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COnte»“Fnsvese problems examples: Deconvolution, Image restoration,
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Image reconstruction, Fourier synthesis, ...

Classification of Invesion methods: Analytical, Parametric and

Non Parametric algebraic methods
Regularization theory

Bayesian inference for invese problems

Full Bayesian with hyperparameter estimation
Two main steps in Bayesian approach:

Prior modeling and Bayesian computation
Priors which enforce sparsity

» Heavy tailed: Double Exponential, Generalized Gaussian, ...

» Mixture models: Mixture of Gaussians, Student-t, ...
» Gauss-Markov-Potts
Computational tools:
MCMC and Variational Bayesian Approximation
Some results and applications
» X ray Computed Tomography, Microwave and Ultrasound
imaging, Sattelite Image separation, Hyperspectral image
processing, Spectrometry, CMB, ...
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Inverse problems : 3 main examples

>

Example 1:
Measuring variation of temperature with a therometer

» f(t) variation of temperature over time
» g(t) variation of length of the liquid in thermometer

Example 2: Seeing outside of a body: Making an image using
a camera, a microscope or a telescope

» f(x,y) real scene

» g(x,y) observed image

Example 3: Seeing inside of a body: Computed Tomography
usng X rays, US, Microwave, etc.

» f(z,y) a section of a real 3D body f(z,v, 2)
> g(r) a line of observed radiographe g4(r, 2)

Example 1: Deconvolution
Example 2: Image restoration

Example 3: Image reconstruction

A. Mohammad-Djafari, Inverse problems, Deconvolution and Parametric Estimation, MATIS SUPELEC, 3/87



Measuring variation of temperature with a therometer

» f(t) variation of temperature over time

» ¢(t) variation of length of the liquid in thermometer

» Forward model: Convolution
olt) = [ £ bt 1) e+t

h(t): impulse response of the measurement system

> Inverse problem: Deconvolution

Given the forward model H (impulse response h(t)))
and a set of data ¢g(¢;),i=1,--- .M

find f(t)
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Measuring variation of temperature with a therometer

Forward model: Convolution

g(t) = /f(t’)h(t — ) dt’ + €(t)

\\ Thermometer .
| St h(t) — ] g(t)
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Instrumentation

Input Impluse response Output

f(t) h(t) g(t)

v

Ideal Instrument  ¢(t) = f(t) does not exist.

v

A linear and time invariant instrument is characterized by its
impulse response  h(t).

Ideal Instrument  h(t) = §(t) does not exist.

Forward problem:  f(t), h(t) — g(t) = h(t) * f(¢)

Two linked problems in instrumentation:

» Inversion: g(t), h(t) — f(t)
» lIdentification:  g(¢), f(t) — h(t)

v

v

v
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Ex1: Isolators resistivity against lightning strike

An instrument giving the possibility to apply very high voltage to
simulate lightning strike
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Ex2: Radio-astronomy

Forward model:
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Telecommunication: transmission channel compensation

» Data transmission System

Mo Dem
Flot - Flot .
d’entre | Codeur Modu- . Dmodu- Filtre Dcision |de sortie
Filtre | | lateur Ligne lateur —’Egaliseur ] Dcodage

Canal

» Channel Model: convolution 4 noise

Canal h(t) g 9®)

Squence transmise Squence reue
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Seeing outside of a body: Making an image with a camera,
a microscope or a telescope

» f(x,y) real scene

» g(x,y) observed image

» Forward model: Convolution

ole,y) = // @y b — o'y — ) da’ dy' + e(, )

h(z,y): Point Spread Function (PSF) of the imaging system
> Inverse problem: Image restoration

Given the forward model H (PSF h(z,y)))
and a set of data g(x;,v;),i=1,--- .M

find f(x,y)
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Making an image with an unfocused camera
Forward model: 2D Convolution

o(z,y) = // o) ha— o'y — o) da dyf + e(z, )

e(z,y)

Inversion: Image Deconvolution or Restoration
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» f(x,y) a section of a real 3D body f(z,v,2)
> gy(r) a line of observed radiographe g4(r, 2)

» Forward model:
Line integrals or Radon Transform

0s(r) :/L Flx,y) di + eo(r)
¢
= [ 180~ zeoso - ysing) dody + 401

> Inverse problem: Image reconstruction

Given the forward model H (Radon Transform) and
a set of data g4, (r),i=1,--- , M
find f(x,y)
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Making an image of the interior of a body

» f(x,y) a section of a real 3D body f(z,v,2)
> gy(r) a line of observed radiographe g4(r, 2)

» Forward model:
Line integrals or Radon Transform

gs(r) = /L F(,y) i+ eg(r)
r,¢

= //f(x,y)d(r — xcos ¢ —ysing) dr dy + ey(r)

> Inverse problem: Image reconstruction

Given the forward model H (Radon Transform) and
a set of data g4, (r),i=1,--- , M
find f(x,y)
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2D and 3D Computed Tomography

