03 0> 01 .
— /f;
p(h|83) | o | p(flO2) | op(gl|f,h,0:}— p(f,h,0]lg) +—h
— 60
Prior on h Prior on f Likelihood Joint Posterior
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7. Case study: Image restoration

» Image restoration

v

Classical methods: Wiener filtering in 2D

» Bayesian approach to deconvolution

v

Simple and Blind Deconvolution

v

Practical issues and computational costs
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Convolution in 2D: Discretization

f(x, y)—

h(x,y)

(x,¥)

g(x,y) = / f(xX',y") h(x = x") dx dy + €(x, y)

» Images f(x,y), g(x,y), h(x,y) are discretized with the same

sampling period Ax = Ay =1,

» The impulse response is finite (FIR) : h(x,y) = 0, for

|x — pAx| <0 and |y pAy| < 0.

I

k=—pl=—p

A. Mohammad-Djafari, Advanced Signal and Image Processing Huazhong & Wuhan Universities, September 2012,
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Convolution: Discretized matrix vector forms

ZZ (k,[)f(m—k,n— 1)+ €e(m,n)

k=—pl=—p

v

Matlab notation g=conv2(h,f);
g=Hf +e€

» g is a vector of dimension (M x M).
f is a vector of dimension (M +2p +1) x (M +2p +1).

H is a Toeplitz-Bloc-Toeplitz matrix of dimensions
(M x M) x((M+2p+1) x (M+2p+1)).

v

v
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Convolution, Identification, Simple Deconvolution and
Blind deconvolution problems

g(x,y) = / Aoy ) o) 6 = / hXsy') Fx—x'sy—y') dX’ dy

e(x,y e(x,y)
f(x,y}— h(x,y) (. y) | fOy)—1 h(x,y) (x,¥)
g=H f+e g=F h+e

g=Hf+e=Fh+e¢

Convolution: Given h and f compute g
Identification: Given f and g estimate h

Simple Deconvolution: Given h and g estimate f
Blind Deconvolution: Given g estimate h and f

vV v v Yy
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Identification and Deconvolution
Deconvolution Identification
g=Hf+e€ g=Fh+e
J(F) = ||g — HF[|> + X\¢[|D¢f |2 J(h) = |lg — Fh|> + X\4||Dph||?
VJ(f) = —2H/(g — Hf) 4+ 2)\;D}D¢f | VJ(h) = —2F'(g — Fh) 4+ 2)\,D,D,h
f = [H'H+ DD 'H'g h = [F'F + AxD}Ds] 'F'g
= o H*(u,v) = o F*(u,v)
Pl v) = e oenr 84 V) | 1Y) = e o 8(4: V)
f , — u,v , f , — u,v ,
)= gy €0V 1Y) = i g £ )

p(g|f) = N'(Hf, X.)
p(f) = N(Ov Zf)

 p(flg) = N(F,Z)
;= [HH+ \D;Df] !
f =[H'H+ \D}D¢] 'H'g

p(glh) = N(Fh,X.)
p(h) = N(Ov Zh)

_ p(hlg) = N(h,Z,)
3, = [FF+ X\,D},Dy] 7t
h =[F'F+ \,D},Dy] 'F'g

A. Mohammad-Djafari, Advanced Signal and Image Proceg
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Blind Deconvolution: Regularization

Deconvolution ‘ Identification
g=Hf+e g=Fh+e

J(f) = llg — HF|> + Ar|[Df? | J(h) = [|g — Fh|[? + A4 Dsh]|?

» Joint Criterion
J(f,h) = |lg — HF||® + A¢||D£F||* + Ap[|Dph]?

> iterative algorithm

Deconvolution Identification

VeJ(F,h) = —2H (g — Hf) + 2\;D}Dsf | V4J(F,h) = —2F (g — Fh) + 2\,D,Dyh
f= [H/H + )\fD;ch]_lH/g h = [F’F + )\hDZDh]_lF/g

~ H* u,v - _ F* u,v
(V) = mgerrarar 8 V) | 7(0v) = rammr st 86 V)
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Blind Deconvolution: Bayesian approach

Deconvolution Identification
g=Hf+e g=Fh+e
p(g‘f) :N(Hfaze) p(g|h) :N(Fhaze)
p(f) = N(O/’\Z/f) p(h) = ./\/’(OLZ/;\,)
Zf = [H,H + )\fD;ch]_l }:h = [F/F + /\hDZDh]_l
f=[HH+\D,Df] 'H'g | h = [FF 4+ \,D,D;] 'F'g

» Joint posterior law:
p(f.hlg)  p(g|f. h) p(F) p(hh)
p(f,hlg) oc exp {—J(F, h)}
with
J(F.h) = llg = HF[? + Ar[DF|[* + Ap|[ Dyh

> iterative algorithm
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Blind Deconvolution: Bayesian Joint MAP criterion

» Joint posterior law:
p(f, hlg) o« p(glf, h) p(f) p(hh)

p(f, hlg) oc exp {—J(f,h)}
with

J(f.h) = |lg — HF|[? + A¢[ID£F[|* + As||Dsh?

> iterative algorithm

Deconvolution Identification
p(glf,H) = N(Hf, X,) p(glh,F) = N(Fh,X.)

