
� �� �� �� � �� � 	 
 �� ��
 �� � 
 � �
 �� 	
 �
 �� �� �� � �� 
� 
 � � � ��'

&

$

%

�� �� ��  ! � "  # $% �& % � & " ')( ! (  � $ � % � & $* ! + � & ,

, - �  ' ! � � +� ' � & % .( ' ' ! ��  � & & ( / �

012 3 45 0 3 3 06 76 8 09 0 :;

< => ?@ =A ?2 @ BC BD E2 FHG =IJ BA E K D AL M BD

N 3 : OPQ OR C I ST : E 7 E I UWV 1 BX 7 NY E

E I UWV 1 BX ZY 1 = A B = I C B 3 ? I 1 ?G

[\ \ [] ^2 _ 7D I @ 7 ` a BA A B Z9 : 0 T Sb c

d eHfg fh ijk l lm ln oHp k p qmg h

rs s o t u uv v v m k l lm ln op k p qmg h

rs s o t u u d efg fh img h p p mg h

w



� �� �� �� � �� � 	 
 �� ��
 �� � 
 � �
 �� 	
 �
 �� �� �� � �� 
� 
 � � � ��'

&

$

%

� �� �� � �� � �� �

	
 �� 
� �� �� 
� �� � � 
 �� � �� �� � �� 
 �� �

f1(t)�
ccc

fn(t)�
4 UV @ = A2 ? G C B

M V 1 =G F B
� g1(t)

ccc

� gm(t)

g1(t)�
ccc

gm(t)�
4 UV @ =A2 ?G C B

D V U =@ = A2 ?G
� f̂1(t)

ccc

� f̂n(t)

� � � 
� � �� 
 �� � � �
 � �

g(t) =

∫∫
A(t, t′)f(t′)C t′

� � � 
� � �� � �� � 
� � � � �

g(t) =

∫∫
A(t− t′)f(t′)C t′

� � � 
� � �� �� �� � � � � � � � �

g(t) = Af(t)
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� � 
� � �� � �� � 
� � � � −→ � � � �� � 
� � � �� � � 
� � � � � � � �

� � 
� � �� �� �� � � � � � � � −→ � � � � 
 �� � �� �� � �� 
 �� �

f1(t)�
ccc

fn(t)�
A

3 = A @2 X B C B

M V 1 =G F B
� g1(t)

ccc

� gm(t)

g1(t)�
ccc

gm(t)�

B

3 = A @2 X B C B

D V U =@ =A2 ?G
� y1(t)

ccc

� yn(t)

� �� � � � � 
 � �� � � � �� �
 �� � � � � 
� � −→ B = ΣΛA−1

?� Σ BD A I G B M = A @2 X B C B U B@ M I A = A2 ?G BA ΛI G B M = A @2 X B C 2 = F ?G =1 B c

� 5 K U ? A� L D BD _ ? G C = M BG A =1 BD � f1(t), . . . , fn(t)D ?G A G ? G X ? @ @ V 1 V D � 0 SY � ? I

2 G C B U BG C =G A D � 0 S; � c

� 3 V A � ?C BD X 1 = D D2 	 I BD �; G _ ? M =J Z S ?G A @ = D A Z 4 @ C @ BD D I UV @2 BI @ BD Z 3 =J 2 M I M C B

a @ =2 D B M > 1 =G X B Z 0 U U @ ? X� B > = KV D2 BG G B
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 �� � � � � 
� � � � �� � � �� �

f1(t), . . . , fn(t)D ?G A G ? G X ? @ @ V 1 V D BG A @ B BIJ BA > 1 =G X� BD c

Rff = Eff t = Λ

Rgg = E ggt = EAff tAt = ARffA
t = AΛAt� � 
 � �
 �� � �� �

� b D A2 M = A2 ?G C B 1 = M = A @2 X B C B X ? a =@2 =G X B

[Rgg]kl =
1

T

∑

t

gk(t) gl(t)

� 6 V X ? M U ? D2 A2 ? G BG a =1 BI @ D D2 G F I 12 L @ BD
Rgg = AΛAt −→ f̂(t) = (Λ+)1/2Atg(t)

� A BD A C V A B@ M2 G V B� I G B @ ? A = A2 ?G BA � I G _ = X A BI @ C �V X� B1 1 B U @ L D �

A −→ AΘ −→ AΘΛΘ
tAt = AΛAt = a BX Θ I G B M = A @2 X B ?@ A � ? F ?G =1 B
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� ; M U ? D B@ I G B D A @ I X A I @ B U ? I @ 1 � BD A2 M = A BI @ �

f̂i = φi([Bg + b]i) −→ f̂ = φ(Bg + b)