3D 2D

ppppppppppp
v S
S P
= 72
e g
By o
. S

gs(r1,72) =/ flz,y,2)dl - gg(r / f(z,y)
T¢

L'rl T,
Forward probelm: f(7 y) or f(z,y,2) — go(r) or gs(r1,72)

Inverse problem: g4(r) or gy (r1,72) — f(x,y) or f(x,y,2)
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Microwave or ultrasound imaging

Measurs: diffracted wave by the object g(r;)
Unknown quantity: f(r) = ki(n*(r) — 1)

y Measurement)
Intermediate quantity : Inccent]
g(r;) :/ Gm(ri, ) f(r'ydr', r; €8 @
= ¢o(r / Go(r,r’) fr)ydr', re /(/ V
Born approximation ( ~ ¢o(r')) ): LR A
o) = || Gulrarhone) fr) ar's rie s .
D
H .
Discretization : ¢9 .
g = H(f) ° °g
{9_ go fG with F = diag(f) « L, v

H(f) = GmF(I - GOF)_l(:bO
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Fourier Synthesis in X ray Tomography
or.0) = [ Hw0)8lr — weoso — ysing) da dy
GO.0) = [ a0 exp (i} dr

F(W:m wy) = // f('/l"7 1/) eXp {—jwzw, Wyy} dz dy

Flwy,wy) = G(Q, ¢) for w, =Qcos¢ and wy = 0sing
Ay
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Fourier Synthesis in X ray tomography

Glasarioy) = [[ 1) exp{=i (o + )} da dy

50 100 150 200 250 300

Forward problem: Given f(z,y) compute G(w;,wy)
Inverse problem: Given G(w;,w,) on those lines
estimate f(z,v)
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Fourier Synthesis in Diffraction tomography

w(r,%/FT 1 ?((")x' wy)

Incident
plane wav

Diffracted
wave
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Fourier Synthesis in Diffraction tomography

Glioasay) = [ Flov)exp (= (s + )} dr dy

Forward problem: Given f(z,y) compute G(w,,w,)
Inverse problem : Given G(w,,w,) on those semi cercles
estimate f(z,v)
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Fourier Synthesis in different imaging systems

Glasarioy) = [[ 1) exp{=i (o +wy)} d dy

X ray Tomography  Diffraction Eddy current SAR & Radar

Forward problem: Given f(z,y) compute G(w;,wy)
Inverse problem : Given G(w,,w,) on those algebraic lines,
cercles or curves, estimate f(x,y)
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Invers Problems: other examples and applications

v

X ray, Gamma ray Computed Tomography (CT)

» Microwave and ultrasound tomography

» Positron emission tomography (PET)

» Magpnetic resonance imaging (MRI)

» Photoacoustic imaging

» Radio astronomy

» Geophysical imaging

» Non Destructive Evaluation (NDE) and Testing (NDT)
techniques in industry

» Hyperspectral imaging
» Earth observation methods (Radar, SAR, IR, ...)

» Survey and tracking in security systems
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Computed tomography (CT)

A Multislice CT Scanner

Fan beam X-ray Tomography
Y X e Tome
-0.5
0
05 \ b
| _ osi) = [ F(r) dlit els)
1 Source positions T+ - -+ " Detector positions Lz
Discretization

-1 -05 0 05 1

g=Hf +e

A. Mohammad-Djafari, Inverse problems, Deconvolution and Parametric Estimation, MATIS SUPELEC, 23/87



Positron emission tomography (PET)
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Magnetic resonance imaging (MRI)

Nuclear magnetic resonance imaging (NMRI), Para-sagittal MRI of
the head

PHILPS




Radio astronomy (interferometry imaging systems)

The Very Large Array in New Mexico, an example of a radio
telescope.

DA




General formulation of inverse problems

» General non linear inverse problems:
g(s) =[Hf(r)|(s) +e(s), reR, seS

» Linear models:

/f h(r,s) dr + €(s)

If h(r,s) = h(r — s) — Convolution.
» Discrete data:
g(SZ‘):/h(Si,T)f(T) dT’—|—€(SZ'), 2:17 ,m

» Inversion: Given the forward model H and the data
g=A{g(s;),i=1,---,m)} estimate f(r)

» Well-posed and lll-posed problems (Hadamard):
existance, uniqueness and stability

» Need for prior information
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General formulation of inverse problems

Hf>Vfe FVged
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Analytical methods (mathematical physics)

g(si) = /h(si,r) f(r)ydr4e(s;), i=1,---

g(s) = [ h(s,r) f(r)dr

J?(r) = | w(s,r)g(s)ds

——

w(s, ) minimizing a criterion:

Quis.r) = [ots) - o Fons)|, = [ lots) -

2
g(s) —/h(s,r)f(r) dr| ds

5 [ [ts.rywis.r)

Trivial solution:  h(s,r)w(s,r) = d(r)d(s)

I

,m

2
(s)‘ ds

2

)dsdr| ds
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Analytical methods

» Trivial solution:
w(s,m) =h""(s,7)

Example: Fourier Transform:

g(s) = /f(r) exp{—js.r} dr

h(s,7) = exp{—js.r} — w(s,r) =exp{+js.r}

f(r)= /g(s) exp {+js.r} ds

» Known classical solutions for specific expressions of h(s,r):

» 1D cases: 1D Fourier, Hilbert, Weil, Melin, ...
» 2D cases: 2D Fourier, Radon, ...