Ap(f‘gaH) :N(?aif) Ap(h‘g7 F) :N(ﬂafh)
= [H,H + )\fD;ch]_l 2, = [F/F + /\hDZDh]_l
f = [H'H + \fD;D¢]"'H'g | h = [F'FF + \;D,,D;] F'g
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Blind Deconvolution: Marginalization and EM algorithm

» Joint posterior law:
> I\/Iarglnallzatlonp(ﬁ hlg) o p(g|F, h) p(f) p(hh)
p(hlg) = [ p(r.hlg) of

h = argmax {p(hlg)} — T = argmax { p(flg, )|
» Expression of p(h|g) and its maximization are complexes
» Expectation-Maximization Algorithm

In p(f, h|g) < J(f,h) = |lg — HF||2 + \¢||Dff||? + Ap||Dph |2

> lterative algorithm
» Expectation: Compute

Q(ha hkil) = Ep(f,hkfl\g) {J(fa h)} = <In p(f7 h|g)>p(f7hk—1|g)

» Maximization:
h* = arg mﬁx{Q(h, h 1)}
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Blind Deconvolution:
Variational Bayesian Approximation algorithm

» Joint posterior law:
p(f, hlg) o« p(glf, h) p(f) p(hh)

» Approximation: p(f, h|g) by q(f, h|g) = q1(f) g2(h)
» Criterion of approximation: Kullback-Leiler

KL(q\p)zfqlng Z/qlqz I L2
P P

KL(q1 g2|p) = /ql |nq1+/¢l2 Inqg—/qlnp
= —H(q) — H(q2) + (—Inp((f, hlg)),

» When the expression of g1 and g are obtained, use them.
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Variational Bayesian Approximation algorithm

» Kullback-Leibler criterion

KL(q1 g2lp) = /ql Inq1+/q2 Inq2—|—/q|np
= —H(q1) — H(q2) + (—Inp((f, hlg)),

> Free energy

F(q192) = — (In p((f, h|g)>q1<¥2

» Equivalence between optimization of KL(g; g2|p) and
F(q1 q2)
> Alternate optimization:

qa = arg ”;',iln {KL(q1 q2|p)} = arg ”;',iln {Flarq2)}
G2 = argmin {KL(q1 g2|p)} = arg min {F(q192)}
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Blind Deconvolution algorithm

hO s H— (H'H + ArD}Df) 'H'g —f(t)
T \
h— (F'F+ A\D}Dy) ' Fg «— F
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Joint Estimation of h and f with a Gaussian prior model..

VBA: p(f,h|g) — qi(f|h, g) g2(h|f,g)

qu(f) = N(F, =¢)

= (FF+ AEs) L

f(t) = (FF+ A\ Xf)"tF'g(t), Ar=ve/vr
q@(h) = N(h, %)

Zh = (H,H + )\hZh)—l

h=HH+MZ)T A =v/v,
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Joint Estimation of h and f with a Gaussian prior model..

» Joint MAP:

h©® — H—
T

he—

» VBA:

(H'H+ A\ X¢) 'H'g

(FF+M\Z,) 'Fg

h©® —H
e

f=(HH+XZ,) 'Hg

Tr=(HH+\Ep)!

—f
.5

)

~

h+—

~

V<—

h=(FF+M\EZ,) ' Fg

\7 = (F/F + /\hZh)—l

4

«— F

«— 24
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. Introduction: Signals and Images, Linear transformations

(Convolution, Fourier, Laplace, Hilbert, Radon, ...,
Discrete convolution, Z transform, DFT, FFT, ...)

Modeling: parametric and non-parametric, MA, AR and
ARMA models, Linear prediction

Deconvolution and Parameter Estimation: Deterministic (LS,
Regularization) and Probabilistic methods (Wiener Filtering)

Inverse problems and Bayesian estimation
Kalman Filtering and smoothing

Case study: Signal deconvolution

Case study: Image restoration

Case study: Image reconstruction and Computed
Tomography
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8. Case study: Image reconstruction and Computed
Tomography

v

X ray Computed Tomography, Radon transform

v

Analytical inversion methods

v

Discretization and algebraic methods

» Bayesian approach to CT

v

Gauss-Markov-Potts model for images
3D CT

Practical issues and computational costs

v

v
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X ray Tomogrﬁphy
Se

(x,y)

r, I = lpexp {—px}
I = Ioexp{—Zjquj}

) /:IOexp{—/Lf(x) dx}

oD I _
In I /Lf(x,y)d/
p(r,®)

p(r.0) = [ ey di = [[ Fxy)atr = xcoso —ysing) dxdy

f(x,y) — ‘ Radon Transform ‘ — p(r, ¢)

p(r,¢) —

Reconstruction
— f(X7 y)

Inversion de la TR
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Radon Transform: 2D case

€ =[cosp,sing], &L =[—sing,cos ]
x=[x,y] = [pcosh, psinb)], Lyg:r=xcosp+ysing=¢-x
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Radon Transform: Different formulations

» 2D case
£(r0) = [ fxy)dl = [ Fxy)itr—xcosysing) dx dy

» 2D polar coordinates:

o) 27
- f - -
g(r, ) /0 /0 (p,0)3(r — pcos(¢ — 6))p dp df
» nD case

§(r€) = [[ Fxy)itr € x) dxay
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X ray Tomography: 3D case
y

I

& ¢

f(x,y,z)

x=[x,y,z], dx = dxdydz, r=¢ -x=8&x+ &y + &z
g(r,€) = / F(x)5(r — & - x) dx

g(r, &)= /// f(x,y,z)d(r—xsinf cos ¢p—y sin Osin p—z cos 6) dx dydz
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X ray Tomography: n-D case

X = [X1>X2>"')Xn]/7 £: [51)52)"')§n]/ avec |£| =1

dx = dxydxo... dx,, r=€& -x=E&xi+&xo+ ...+ Enxy

g(r,&) = /n f(x)o(r — & - x) dx
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Radon Transform: some properties