� S� ?2 D2 @ I G X @2 A L @ BC B M BD I @ B C B 1 �2 G C V U BG C =G X B C BD X ? M U ? D =G A D C B f̂ �

S = −
∑

i

pi(f̂i) ln pi(f̂i) = −
∑

i

pi(φi([Bg]i + bi)) ln pi(φi([Bg]i + bi))

� 4 U A2 M2 D B@ S � (B̂, b̂) = arg max (B, b)S(B, b)

� E A @ I X A I @ B C � ? U A2 M2 D = A2 ? G

C =G D I G @ V D B =I C B G BI @ ? G D

� � ��� �� 	
 � �� 
 �

φ(.)

b

g
B +

f̂
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 � � � � � �� � � � � � � �

6 V� G 2 @ I G B _ ? G X A2 ? G C B X ?G A @ = D A B c(y) = c (Bg) 	 I 2 = I @ = U ? I @ M2 G 2 M2 D BI @ 1 =

M = A @2 X B C B D V U =@ =A2 ?G B c

b J B M U1 B �

c(B) = KL

(
p(y) :

∏

i

pi(yi)

)
=

∫∫
p(y) ln

p(y)∏
i pi(yi)

C y

� � �� � � � �� � �� � � �� � � � � � � � �
 � �
 � � � � ��� � � � � � �� 
 � �
 � � � �

	 � � � 


0 U U @ ?J 2 M = A2 ? G C B pi(yi) U =@ D BD X I M I 1 =G A D

6 V aV 1 ? U B M BG A BG D V @2 B C B� = K1 ?@ C B 1 = _ ?G X A2 ? G X =@ = X A V @2 D A2 	 I B �

∂c(B)

∂B
∝ E

p′i(yi)

pi(yi)
∝X I M I 1 =G A D C B (yi)
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� < = U1 I D U =@ A C B X BD M V A � ?C BD G B U @ BG G BG A U = D BG X ? M U A B BJ U1 2 X2 A B M BG A 1 B > @ I 2 A

�1 BD B@ @ BI @ D C B 1 = M ?C V 12 D = A2 ?G BA 1 B > @ I 2 A C B M BD I @ B ��� < = U1 I D U =@ A C B X BD M V A� ?C BD D I U U ? D BG A 	 I B 1 = M = A @2 X B C B M V 1 =G F B BD A X =@ @ V B

BA 2 G a B@ D2 > 1 B c

� < = U1 I D U =@ A C B X BD M V A� ?C BD D I U U ? D BG A 	 I B 1 BD D ? I @ X BD D ?G A 2 c2 cC c −→

� =1 G X� 2 B M BG A = a =G A 0 SY ? I 0 S;

� < = U1 I D U =@ A C B X BD M V A� ?C BD

2 M U ? D BG A � ��� �� � � I G B D A @ I X A I @ B �

f̂ = φ(Bg + b)

� � ��� � � 	
 � � � 
 �

φ(.)

b

g
B +

f̂
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g(t) = Af(t) + ε(t), t = 1, · · · , T

� ; G _ ? @ M = A2 ?G D I @ ε −→ p (g1..T |A,f1..T )

� ; G _ ? @ M = A2 ?G D I @ f(t) −→ p(f1..T )

� ; G _ ? @ M = A2 ?G D I @ A −→ p(A)

� � = K BD �

p (A,f1..T |g1..T ) ∝ p (g1..T |A,f1..T ) p(f1..T ) p(A)

� 6 V� G 2 @ I G BD A2 M = A BI @ I A2 12 D =G A �

p (A,f1..T |g1..T ) Z p (A|g1..T ) ? I p(f1..T |g1..T )

b J B M U1 BD C B p(A) �

p(A) ∝ exp
[
−λ‖A‖2

]
, p(A) ∝ exp

[
−

1

2σ2
a

‖I −A‖2

]
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 �

� A �� � 
 � �� 
�
g(t) = Af(t) = B−1f(t), t = 1, . . . , T

� � �� 
 �� � � � � � g = Af

p(f) =
∏

i

pi(fi) −→ p(g|B) = |C BA (B) |
∏

i

pi ([Bx]i)

ln p (g1..T |B) = ln |C BA (B) |T +
∑

t

∑

i

pi (yi(t)) , = a BX y(t) = Bg(t)

J(B) = − ln p (B|g1..T ) = −T ln |C BA (B) | −
∑

t

∑

i

ln pi (yi(t)) + ln p(B) + cte.

3 0Y ? I 3 =J 2 M I M C B a @ =2 D B M > 1 =G X B �

∂J(B)

∂B
= −

∑

t

H (y(t)) = a BX H(y) =
∂

∂B

[
∑

i

ln pi (yi) + ln |C BA (B) | + ln p(B)

]
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S = D U =@ A2 X I 1 =@ � p(B)I G 2 _ ?@ M B −→ 3 =J 2 M I M C B a @ =2 D B M > 1 =G X B

H (y) = φ(y)y† − I,

= a BX

φi(yi) = −
p′i(yi)

pi(yi)
.