A. Mohammad-Djafari, Inverse problems, Deconvolution and Parametric Estimation, MATIS SUPELEC, 30/87



X ray Tomography

g(r,¢) = —In (Iio)

g(r,¢) = //D

A. Mohammad-Djafari,

Inverse problems, Deconvolution and Parametric Estimation,

IRT ?

/ flz,y) dl
Lo
f(z,y)d(r — xcos ¢ — ysin @) dz dy

foy (0, 6)
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Analytical Inversion methods
A
y

S'\ /7”4

Ty LN

HV

= (., vy) dl
Radon: /Lf( )

g(r,¢) = // f(z,y)0(r —xcos ¢ — ysing) dr dy

B +oo o, T7¢)
flzy) = ( 27r2>// r—a:cosqb ysin ) drdo
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Filtered Backprojection method

oo or (T7¢)
f(@.y) _< )// r—mcosgb ysin @) dr dg

Derivation D :  g(r,¢) = w
,
Hilbert TransformH : g1 (r/7¢) _ l/ q(r, ¢) dr
TJo (r—1')

1 s
Backprojection B : f(z,y) = %/ g1(r' =z cos ¢ + ysin g, ¢) do
0

fla,y) =BHDg(r,¢) = B F Q| Fig(r, ¢)

e Backprojection of filtered projections:

g(re)| FT Filter IFT |gi(r¢)| Backprojection f&{)
I — — | |
Fi 10| Fit B

A. Mohammad-Djafari, Inverse problems, Deconvolution and Parametric Estimation, MATIS SUPELEC, 33/87



Limitations : Limited angle or noisy data

0 o E \

0 0 20 0 2 4 s -0 40 2 0 20 4 6 -0 40 2

64 proj. 16 proj. 8 proj. [0,7/2]

W 0 20 0 2 )

Original

» Limited angle or noisy data
» Accounting for detector size

» Other measurement geometries: fan beam, ...
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Limitations : Limited angle or noisy data

Original Data Backprojection Filtered Backprojectiol
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Parametric methods

» f(r) is described in a parametric form with a very few number
of parameters 6 and one searches @ which minimizes a
criterion such as:

» Least Squares (LS): QO) =X lgi — [H F(O)il
» Robust criteria : QO)=>,0(gi —[H f(O)])
with different functions ¢ (L1, Hubert, ...).
> Likelihood : L(0) =—1np(g|0)
> Penalized likelihood : L(0) =—1np(g|@) + A2(0)
Examples:

» Spectrometry: f(¢) modelled as a sum og gaussians
FE) =y apN (e, ve) 0 = {an, e, v}

» Tomography in CND: f(x,y) is modelled as a superposition
of circular or elleiptical discs 0 = {ay, i, 7 }
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Non parametric methods
g(s;) = /h(si,r) f(r)dr+e(s;), i=1,--- M

» f(r) is assumed to be well approximated by
N
)= i b(r)
i=1

with {b;(7)} a basis or any other set of known functions

32 _gZNZfJ/ 8i, T (T‘)d’l‘, t=1,--- M

g=HFf + e with Hij:/h(si,r)bj(r) dr

» H is huge dimensional
» LS solution : f = argminf {Q(f)} with

Q(f) =i loi — [HfL| = |lg — Hf|

does not give satisfactory result.
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Algebraic methods: Discretization

Ay H;;
S\ / /1
> ™
ICEANS |
AN gi
- ¥ IN
xr
~C
6 f@y) =% fiblzy)
9(r.)  bi(x,y) :{ ! nefls<::,y> € pixel j
N
g(r,¢) = /Lf(m,y) di g =S Hy £t

j=1

g=Hf te
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Inversion: Deterministic methods
Data matching

» Observation model

» Misatch between data and output of the model A(g, H(f))

f= rgmin {Alg, H(f))}
» Examples:

-LS  A(g.H(f) =g —H(f)I*= Z l9: — ha(£)I?