» Definition:

f(x,y) N g(r,¢) = // f(x,y)o(r — xcos ¢ — ysin¢) dx dy

» Definition in Polar Coordinates

(00) B> £(r,0) = [ [ Flo.0)5(—pcos(o—0)p dp a9

function Radon Transform

Linearity: afi(x,y) + bh(x,y) agi(r,¢) + bga(r, ¢)
Symetry: f(Xv)/) ( 7¢) (—I‘,¢:|:7T)
Periodicity: f(x,y) g(r,¢) = g(r,¢ £ 2km)
Translation: f(x —x0,¥ — y0) g(r—xpcos¢ — ypsin g, @)
Rotation : f(p,0+ 90) g(r,o+ 0o)

Scale 1

change: f(ax, ay 7l glar,¢), a#0

Mass e

Conservation: M= // (xy) dxdy | M= / (r.¢)d
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Radon Transform: n-D case

» Definition
R0} = g(r,) = [ F(13(r ~ € -x) ox
> Linearity
R{af(x)+ bg(x)} = aR{f(x)} + bR{g(x)}
> Symetry

g(—r,—g) :g(f,ﬁ)

» Homogeneity

1 . x) dx
g(sr,s€) = H/f(x)é(r—& )d

g(sr.5) = ()
g(r.58) = 1g(5,6), s> 0

g(SI’,E) :sg(r,E)
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Radon Transform: n-D case

» RT of the derivative of a function
» Derivative:

R{ﬁ} :fkag(r,ﬁ)
of Of 8
R{a.Vf} =a. ( E)
» Second Derivative:
{axax } glgk ( 5)
" of
Af(x) :Za_xk
k=1
og(r, og(r,
R{AFY = €2 gérrﬁ) _ g((;fﬁ)
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Radon Transform: n-D case

» Derivative of the RT

Jg(r.§) _ O s e dx
et = [ g0t - €0
2 _og(r,§) 0
8—&R{f(X)} =0 — o R{x F(x)}
0 _%g(r&) 9 o
MR{'C(X)}— 96,06, 8rR{ 1 xi F(x)}

» Convolution
F =g +h= [ gy)hix—y) dy

g(r.§)=gxh
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Summary

flx) 5
afi(x) + obh(x) -5
f(Ax) 5

f(A %) 5

f(cx) E>

f(x+a) 5
g(sr,s€)

g(_r7_£)

g(sr,§)

A. Mohammad-Djafari, Advanced Signal and Image Processing Huazhong & Wuhan Universities, September 2012,

g(r,€)

agi(r,€) + cg(r,€)

A~ g(r,A™ %)
|Alg(r,A'x)

- 8(r€/0) = o 8(6r,©)
g(r+&.ag)

1
= Hg(rvg)

g(r.€)
= Sg(r>€)
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Summary

Derivative: g_)i

Gradient : Vit = [axl . g:,,]/
a.Vf:ala—Xl—i—---—|-<'91(§?7’r

Second Derivative: %

Laplacian: Af(x) =30 axk

%ﬁ:g) [517"')§n],

asag(arr’g)
5/§k—agg,’£)

og(r.&)
or
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Link between RT and FT

X = [Xl, ...,Xn]/, w = [Wla mvwn]/
{ fw) = Falf()}= | fx)exp{—jw'-x} dx

~

fx) = Ft{fw)}
(r.€)

||\

w exp{—i—jw -x} dw

/ #(
8.6 = Filg(rne)) = / g(r,€) exp {—jr} dr
g(r€) = FEQ€)} = / 2(Q,€) exp {+/Qr} dO
Fw) = [ el ew (i) dr =€) v = 0

{

A. Mohammad-Djafari, Adva

! h)

= Fo{f} = Filg) = A (RIFY)
= R{fp=FHF} = AHA

nced Signal and Image Processing Huazhong & Wuhan Universities, September 2012, 275/344



Direct inversion of the RT: Odd dimensions

f(x) = G /m—l [(%)“%(r’&)] e

(_1)(n—1)/2 B 1

c =t L
"2 2m)-h T 2(2jm) (D)

Example :

n=3, G= %, x=[x,y,z],

€ =[£1,6,8&) = [sinfcos ¢, sinfsinp, cosf]’ and
dé = sin0 d do.

-1 0?
~8n2 /£| [fﬁzg(r’&)} =€ x 9
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Direct inversion of the RT: Odd dimensions

Spherical coordinates :

(p,0,9):

g(r, &) = /// f(x,y,z)d(r—xsin @ cos ¢p+y sin Osin p+z cos ) dx dydz

g(r.§) =

—1 9°g(r.€)

82 or2

2
f(x,y,z):B{E}:/O/o g(r,&)sinf do db

g(r,§) —

fx,y,z

-1 92

872 0r?

) — [ R ]— g(r,€)

— g(r, ) —>@ — f(x,y,2)
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Even dimensions

F(x) = 17: /£ . dg/ ar)” 1 r)E)

Example: n=2, G =
X = [X,}/]/ ' - [gla 52]/ [COS Qb, smqb]’ d£ d¢

(N 58(r:9)
Fley) = <_2—7T2>/0 d¢/—m ar (r —xcos¢ — ysin¢)

(r,o) ://f(x,y)é(r—xcowﬁ—l—ysingb) dx dy
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Even dimensions