^ =I D D p(z) ∝ exp
[
−αz2

]
φ(z) = 2αz

< = U1 = X B p(z) ∝ exp [−α|z|] φ(z) = αD2 F G (z)

S = I X� K p(z) ∝
1

1 + (z/α)2
φ(z) = 2z/α2

1+(z/α)2

D ? I D F = I D D2 BG p(z) ∝ exp

[
−

1

2
z2

]

D B X� 2(z) φ(z) = z + tanh(z)

M V 1 =G F BC B F = I D D2 BG G BD p(z) ∝ exp
[
− 1

2 (z − α)2
]

+ exp
[
− 1

2 (z + α)2
] φ(z) = αz − α tanh(αz)
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 � � � �
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H(y) =
∂

∂B

[
∑

i

ln pi (yi) − ln |C BA (B) |

]
.

4 U A2 M2 D = A2 ? G U =@ I G =1 F ?@2 A � M B C I C BD X BG A B �

∆B ∝ H(y) = [I − φ(y)yt]B

� � ��� �� 	
 � �� 
 �

φ(.)
yg

B
φf
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g(t) = Af(t) + ε(t), t = 1, . . . , T.

ln p(ε(1), . . . , ε(T )) =
∑

t

∑

i

ln pi (εi(t)) .

� �
 � � �� � � 
� � �� �

ln p (g1..T |A,f1..T ) =
∑

t

∑

i

qi (gi(t) − [Af ]i(t))

= a B X qi(.) = ln pi(.) c

� � � � �� � 
 � �
 � �

ln p (A,f1..T |g1..T ) = ln p (g1..T |A,f1..T ) + ln p(f1..T ) + ln p(A) + cte

=
∑

t

∑

i

qi (gi(t) − [Af ]i(t)) + ln p(f1..T ) + ln p(A) + cte.
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� � � �	 � 
	 � � �� � 
 � �� � � 
 �� � 	 ���

� ; G A V F @ B@ � ? @ D C I U @ ? > 1 L M B A U ? I @ ? > A BG 2 @ p(f1..T |g1..T ) BA BD A2 M B@ f1..T c

Y =@ BJ B M U1 B
f̂1..T = arg maxf1..T p(f1..T |g1..T )

� ; G A V F @ B@ � ? @ D C I U @ ? > 1 L M B f1..T U ? I @ ? > A BG 2 @ p(A|g1..T ) BA BD A2 M B@ A c

Y =@ BJ B M U1 B

Â = arg maxAp(A|g1..T ),

BA BG D I 2 A B BD A2 M B@ f U =@ f̂ = Âg�� b D A2 M = A2 ?G � ?2 G A B C B f1..T BA C B A BG I A2 12 D =G A p (A,f1..T |g1..T ) c

Y =@ BJ B M U1 B




f̂

(k)
1..T = arg maxf1..T p

(
Â(k−1),f1..T |g1..T

)

Â(k) = arg maxAp
(
A, f̂

(k−1)
1..T |g1..T

)
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ln p(f1..T ) =
∑

t

∑

j

rj(fj(t))

p(A) ∝ exp

[
−

1

2σ2
a

∑

k

∑

l

a2
kl

]
,

ln p (A,f1..T |g1..T ) =
∑

t

∑

i

qi (gi(t) − yi(t))+
∑

t

∑

j

rj(fj(t))+
1

2σ2
a

∑

k

∑

l

a2
kl+cte.





f̂ (k) = arg maxf
∑

i

qi (gi − yi) +
∑

j

rj(fj)

Â(k) = arg maxA
∑

i

qi (gi − yi) +
1

2σ2
a

∑

k

∑

l

a2
kl
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� � � � � � � � � � �� � � � � U ? I @ 1 B > @ I 2 A BA 1 BD D ? I @ X BD �




f = (AtA+ λI)−1Atg

A = gf t(ff t + µI)−1

= a B X λ = σ2
n/σ

2
s BA µ = σ2

n/σ
2
a c

� � � � � � �� � � � � � �� � � � � �� 
 f �





y = (AtA+ λI)−1Atg

f = φ(y)

A = gf t(ff t + µI)−1

(AtA+ λI)−1At

T T 1 B =@ G 2 G F

φ(.)
g f̂g

ε

A
f

�

w �
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�� � � � � � �� 
 � � � �� � � �

f = (AtA+ λI)−1Atg −→ f = (AtA+ λDtD)−1Atg

�� � � � � � 
 � �� 
 � � � �� � � � 	 � 
 � �� � � �� � � � � 	
 � � � � � � 	 � � �

Y @2 G X2 U =1 B C 2 � X I 1 A V B � 3 ?C V 12 D = A2 ?G C B p(fj(1), . . . , fj(T ))