— Ly A(Q,H(f))Illg—H(f)llpZZlgi—hz'(f)lp, 1<p<2

-KL  A(g,H(f)) = Zgi = hiif)

> In general, does not give satisfactory results for inverse

problems.
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Regularization theory

Inverse problems = Il posed problems
—  Need for prior information
Functional space (Tikhonov):

g=H(f)+e— J(f) = llg = H(HIE + MIDFIS

Finite dimensional space (Philips & Towmey): g = H(f) + €
e Minimum norme LS (MNLS):  J(f) = |lg — H(f)||* + M| fI|?
e Classical regularization: J(f)=lg — H()||*> + N|Df|?
e More general regularization:

J(f) = Qg — H(f)) + D)
i T = Dulg )+ AA(f foo)
imitations:

e Errors are considered implicitly white and Gaussian
e Limited prior information on the solution
e Lack of tools for the determination of the hyperparameters

or
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Inversion: Probabilistic methods

Taking account of errors and uncertainties —> Probability theory

» Maximum Likelihood (ML)

» Minimum Inaccuracy (M)
» Probability Distribution Matching (PDM)
» Maximum Entropy (ME) and Information Theory (IT)
» Bayesian Inference (BAYES)
Advantages:

» Explicit account of the errors and noise
» A large class of priors via explicit or implicit modeling

» A coherent approach to combine information content of the
data and priors

Limitations:

» Practical implementation and cost of calculation
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Bayesian estimation approach

M g=Hf +e
» Observation model M + Hypothesis on the noise € —
p(glfi M) =pe(g — Hf)
» A priori information p(f|IM)

_ o plalf; M) p(fIM)
> Bayes : p(flg; M) = oM

Link with regularization :

Maximum A Posteriori (MAP) :

o~

f = argmjfg}X{p(flg)}=argmﬁX{p(g|f)p(f)}

= argmji:n{—lnp(mf) —Inp(f)}

with  Q(g, Hf) =—Inp(g|f) and AQ(f)=—Inp(f)
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Case of linear models and Gaussian priors
g=Hf+e

v

Hypothesis on the noise: € ~ N(0,02I) —
plolf) x exp {5k llg — Hf|*}
Hypothesis on f : f ~ N(O,U?(D,D)_l) —

p1) x exp { - 21D

A posteriori:
p(7lg) s exp {~glzllg - HAIP - DI

~

> MAP: = argmax {p(flg)} = argmin ¢ {J(f)}
with — J(f) = llg— Hf|?+ \IDF|2, A=

Advantage : characterization of the solution

v

v

3

g

v
N

flg ~N(f,P) with f=PH'g, P=(H'H-+\D'D)""
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MAP estimation with other priors:
f=arg m}n{J(f)} with J(f) = |lg — Hf||* + \Q(f)

Separable priors:

> Gaussian:  p(f;) ocexp {—alfj|*} — Q(f) = a X, [fi]°

» Gamma:
p(fj) o [ exp{=Bf;} — Q(f) = a ) ;In f; + Bf;

> Beta:
p(fj) < fFA—=f;)f — Q(f) =aX;Inf+ 63, In(1 — f;)

> Generalized Gaussian:  p(f;) < exp{—a|f;|P}, 1<p<
2— Q) = a5,

Markovian models:

p(f3]F) o< exp {a > ¢(fj7f¢)} — Q) =a) > e ),

iEN; J ieN;
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MAP estimation with markovien priors:

?:argm}n{ﬂf)} with J(f) = |lg — Hf|* + AQ(f)

Z¢ — fi-1)

with ¢(t) :
Convex functions:
t2 It <T
« 2 _ =
[t|Y, V14 t? —1, log(cosh(t)), { O — T2 [t >T

or Non convex functions:

t? 2 |t <T
log(1 + t2), I arctan(t?), { T2 u .
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Main advantages of the Bayesian approach

» MAP = Regularization

» Posterior mean 7 Marginal MAP 7

» More information in the posterior law than only its mode or
its mean

» Meaning and tools for estimating hyper parameters

» Meaning and tools for model selection

» More specific and specialized priors, particularly through the
hidden variables

» More computational tools:

» Expectation-Maximization for computing the maximum
likelihood parameters

» MCMC for posterior exploration

» Variational Bayes for analytical computation of the posterior
marginals
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2D and 3D Computed Tomography

3D 2D

ppppppppppp
v S
S P
= 72
e g
By o
. S

gs(r1,72) =/ flz,y,2)dl - gg(r / f(z,y)
T¢

L'rl T,
Forward probelm: f(7 y) or f(z,y,2) — go(r) or gs(r1,72)

Inverse problem: g4(r) or gy (r1,72) — f(x,y) or f(x,y,2)
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Inverse problems: Discretization
o5 = [ hlsir) ) drote(s), im0

» f(r) is assumed to be well approximated by
N
)= i b(r)
i=1

with {b;(7)} a basis or any other set of known functions

32 _gZNZfJ/ 8i, T (T‘)d’l‘, t=1,--- M

g=HFf + e with Hij:/h(si,r)bj(r) dr

» H is huge dimensional
» LS solution : f = argminf {Q(f)} with

Q(f) =i loi — [HfL| = |lg — Hf|

does not give satisfactory result.
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Inverse problems: Deterministic methods

Data matching

» Observation model

» Misatch between data and output of the model A(g, H(f))

f= argm}n{A(g,Hu»}

» Examples:

-LS  A(g.H(f) =g —H(f)I*= Z l9: — ha(£)I?