—1 9g(r,
E(n ¢) = ﬁ g(arr ¢)

g(r.0) = H{2(ro)} = [

g(r,9)
xcosqb ysin @)

f(x.y) = Blg(r.6)} = /0 " g(r, ) do

flxy) — — g(r,9)
-10
g(r.0) | 555, | 8(r o) 2 [ H - elxy) 2 [ B flxy

Cylindrical coordinates: (p,0) — x = pcosf and y = psinf,

= (o) [0 [ o B

A. Mohammad-Djafari, Advanced Signal and Image Processing Huazhong & Wuhan Universities, September 2012, 279/344




Inversion using the FT

Fo{f} = Fi {R{f}} = F1{g}
G(2.€) = 6(Q,6) = / g(r, &) exp (—jQr} dr

?(wx,wy) = // f(x,y)exp{—j(wxx +wy, y)} dxdy

f(x,y) = //?(wx, wy) exp {+j(wx x +wy y)} dw, dwy,

f(wx,wy) = G(Q,¢) pour wy=L0Rsing et w, =Qcos¢

A. Mohammad-Djafari, Advanced Signal and Image Processing Huazhong & Wuhan Universities, September 2012, 280/344



Inversion using the FT

lox , wy)
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Inversion using FT

R
f(x,y) g(r,9)
2 F
R wx =Qcos¢p, w, = Qsing
f(wx, wy) G(2,¢)
Algorithm:

>p(r7¢m)—>]‘DF-I——>i\)(§27¢m)7 m:17”'7M
» Interpolation in the Fourier domaine — ?(wx,wy)
> Fwx,wy) — 2D FT f(x,y)
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Inversion using FT

(e, ) \ ta

—1

fQo -

X /1 /

AN

£y

N
/X
\ ]
A
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Inversion using Backprojection

For a function p(r,¢) of r € R and ¢ € [0, 7], and
r=xcos¢+ ysing, ¥(x,y) € R?

B{p} (x.y) = /0 p(xcos 6 + ysin 6, 6)do

This operator is the adjoint operator of the Radon transform R
Polar coordinates:

Blphixy) = [ plpcos(s — o), 6)do
p(r6) = RIF( )} fo(x,y) = Bip(r,0)} = BR{F}}

1 1
fb(X7y) = f(X,y)* I f(Xay)* T S 5
|l VX2 + y?
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Inversion by Backprojection algorithms

f(x,y) =B{F " {1QF1{g(r.¢)}}}

R
f(x,y) g(r, )
B 1+D Convolution Fi
7 '
fi(r,¢) | Q| G(Q,9)
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Inversion by Backprojection and filtering in 2D Fourier

domaine f(x,y) = F H{IQ1F {B{g(r,9)}}}
R
f(x,y) g(r, @)
]-‘2—1 2-D Convolutio B
19 |= /2 +
F (0w, Wy b(wx, wy) b(x,y)
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Inversion by Backprojection
e Direct Inversion of Radon Transform

pﬂ;) Derllvatlon . Hilbert Trans. gﬂ;) Backprojection f(x_,y>
5-D H B

e FBP:

p(r,p)| FT Filter Inverse FT |g(r,¢)| Backprojection

- 7 — Q — A — B

o Convolution—BackoProjection (CBP)

pﬂi;)

p(r,#)| 1D Filter |g(r.¢)| Backprojection
— —
12 B
e Fourier Domaine Inversion
= Fourier domaine
OIT D e | M)
wy = Qsin ¢

2D Inverse FT
Fyt

f

(%)

==
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Inversion by Backprojection
e Backprojection 2D Filtering

p(r,qb) Backprojection b(x,y) 2D FT 2D Filter D Inve:se FT f(X,y)

B P 2! 7

e Backprojection and 2D Convolution

pﬂb}) Backprojection bﬁ;)_> 2D Filter fﬁ;)
B €]
Choice of the filter
H(Q) = Q|
In practice:
H(Q) = 2w (Q)

» RAM-LAK

» Shepp-Logan

» Low pass Filter

» Hamming
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Inversion par Backprojection: Implementation
convolution—Backprojection

(

pﬂ)) Convolution _)ﬁ@)) Backprojection f(iy>)

h(r) B
r=md, —M/2<m<M/2-1, ¢=nA

Discrete Convolution

M/2—1
p(md,nA) ~p,(m)= > py(k)h(m—k), —M/2<m< M/2-1
k=—M/2
Linear Interpolation
ﬁ(n nA) = ﬁn(m)—i_(r/d_m)[ﬁn(m—’_l)_ﬁn(m)]? md <r < (m+1)d
Discrete Backprojecti&n N—1
f(x,y) ~Byp=A Zﬁ(r = xcos nA + ysinnAA, nA)
NoEO
f(iAx,jAy) ~ A Z p(iAx cos nA + jAysin nA, nA)

n=0
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Algebraic methods
» Discretization of the image
g
Y)Y aijpij(xy)
i=1 j=1
» Discretization of the projections

I J A I J
plrid) ~RF =3 aij[Reijl= > aijhij(r.¢)

i=1 j=1 i=1 j=1

(rma¢n —ZZQI,J iJ rma¢n

i=1 j=1
» Choice of the basis functions

pij(x,y) = {

1 inside the pixeli, j
0 elsewhere

rma¢n szldhld rma¢n
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ART : Algebraic Reconstruction Techniques

Kaczmarz (Generalized inversion)

g =Hf +b
=0

gi—(h f" _
f(k-i—l):f(k)—l_ﬁhi I:1,2,...,M

where h; is the j-th ligne of the matrix H.

Y2 = as1Xx1 + axnxo
X2 Y1 = a11x1 + axe

x)

X1

X0 X1
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ART : Algebraic Reconstruction Techniques

» At each iteration only one of equations (constraints) is used.
» One can also add other constraints. For example:
» without any constraint :
fi(x) = x
» Positivity :
0 ifx<O
fi(x) = :
x ifx>0
» Positivity and maximum value constraint:
0 ifx<0
filx)=¢ x if0<x<1
1 ifx>1
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CT as a linear inverse problem

T T
Fan beam X-ray Tomography

051

1r Source positions IR Detector positions

g(si) = / f(r) dl; + €(s;j) — Discretization — g = Hf + €
L;

» g, f and H are huge dimensional
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Algebraic methods: Discretization

Hij
S Ay
| ;
7 N
) /\/* .
0 > fn
X
\<‘ 4 D Z fj bj (x,¥)
1 if (x,y) € |
A y) { ' Ielsex ,y) € pixel j
N
g(ro) = [ flxna —S Hyif e
j=1

g=Hf +¢€
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Inversion: Deterministic methods
Data matching

» Observation model
g;:h;(f)+6;, iZl,...,M—>g:H(f)—|—€
» Misatch between data and output of the model A(g, H(f))

f= arg mfin {A(g, H(f))}

» Examples:
LS AgH(R) = llg = HOI* = > _lei — hi(H)P

- L, AgH(f) =llg —H()I" = Z lgi — hi(F)]", 1< p<2

-KL  A(g, H() = Zg; In h,-g(if)

> In general, does not give satisfactory results for inverse
problems.
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Deterministic Inversion Algorithms

Least Squares Based Methods

f=arg mfin {J(A)} with J(F) = ||g — HF|]?

VJ(f) = —2H'(g — Hf)
Gradient based algorithms:
> Initialize:  £(©)
> lterate: flkt1) — £k _ o v J(FK)
At each iteration:  f(kt1D) = £(K) 4 oH’ (g — Hf(k))
we have to do the following operations:

» Compute g = Hf (Forward projection)

v

Compute g =g — g (Error or residual)
Distribute 0f = H'dg (Backprojection of error)
Update f-t1) = £(K) 4 sf

v

v
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Gradient based algorithms

Operations at each iteration: flH1) = £(0) 4 oH’ (g — Hf(k))

» Compute g = Hf (Forward projection)

» Compute

dg = g — g (Error or residual)

» Distribute 6f = H'dg (Backprojection of error)

k41 k
» Update fk+D) = §(k) 4 5f
Initial estimated Forward projections of Measured
guess—| image | — | projection | — | estimated image | —| - |« | projections
£(0) f(k) g = Hf(k) g
T N
update compare
T 4
correction term . correction term in
I Backprojection -
in image space | +— 7 — projection space
5f = H/5g bg=g—&
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Gradient based algorithms

» Fixed step gradient:
f“+U:f“%+m¥(g—Hﬂ“)
> Steepest descent gradient:
ﬂHD:ﬂH+aWH(g_HNU

with (k) = arg min, {J(f 4 adf)}
» Conjugate Gradient

flk1) — f(K) | (k) g(k)

The successive directions d¥) have to be conjugate to each
other.
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Algebraic Reconstruction Techniques

» Main idea: Use the data as they arrive
fD) = £ 4 (I [H;, (g,. _ [Hf(k)]i)

which can also be written as:

T,
(kD) _ f(k)+Mh<
= h.hi,

H, £+

i
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Algebraic Reconstruction Techniques

> Use the data as they arrive

(& — W)

flk+1) (k)
T

/
hi*

(k)
_ k) +Z< ZHUuﬂk)HU

i

» Update each pixel at each time

(k)
f'(k"‘l) — f(k) + ( Z HUC >H
J J Zi HIJ b
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Algebraic Reconstruction Techniques (ART)

i = Hy Y
flk+1) — (k) 4 Z (g ZZJH';J )Hij
i iy

or
k)
R e
(k+1) (k) (gl ZJ uy
f;- == f:—/ + %) HI“
> i Hij
Initial estimated Forward P':OjeCtiOT.‘S of Measured
guess—| image | —s | projection | —» | estimated |ma(gke) — - <+ | projections
£(0) (k) H & = X; Hyf; 8i
T 4
update compare
+

correction term
in image space

correction term in
— projection space

Backprojection
3g; H’ >
579:2/”/721./-;/] Sgi =gi — &
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Algebraic Reconstruction using KL distance

> f= argming {J(f)} with J(f) =3, giIn %
k1) (k)
AU Hy—=2——
/ Z Hij Z Z H,Jf

Interestingly, this is the OSEM (Ordered subset
Expectation-Maximization) algorithm which is based on
Maximum Likelihood and proposed first by Shepp & Vardi.

. estimated .
Initial image £(k) Forward projections of Measured
guess —| k) — | projection | — | estimated i |mage — - < | projections
£(0) fern) G =2 H &i
= i i
. by J J
T +
update compare
t .
correction term . correction term in
in imlage space Backp:')}ectlon projection zpace
8fi = —— >, Hjjdg; Sg = &
'j Zj H/'j Z, ijO8i 8i Z
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Gradient based algorithms

fltD) — §(0) 4 o [H’ (g - Hf(k)> - )\D’Df(k)}

» Compute g = Hf (Forward projection)
» Compute dg =g — g (Error or residual)
» Compute 6f; = H'dg (Backprojection of error)
» Compute &f; = —D’Df (Correction due to regularization)
» Update f-+D) = £(K) 4 [6F; + 6F,)
Initial estimated Forward projections of Measured
guess—| image | — | projection | — | estimated image | —| - [« | projections
£(0) £(k) g = Hf(k g
T 1
update compare
T 1
correction term Backproiecti correction term in
in image space — ac pro;ec fon — projection space
5f = H'5g — AD’Df(K) jg=g—¢
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Content

© N o o s

. Introduction: Signals and Images, Linear transformations

(Convolution, Fourier, Laplace, Hilbert, Radon, ...,
Discrete convolution, Z transform, DFT, FFT, ...)