— Ly A(Q’H(f)):Hg_H(f)Hp:Z|9i_hz’(f)|p’ 1<p<2

-KL  A(g,H(f)) = Zgi = hiif)

» In general, does not give satisfactory results for inverse

problems.
A. Mohammad-Djafari, Inverse problems, Deconvolution and Parametric Estimation, MATIS SUPELEC, 49/87



Inverse problems: Regularization theory

Inverse problems = Ill posed problems
—  Need for prior information
Functional space (Tikhonov):

g=H(f)+e— J(f) = llg = H(HIE + MIDFIS

Finite dimensional space (Philips & Towmey): g = H(f) + €
e Minimum norme LS (MNLS):  J(f) = |lg — H(f)||* + M| fI|?
e Classical regularization: J(f) =|lg — H(F)||* + \|Df|?
e More general regularization:

J(f) = Qg — H(f)) + D)
i T = Dulg )+ AA(f foo)
imitations:

e Errors are considered implicitly white and Gaussian
e Limited prior information on the solution
e Lack of tools for the determination of the hyperparameters

or

A. Mohammad-Djafari, Inverse problems, Deconvolution and Parametric Estimation, MATIS SUPELEC, 50/87



Bayesian inference for inverse problems

M g=Hf +e
» Observation model M + Hypothesis on the noise € —
p(glfi M) =pe(g — Hf)
» A priori information p(f|IM)

_ o plalf; M) p(fIM)
> Bayes : p(flg; M) = oM

Link with regularization :

Maximum A Posteriori (MAP) :

o~

f = argmjfg}X{p(flg)}=argmﬁX{p(g|f)p(f)}

= argmji:n{—lnp(mf) —Inp(f)}

with  Q(g, Hf) =—Inp(g|f) and AQ(f)=—Inp(f)
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Bayesian inference for inverse problems
€

'
» Linear Inverse problems: g = Hf + € f ®_, g

» Bayesian inference:

o(F1g.0) p(glf;j;)'g)(fl%)
with 8 = (61, 65) 192 191
p(f162) | o|p(glf.01)— »(flg.0) |- f
Prior Likelihood Posterior

» Point estimators:
» Maximum A Posteriori (MAP): f = argmax g {p(flg.0)}

» Posterior Mean (PM): f= Ep(f|g,0) {f} = /fp(f|gva) df
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Bayesian Estimation: Two simple priors

» Example 1: Linear Gaussian case:

[Pl 00 LD pi110.0) = N (7. P)

with N
P=(HH+N)"', A=g
f=PH'g

?zwy?ﬂﬂﬁ}mmJU%ﬂm—Hﬂ@+Wﬂ@

» Example 2: Double Exponential prior & MAP:

?zwm?ﬂﬂﬁ}mmJﬁﬁﬂm—Hﬂ@+MHm
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Full Bayesian approach
: g=Hf+e

» Forward & errors model: — p(g|f,01; M)

» Prior models — p(f|02; M)

» Hyperparameters 6 = (01, 02) — p(0|M)

» Bayes: —s p(f,0]g; M) = p(gf.0:M) p(f10:M) p(OIM)

p(glM)
» Joint MAP: (?,5) = arg max {p(f,0|g; M)}
(f 0)
Marginalization: { (0\9, ) —fp f 9|g /\/l) df
» Posterior means: I - ff p(f,6lg; M) d6 df
=[[O0p(f 0lg;M)df dO

» Evidence of the model:
p(glM) = // p(glf, 0: M)p(F16; M)p(6|M) df d6
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Full Bayesian: Marginal MAP and PM estimates

~

» Marginal MAP: 6 = argmaxg {p(f|g)} where
p(0lg) = /p(fﬁlg) df o< p(g|0) p(6)

and then ? = argmax ¢ {p(f\a,g)} or
Posterior Mean: f = /fp(f|5,g) df

» Needs the expression of the Likelihood:

p(g10) = / plglf.01) p(£162) df

Not always analytically available — EM, SEM and GEM
algorithms
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Full Bayesian Model and Hyperparameter Estimation

Lo, B
Hyper prior model p(@|a, 3)
02 01 R
A Yy H f
p(f‘OQ) < p(g‘f701) p(fue‘gaauﬁ)ﬁ/é
Prior Likelihood Joint Posterior

Full Bayesian Model and Hyperparameter Estimation scheme

~

p(f.0lg) | —| p0lg) =0 —|p(flb,g9)|— f

Joint Posterior Marginalize over f

Marginalization for Hyperparameter Estimation
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Full Bayesian: EM and GEM algorithms

» EM and GEM Algorithms: f as hidden variable,
g as incomplete data, (g, f) as complete data
Inp(gl@) incomplete data log-likelihood
Inp(g, £|6) complete data log-likelihood

> lterative algorithm:
E-step:  Q(6,0%) = Ep(_f 9.0 {Inp(g, f10)}
M-step: ) = arg maxg %Q(O, O(k_l))}

» GEM (Bayesian) algorithm:

. k)Y _ ~
E-step: ?(0, 0k) = Ep(ﬁg’e(k)l{lnp(g, £10) +Inp(6)}
M-step: 6*) = argmaxg {Q(o, 0<k—1>)}

p(f,0lg) | — [EM, GEM|— 6 — |p(f|0,9) | — f
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Two main steps in the Bayesian approach

» Prior modeling
» Separable:
Gaussian, Gamma,
Sparsity enforcing: Generalized Gaussian, mixture of
Gaussians, mixture of Gammas, ...
» Markovian:
Gauss-Markov, GGM, ...
» Markovian with hidden variables
(contours, region labels)
» Choice of the estimator and computational aspects
» MAP, Posterior mean, Marginal MAP
» MAP needs optimization algorithms
» Posterior mean needs integration methods
» Marginal MAP and Hyperparameter estimation need
integration and optimization
» Approximations:
> Gaussian approximation (Laplace)
» Numerical exploration MCMC
> Variational Bayes (Separable approximation)
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Different prior models for signals and images: Separable

.JluH h” Jumywm‘”‘li MM | f
A ‘HI\ ‘\{ \H w“ i ” \H |

Gaussian Generalized Gaussian
p(fj) o exp {—alf;|*} p(fj) xexp{—alf;P}, 1<p<2

Gamma Beta

p(fj) o< f5texp {—Bf;} p(f3) o< f§(1 = £5)°

~—
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Sparsity enforcing prior models

» Sparse signals: Direct sparsity

i

i

mh

» Sparse signals: Sparsity in a Transform domaine

I

V

A. Mohammad-Djafari,
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Sparsity enforcing prior models

» Simple heavy tailed models:

>

vV YyVvyy

Generalized Gaussian, Double Exponential

Symmetric Weibull, Symmetric Rayleigh
Student-t, Cauchy

Generalized hyperbolic

Elastic net

» Hierarchical mixture models:

vV vy VY VvYy
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Bernoulli-Gaussian
Mixture of Gammas
Bernoulli-Gamma
Mixture of Dirichlet
Bernoulli-Multinomial
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Simple heavy tailed models
e Generalized Gaussian, Double Exponential

p(f17v.8) = [ 96(fil. B) xexp § =7 Y 151
J J

B =1 Double exponential or Laplace.
0 < B <1 are of great interest for sparsity enforcing.

0.05F P [ exp(-yIxI®)

Generalized Gaussian family
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Simple heavy tailed models
e Symmetric Weibull

p(f1v.8) = [[W(filr. 8) ocexp d = D117 + (B — 1) log | ;]
J J

B = 2 is the Symmetric Rayleigh distribution.
B8 =1 is the Double exponential and
0 < B <1 are of great interest for sparsity enforcing.

S s 4 =2 o 2 3 s B 10 % = = Y o T 2 B
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Simple heavy tailed models
e Student-t and Cauchy models

p(flv) =

HSt fjlv) o< exp —V—;lzlog(l—i-ff/l/)
J

Cauchy model is obtained when v = 1.

A. Mohammad-Djafari,
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Student-t and Cauchy families
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Simple heavy tailed models

e Elastic net prior model

p(flv) = HSN filv) o exp Z’yﬂfﬂ—i—’ygfj)
j

Elastic Net family
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Simple heavy tailed models

e Generalized hyperbolic (GH) models

p(£16,v,8) = [J(0° + £)¥ D2 exp {B2)} K\—1p0(y /62 + f2)

J

Generalized hyperbolic family
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Mixture models
e Mixture of two Gaussians (MoG2) model

p(fle,v1,00) = [T laN (£510,01) + (1 = @)N(£510, v0)]
J
e Bernoulli-Gaussian (BG) model

p(fla,v) Hp £i) =[] leN (£10,0) + (1 — @)3(£;)]
J

G
MoG2

-1 [ 1 2 3 a

3 . .
4 6 ] 10~ -3 -2

Mixture of 2 Gaussians families

-10 E3 -6 -4 -2 [ 2
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e Mixture of Gammas
p(fIN o1, v0) = [[ NG (filaa, 1) + (1 = N)G(fjlaz, Ba)]
J
e Bernoulli-Gamma model
p(fIX . 8) = [T AG(fjla, B) + (1 = N)d(f;)]
J
e Mixture of Dirichlets model

p(f|/\,H1,a1,H2,a2) = H [/\D(fj‘Hhal) + (1 - )‘)'D(fj‘H%aQ)]

-
1
D(fj|H,a) = HFaO agt ™, >0, ap>0
whereH—{al,"',aK}anda—{Oél,"‘aOZK}

with >, o = and ), ap = 1.
e Bernoulli-Multinomial (BMultinomial) model

p(fINH, o) = [T(F) + (1 = N Mult(f;|H, )]
J
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Hierarchical models and hidden variables

> All the mixture models and some of simple models can be
modeled via hidden variables z.