. Modeling: parametric and non-parametric, MA, AR and

ARMA models, Linear prediction

Deconvolution and Parameter Estimation: Deterministic (LS,
Regularization) and Probabilistic methods (Wiener Filtering)

Inverse problems and Bayesian estimation
Kalman Filtering and smoothing

Case study: Signal deconvolution

Case study: Image restoration

Case study: Image reconstruction and Computed Tomography
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7. Case study: Image restoration

» Image restoration

v

Classical methods: Wiener filtering in 2D

» Bayesian approach to deconvolution

v

Simple and Blind Deconvolution

v

Practical issues and computational costs
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Full Bayesian approach
: g=Hf +e€
» Forward & errors model: — p(glf, 01; M)
» Prior models — p(f|62; M)
» Hyperparameters 6 = (01, 02) — p(6|M)

_ p(glf.0:M) p(f10:M) p(O|M)
p(8IM)

» Joint MAP: (F,0) = arg nfw%x {p(f,0|g; M)}
(1,0)

» Bayes: — p(f,0|g; M)

p(flg; M) = [ p(f,0]g; M) df
p(6lgi M) = [ p(f,0|g; M) do

~

= [fp(f,0]g M) df do
0 = [6p(f,0|g; M) df d6

» Evidence of the model:

» Marginalization: {

» Posterior means: {

p(glM) = // p(alf. ; M)p(F|6; M)p(6|M) df do
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Two main steps in the Bayesian approach

> Prior modeling

» Separable:
Gaussian, Generalized Gaussian, Gamma,
mixture of Gaussians, mixture of Gammas, ...
» Markovian: Gauss-Markov, GGM, ...
» Separable or Markovian with hidden variables
(contours, region labels)
» Choice of the estimator and computational aspects
MAP, Posterior mean, Marginal MAP
MAP needs optimization algorithms
Posterior mean needs integration methods

Marginal MAP needs integration and optimization
Approximations:

v

vVvyVvVvYyYy

> Gaussian approximation (Laplace)
» Numerical exploration MCMC
> Variational Bayes (Separable approximation)
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Which images | am looking for?
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Which signals | am looking for?

‘. | M\[ H”[ii.”\\l |HH |1n|i
I [Il \(\ ” W TN H

Gaussian Generalized Gaussian
p(fi) x exp {—alfi*}  p(f;) xexp{—alfj|P}, 1<p<2

Gamma Beta
p(f) oc £ exp {—pf;} p(f;) o< £4(1 = ;)7
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Different prior models for signals and images

> Separable  p(f) = []; p;(f; )KGXP{—ﬂzﬂb(ﬂ')}

ocexp{ 83 o(f r)}

rer
» Markoviens (simple)  p(fj|fi_1) o< exp{—B¢(f; — fi_1)}
p(f) o exp { —BY, > of }
rerR rey(r)

» Markovien with hidden variables
z(r) (lines, contours, regions)

p(fz)cxexp{ BY > s(F(n), f(r), z(r), ())}

reR r'ev(r)
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Different prior models for images: Separable

e Gaussian:

p(5) o exp {—alf?} — () =a Y|P

e Generalized Gaussian (GG):
p(fi) xexp{—alfil’}, 1<p<2— &f)=a) [f,
J
e Gamma: f; >0
p(f) o ffexp {~Bfi} — Qf)=a) Infi+5) f
J J
e Beta: 1 >£>0
p(f) o fH(1—£) — Q) =a) Infi+5) In(l-£),

J J
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Different prior models for images: Separable

.J‘W I MJ',A\”‘H A ,
1Tk ‘HU ‘\{ ‘H ”]“ i ” ‘H

Gaussian Generalized Gaussian
p(f;) o exp {—alfi|*} p(fj) o< exp {—alfj|P},

Gamma Beta
p(f;) o £ exp {—Bf;} p(f;) o< £4(1 = £;)°
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Different prior models: Simple Markovian
p(flf) cexp{ —ad o(fi, f) p —  ®(F)=ad > 6(f,1)
i€vj Jj ieyV;

e 1D case and one neigbor V; = j — 1:

o(F) = a > o(fj— f1-1)

e 1D Case and two neighbors V; = {j — 1,/ + 1}:

O(F) = a3 6 (6= Alf1 +6-1))

e 2D case with 4 neighbors:
df)=ad o|f)-8 D f(r
rer rey(r)

. trz = i j Generalized Gaussian
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Different prior models: Simple Markovian

M H\JIV\M‘” “J IM‘\I“ ‘
\“um‘ ’Il \( \w U”“ MipLd \‘

[ID Gaussian Gauss-Markov
p(f;) o exp {—alfi*} p(filfi—1) o exp { —alf; — fi_1]?}

IID GG Markovian GG
p(fj) oc exp {—alfj|P} p(fj|fi—1) < exp {—alf; — fi_1|P}
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Different prior models: Non-stationnary signals

Modulated Variances [ID Modulated Variances Gauss-Markov
p(filz;) = N (0, v(z)) p(filfi-1,2) = N(fi-1, v(z))

I

odulated amplituds 11D Modulated amplituds Gauss-Markov
p(filzj) = N(a(z),1) p(filfi-1,zj) = N(a(fj-1,7),1)
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Different prior models: Markovian with hidden variables

5 = N‘W
— E A
— ) ]u YT e
= — L W%
] = .A.
| = I
0 1 Y 6 —
Piecewise Gaussians Mixture of Gaussians (MoG)
(contours hidden variables) (regions labels hidden variables)

p(filgj, fi-1) = N ((1 — ) fi-1, 07) p(fi|zj = k) = N (mx, 0%) & 2 markovian

- 2
P(f|q)o(exp{—az'lg_(l_qj)671|2} P(f|Z)<‘xexp{—aZ Z <§ dkmk> }

J k JERy
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Particular case of Gauss-Markov models

- . g = Hf+€
{g—Hf-i-ezWIEh 1y = f—Cf+ZW|chNN(OUf)
f ~ N (0,02(D'D)™1)) and D =(1-C)

flg ~ N(f,P) with f=PH'g, P=(HH+A\D'D)""

f=arg min {J(f) = ||lg — HFf||? + A|Df|]?}

g=Hf +e¢ | g=Hf+e€
with f ~ N (0,02(DD’)) ~— | f=Dz with z~ N(0,0?l)

z|g ~ N'(z,P) with z=PD'H’g, P = (D'H'HD +Al)""

= argmin {J(z) = ||g — HDz|* + A||z|*} —f=Dz

z Decomposition coeff on a basis (column of D)
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Which images | am looking for?

! 0l wlllpy =
\/\/W WW

§

Gauss-Markov Generalized GM

— — ,Y]
— ,]m PYRT b
3 —'" T LANA
= AN
_ = il
Ll [ L1 N

Piecewize Gaussian Mixture of GM
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Markovien prior models for images
= o(fi—fi1)
j

Gauss-Markov : ¢(t) = |t[?
Generalized Gauss-Markov : ¢(t) = |t|*

Picewize Gauss-Markov or GGM : ¢(t) = {

v

v

t2 |t <T
T2 |t|>T

v

or equivalently :

Qfla) = Y (1~ q))o(f — fi-1)

J

q line process (contours)
Mixture of Gaussians :

Qfl) =2 >,

k {j:zj=k}

v

z region labels process.
A. Mohammad-Djafari, Advanced Signal and Image Processing Huazhong & Wuhan Universities, September 2012, 319/344



Gauss-Markov-Potts prior models for images

F,J EJ

f(r) r)=1-0(z(r) — z(r))
p(f(r)|z(r) = k, My, Vi) :N(mm Vi)
F(r)) =Y _ P(z(r) = k) N'(mi, vk) Mixture of Gaussians

K
» Separable iid hidden variables:  p(z) =[], p(z(r))
» Markovian hidden variables: p(z) Potts-Markov:

P(N]2(t"), ¢’ € V(1)) o exp {7 RECE z(r'))}
rev(r)
p(z) o exp {7 >3 ae) - z(r'))}

rerR r'ey(r)
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Four different cases

To each pixel of the image is associated 2 variables f(r) and z(r)

» f|z Gaussian iid, ziid :
Mixture of Gaussians

» f|z Gauss-Markov, ziid :
Mixture of Gauss-Markov

» f|z Gaussian iid, z Potts-Markov :

Mixture of Independent Gaussians
(MIG with Hidden Potts)

» f|z Markov, z Potts-Markov :
Mixture of Gauss-Markov
(MGM with hidden Potts)

Tll

| ,J
4
i
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Case 1: f|z Gaussian iid, z iid
Independent Mixture of Independent Gaussiens (IMIG):

p(f(r)|z(r) = k) = N(mk,vk), YreR

p(f(r)) = SR N (my, vie), with 37, e = 1.

p(2) =TIy p(z(r) = k) =TIy o = [Tx )"

Noting
mz(r) = my, vz(r) = vi, az(r) = ax, Vr € Ry
we have:
p(flz) = I N(ma(r),ve(r)

rer

p(z) = H r)—HaerR 2(0=k) Ha
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Case 2:  f|z Gauss-Markov,  z iid

Independent Mixture of Gauss-Markov (IMGM):

p(f(r)|z(r), z(r'), £(r'),r" € V(r)) = N(p=(r), v2(r)),¥r € R

(lr)| Zr/ev (r 1z(r')
z(r') = z(r)) £(r') + (1 = 3(2(r') — 2(r)) m,(r)
(1—c(r) f(r) + c(r') mg(r')

p(fl2) o [Ty N (pz(r). ve(r) o TT, N (med )
p@) =1y () =Tl o

with 15 = 1,Vr € Ry and X a covariance matrix (ng X n).

fz(r)

=W
py(r) = o
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Case 3: f|z Gauss iid, z Potts

Gauss iid as in Case 1:

p(flz) = JTT N(mz(r), v2(0)) =TT T N (mer vi)
k rery

rer

Potts-Markov

p(z(Nlz(r).f e V() cexp qv Y 8(z(r) — 2(r))

r'ev(r)

pR)ocexpqr Y Y d(z(r) —z(r)

rerrey(r)

A. Mohammad-Djafari, Advanced Signal and Image Processing Huazhong & Wuhan Universities, September 2012, 324/344



Case 4: f|z Gauss-Markov, z Potts

Gauss-Markov as in Case 2:

p(f(r)|z(r), z(r'), £(r'), ¥ € V(r)) = N(pz(r), vz(r)),¥r € R

112(r) \V \Zr'eV(r 15(r')
p(r) =4z ( ) —2(n) £(r') + (1 = 6(z(r') — 2(r)) m(r)

p(flz2) o [Ty N (pz(r). ve(r)) o T, s (mil, E)

Potts-Markov as in Case 3:

p(z) x exp {7 S () - z(r'))}

reR r'ev(r)
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Summary of the two proposed models

f|z Gaussian iid f|z Markov
z Potts-Markov z Potts-Markov

(MIG with Hidden Potts) (MGM with hidden Potts)
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Bayesian Computation

p(f,z,0lg) < p(glf,z, ve) p(f|z,m,v) p(z]7, &) p(6)

0 = {ve, (ax, me,v), k=1, K} p(0) Conjugate priors

» Direct computation and use of p(f,z, 0|g; M) is too complex
» Possible approximations :

» Gauss-Laplace (Gaussian approximation)

» Exploration (Sampling) using MCMC methods

» Separable approximation (Variational techniques)
» Main idea in Variational Bayesian methods:

Approximate
p(f,z,0lgiM) by q(f,z,0) = qi(f) q2(2) 93(0)

» Choice of approximation criterion : KL(q : p)
» Choice of appropriate families of probability laws

for g1(f), g2(z) and q3(0)
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MCMC based algorithm

p(f,z,0|g) x p(glf,z,0) p(flz, 8) p(z) p(0)
General scheme:
f~p(f2,0,8) — 2~ p(z[f,0,8) — 6 ~ (0]f 2, g8)

> Estimate f using p(f[Z,0,g) x p(g|f,6) p(f|z, 6)
Needs optimisation of a quadratic criterion.