K
_ p(flz = k) = pi(f),
p(f)_;akpk(f) } { P(z:k):akf Spok =1

» Example 1: MoG model: pg(f) = N(f|mg, vi)
2 Gaussians: pg = N (0,v9),p1 = N(0,v1),a0 = X\, a1 =1—X\

p(filA v1,v0) = AN (f510,v1) + (1 — NN (510, v0)

{ p(fjlz = 0,v0) = N(fj|0,v0), { P(zj =0) = A,
p(filz; = 1,v1) = N(f;]0,v1), P(zj=1)=1-X

p(F12) =L p(fil=) = TN (£510,0-,) o exp {—% i }
P(Zj:l):)\, P(27:0):1—)\
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Hierarchical models and hidden variables

» Example 2: Student-t model

St(f|v) exp{— Log (1 +f2/1/)}

» Infinite mixture

St(f|) o //\/ £1,0,1/2)G(=la, B) =, with a = 8 = v/2

p(flz)  =TLpfle) = TN U0.1/2) xexp { =3 52, 2 £2}
p(zlo,B)  =T1;6(zl08) o< I, 2V exp {52}

X exp Zj(a —1)Inz; — sz}
p(f.2l08) xexp{-1% 22+ (a— )z — B2}
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Hierarchical models and hidden variables

» Example 3: Laplace (Double Exponential) model

DE(fla) = §esp{=all} = [ N(F0.9)ECI/D) 2, a>0

N

p(fl2)  =TLpfile) = T N0, 2) xcexp { =3 55, 12/2 )
1) =ILEEIS) xexp {5, %2}
p(f21%) xexp{ -3, 12/ + %)

» With these models we have:

p(f,z,0lg) < p(glf,61) p(f|z,02) p(z[03) p(6)
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Bayesian Computation and Algorithms

» Often, the expression of p(f, z,0|g) is complex.

» lts optimization (for Joint MAP) or
its marginalization or integration (for Marginal MAP or PM)
is not easy

» Two main techniques:
MCMC and Variational Bayesian Approximation (VBA)

» MCMC:
Needs the expressions of the conditionals

p(flz,0,9), p(z|f,6.g), and p(0|f, z,g)
» VBA: Approximate p(f, z,0|g) by a separable one

a(f,2,01g) = a1(f) a2(2) q3(60)

and do any computations with these separable ones.
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MCMC based algorithm

p(f,z,0lg) < plglf,z,0)p(flz,0)p(z)p(@)
General scheme:

o~

f~p(f|z,0,9) — Z ~p(z|f,0,9) — 0 ~ (0]f,2,9)

> Estimate f using p(f[Z,0.9) o p(glf.0) p(f|2,0)
When Gaussian, can be done via optimisation of a quadratic
criterion.

> Estimate = using p(z|f,0.g) x p(g|f,Z,0) p(2)
Often needs sampling (hidden discrete variable)
» Estimate 6 using

p(0|f.2,9) < p(g|f,02I) p(fIZ, (m,vk)) p(0)
Use of Conjugate priors — analytical expressions.
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Variational Bayesian Approximation

> Approximate p(f, 6|g) by ¢(f,0|g) = a1(f|g) ¢2(61g)
and then continue computations.

» Criterion KL(q(f,0]|g) : p(f,0|g))

> Kl(g:p)= [ [qng/p= [ [ qrg2In L2 =
Jamg+[g@ng—[ [qnp=—H(q)-H(g)— <Inp >,

> lterative algorithm ¢ — q2 — q1 —> g2, -

a(f) xexp{(np(g, f,6:M)),,0)}
0:(0) xexp{(np(g, f.6: M), 1}

Variational — qa(f) — }

p(f,0lg)| — Bayesian
Approximation | — G5(0) — 0
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Summary of Bayesian estimation 1

» Simple Bayesian Model and Estimation

o> P
p(f162) | ©|p(glf,01)— »p(flg.0) |— F
Prior Likelihood Posterior

» Full Bayesian Model and Hyperparameter Estimation

la,p
Hyper prior model p(0|c, 3)
0 01 N
0 0 0 I
o =
p(7162) | o[plals, 00} Hp(r.09.0.8)]
Prior Likelihood Joint Posterior
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Summary of Bayesian estimation 2

» Marginalization for Hyperparameter Estimation

p(f,0lg9)