» Estimate z using p(z|/f\, 0, g) x p(g|?,i, 5) p(z)
Needs sampling of a Potts Markov field.

» Estimate 6 using

p(01f,2,g) o< p(glf. o21) p(F[Z, (mx, vi)) P(O)
Conjugate priors — analytical expressions.
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Application of CT in NDT

Reconstruction from only 2 projections

g = [Foen)dy, o) = [ fxy) dx
» Given the marginals gi(x) and g»(y) find the joint distribution

Fx.y).
» Infinite number of solutions : f(x,y) = g1(x) g2(y) Q(x, y)
Q(x,y) is a Copula:

/Q(x,y) dx=1 and /Q(x,y) dy =1
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Application in CT

@i

g|f f|z z o
g=Hf +¢€ iid Gaussian id c(r) € {0,1}
g|f ~ N(Hf,o2l) or or 1—0(z(r) — z(r))
Gaussian Gauss-Markov Potts binary
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Proposed algorithm

p(f,z,0lg) o p(glf.z 0) p(f|z,0) p(6)
General scheme:
f~p(f2,0,8) — 2~ p(z[f,0,8) — 6 ~ (0]f 2,g8)
Iterative algorithme:
> Estimate f using p(f[Z,0,g) x p(g|f,6) p(f|z, 6)
Needs optimisation of a quadratic criterion.
» Estimate z using p(z|f, 5, g) x p(g|?,i, 5) p(z)
Needs sampling of a Potts Markov field.

» Estimate 0 using

p(0If.Z,g) o< p(glf, o21) p(f|Z, (mx, vi)) P(0)
Conjugate priors — analytical expressions.
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Results

Gauss-Markov+pos GM-+Line process

m,

A. Mohammad-Djafari, Advanced Signal and Image Processing Huazhong & Wuhan Universities, September 2012, 332/344



Application in Microwave imaging

g(w) = / f(r)exp{—j(w.r)} dr + ¢(w)
glu,v) = // f(x,y)exp{—j(ux+ vy)} dxdy + e(u, v)

g=Hf +e

f(x,y) u, fOFT f Proposed method
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Application in Microwave imaging
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Conclusions

» Bayesian Inference for inverse problems
» Approximations (Laplace, MCMC, Variational)

» Gauss-Markov-Potts are useful prior models for images
incorporating regions and contours

» Separable approximations for Joint posterior with
Gauss-Markov-Potts priors

» Application in different CT (X ray, US, Microwaves, PET,
SPECT)
Perspectives :
» Efficient implementation in 2D and 3D cases

» Evaluation of performances and comparison with MCMC
methods

» Application to other linear and non linear inverse problems:
(PET, SPECT or ultrasound and microwave imaging)
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Color (Multi-spectral) image deconvolution

€i(x,y)
f;'(va) —

h(x,y) g

0
Observation model :

- gi(x,y)

gi = Hfl + €;,

i=1,2,3

[m]
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Images fusion and joint segmentation

(with O. Féron)

gi(r) = fi(r) + €i(r)
p(fi(n)|z(r) = k) = N(mix, 07,
p(flz) = IT; p(fil2)
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Data fusion in medical imaging
(with O. Féron)

g
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Super-Resolution

(with F. Humblot

)

. ¥

Low Resolution images

High Resolution image
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Joint segmentation of hyper-spectral images

(with N. Bali & A. Mohammadpour)

gi(r) = fi(r) + &(r)
p(fi(N|z(r) = k) = N(mix,02,), k=1, ,K
p(flz) = I1; p(fil2)

mj, follow a Markovian model along the index i
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Segmentation of a video sequence of images

(with P. Brault)

gi(r) = fi(r) + €i(r)
p(fi(r)|zi(r) = k) = N(mjx,02,), k=1,--- K
p(flz) = I1; p(filzi)

zi(r) follow a Markovian model along the index i
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Source separation
N
gi(r) =Y _Ayfi(r) +i(r)
j=1

P((N)|2(r) = k) = N (mj 7,
P(Aj) = N(Aoj, 33;)

(with H. Snoussi & M. Ichir)

f g f
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Thanks, Questions and Discussions
Thanks to:

My graduated PhD students:

P H. Snoussi, M. Ichir, (Sources separation)

P F. Humblot (Super-resolution)

P H. Carfantan, O. Féron (Microwave Tomography)

P S. Fékih-Salem (3D X ray Tomography)
My present PhD students:

P H. Ayasso (Optical Tomography, Variational Bayes)

P D. Pougaza (Tomography and Copula)
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P Sh. Zhu (SAR Imaging)

> D. Fall (Emission Positon Tomography, Non Parametric Bayesian)
My colleages in GPI (L2S) & collaborators in other instituts:

P B. Duchéne & A. Joisel (Inverse scattering and Microwave Imaging)

P N. Gac & A. Rabanal (GPU Implementation)

P Th. Rodet (Tomography)
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P A Vabre & S. Legoupil (CEA-LIST), (3D X ray Tomography)

P E. Barat (CEA-LIST) (Positon Emission Tomography, Non Parametric Bayesian)
P C. Comtat (SHFJ, CEA)(PET, Spatio-Temporal Brain activity)
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