—|  p6lg) =0 —|p(flo.g)|— F

Joint Posterior Marginalize over f

» Full Bayesian Model with a Hierarchical Prior Model

i [ i
—
p(=163) | o [p(12.82)] < [p(alF. 00 p(f.219.0) |
Hidden variable Prior Likelihood Joint Posterior
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Summary of Bayesian estimation 3
e Full Bayesian Hierarchical Model with Hyperparameter Estimation

Lo, B,y
Hyper prior model p(@|a, 3,7)
0 0 0 ~
3 2 1 N
p(2]03) | © |p(flz,02)| ©|p(g|f.01)— »p(f,z,6lg) [—=2
0
Hidden variable Prior Likelihood Joint Posterior
e Full Bayesian Hierarchical Model and Variational Approximation
Lo, B,y
Hyper prior model p(0|c, 3, )
05 6, 0, VBA ~
4 4 ‘11E.f§ — f
p(z103) | o |p(f|z,02) | | p(glf,61) [{p(f,2,6l9) [ @@ |—Z
. . . . . - - Separable — 9
Hidden variable Prior Likelihood Joint Posterior |approximation
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Which images | am looking for?

50 100 15 200 250 300
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Which image | am looking for?

Gauss-Markov Generalized GM

¥ y]
"

by

FTEIT) A fy
et Wi

Piecewize Gaussian Mixture of GM
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Gauss-Markov-Potts prior models for images

F,J EJ

f(r) =1-46(2(r) — 2(r"))
p(f(r)]z(r) = k vg) = N(mk, k)
Z P(z(r) = k) N(myg,vr) Mixture of Gaussians

> Separable ||d hidden variables:  p(2z) =[], p(2(r))
» Markovian hidden variables: p(z) Potts-Markov:

p(z(r)|z(r"), 7" € V(r)) o< exp {7 > 6z ))}
r’'eV(T)
) o exp {’y Z Z d(z ))}

rerRrevV(r)

A. Mohammad-Djafari, Inverse problems, Deconvolution and Parametric Estimation, MATIS SUPELEC, 80/87



Four different cases

To each pixel of the image is associated 2 variables f(r) and z(r)

F

» f|z Gaussian iid, =z iid:
Mixture of Gaussians

» f|z Gauss-Markov, z iid :
Mixture of Gauss-Markov

» f|z Gaussian iid, z Potts-Markov :
Mixture of Independent Gaussians
(MIG with Hidden Potts)

» f|z Markov, =z Potts-Markov :
Mixture of Gauss-Markov

(MGM with hidden Potts) z(r)
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Application of CT in NDT

Reconstruction from only 2 projections

91 () z/f(w,y) dy,  92(y) :/f(:lay) dz
» Given the marginals g1 (z) and g2(y) find the joint distribution

f(z,y).
» Infinite number of solutions : f(x,y) = g1(x) g2(y) Q(z,y)
Q(z,y) is a Copula:

/Q(a:,y) dr=1 and jQ(az,y) dy =1

A. Mohammad-Djafari, * Inverse problems, Deconvolution and Paramefric Estimation, MATIS SUPELEC, 82/87



Application in CT

.
.
Tk

T .

.

glf flz 2 c
g=Hf +e iid Gaussian id c(r) e {0,1}
glf ~ N(Hf,02T) or or 1= 3(x(r) — =(r"))
Gaussian Gauss-Markov Potts binary
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Proposed algorithm

p(f,z,0|g) < p(glf,z,0)p(flz,0)p(0)

General scheme:

f~p(f|2.0.9) — 2 ~p(z|f.0.9) — 0 ~ (0]f,2,9)

Iterative algorithme:

> Estimate f using p(f|2,0,9) x p(glf,0) p(f|Z,0)
Needs optimisation of a quadratic criterion.

> Estimate =z using p(2|f,0,9) < p(g|f,2,0) p(2)
Needs sampling of a Potts Markov field.

» Estimate 0 using

p(6lf.Z,g) o< p(glf, o2I) p(£|Z, (mu, vi)) p(6)
Conjugate priors — analytical expressions.
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Results

Gauss-Markov+pos GM-+Line process

GM-+Label process

m,

L
-
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Application in Microwave imaging

o(w) = / F(r) exp {—j(wr)} dr + e(w)

o(u,v) = // F () exp {—j(uz + vy)} de dy + e(u,v)

g=Hf te

o

.
d o

flz,y) g(u,v) ? IFT ? Proposed method
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Conclusions

>

>

Bayesian Inference for inverse problems

Different prior modeling for signals and images:
Separable, Markovian, without and with hidden variables

Sprasity enforcing priors

Gauss-Markov-Potts models for images incorporating hidden
regions and contours

Two main Bayesian computation tools: MCMC and VBA
Application in different CT (X ray, Microwaves, PET, SPECT)

Current Projects and Perspectives :

>

>

>

Efficient implementation in 2D and 3D cases

Evaluation of performances and comparison between MCMC
and VBA methods

Application to other linear and non linear inverse problems:
(PET, SPECT or ultrasound and microwave imaging)
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