� � � � � 
� � � � 
 � � �� � � �

ln p(fj(1), . . . , fj(T )) =
∑

t

ln p(fj(t)|fj(t− 1))

� � � � � 
� �� � � � � ��� � � 
 � � �

f(t) = (AtA+ λI)−1
[C 2 = F [λ1, . . . , λn]f(t− 1) +Atg(t)

]

w �
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� � � � 
 � �� 
 � � �
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g = Af + ε

p(A,f |g) ∝ exp

[
−

1

2σ2
n

J(A,f)

]

= a BX J(A,f)‖g −Af‖2 + λφ(f) + µψ(A)

p(A|g) =

∫∫
p(A,f |g)C f

0 U U @ ?J 2 M = A2 ? G C I D BX ? G C ?@ C @ B �
− ln p(A|g) ∝ − ln

∣∣∣C BA

(
P̂−1

s

)∣∣∣− J(A, f̂)

f̂ = (AtA+ λI)−1Atg =G C P̂s = (AtA+ λI)−1;

−→ 4 G ? > A2 BG A 1 B M � M B D X� V M = =1 F ?@2 A � M2 	 I B C B : T = a BX �

∆A ∝ At(AtA+ λI)−1 + gf + µψ′(A)

0 1 F ?@2 A� M B b D UV @ =G X B 7 3 =J 2 M2 D =A2 ?G �b 3 � �

6 ?G G V BD X ? M U1 L A BD (g,f) BA 2 G X ? M U1 L A BD g c

w �
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� � � �� ��� � � � �� � � � � �� �� � � � �� � � � � �� � �

^ =I D D2 BG G B � ^ = I D D 7 3 =@ � ? a � ^ = I D D2 BG G B FV G V @ =12 D V B

p(f j |f j−1) = N (f j−1, σ
2
f ) p(f j |f j−1) ∝ exp [−α|f j − f j−1|

p]

p(f) ∝ exp
[
−α

∑
j |f j − f j−1|

2
]

p(f) ∝ exp
[
−α

∑
j |f j − f j−1|

p
]

p(f) ∝ exp

2

4−α
X

r∈R

˛

˛f(r) − β
X

s∈V(r)

f(s)
˛

˛

2

3

5 p(f) ∝ exp

2

4−α
X

r∈R

˛

˛f(r) − β
X

s∈V(r)

f(s)
˛

˛

p

3

5
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p(f j |qj , f j−1) = N
`

(1 − qj)f j−1, σ
2
f

´

p(f j |zj = k) = N
`

mk, σ2
k

´

p(f |q) ∝ exp
h

−α
P

j
(1 − qj)|f j − f j−1|

2
i

p(f |z) ∝ exp
h

−α
P

k

P

j∈Rk
(f j − mk/σk)2

i

P (qj = 1) = α, P (qj = 0) = 1 − α p(z) ∝ exp
h

α
P

j

P

i∈V(j) δ(zj − zi)
i
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p(fj |zj = k) = N (mjk, σ

2
jk) −→ p(fj) =

Kj∑

k=1

αjkN (mjk, σ
2
jk)

� � � 
 �� � 
� � � � � � � � zj ∈ Zj = (1, . . . ,Kj) � a� X αjk = p(zj = k)

p(f |z,θ) =
∏

j

∏

zj∈Zj

N (mjk, σ
2
jk), θ = {(mjk, σ

2
jk)}

� � � � �� � � � � p(f |θ) =
∑

z∈Z

p(z) p(f |z,θ)

� � � � � � !" #� � � � � p(f |g,θ) =
∑

z∈Z

p(z|g,θ) p(f |g, z,θ)

� � 
 � �
 �� � �� � 
 �� � 
� �� 
%$� �� � � �� � �� �

� b &'  ( �) z * '  +  & �, ' p(z|g,θ)�� - &'  ( �) f * '  +  & �, ' p(f |g, z,θ)

. - &'  ( �) + � &� /0 �) 0 �) � ( 1 ' �) & θ * '  +  & �, ' p(θ|g, z,f)

2 �
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. �+ / � * , +  � , � , ') � + � & 0 ) �� + 1 ( � & � � &� 0 �) � '  � , � � & � *) 	� & � ' + � , � '  � , � �

+ � �0 0 ) � , '  & & � 
� �

. � � & ( � ' � � � � & 	+ � & & 
 * � & & * 0 0 � &� , ' A , � �) & � + � � ' , � 0 ) � , , � , ' 0 � & � , 	 � ( 0 ' �

� � 0 +  	 ' � ( � , ' + � &  , 	�) '  ' * � � & �

. � 0 0 ) � 	 � � � � / � & � , , � 0 �) ( � ' � � 	 � ( �  , �) + � , � �) ( � '  � , � �, &+ � & � � , , � � & � '

+ � , � �) ( � '  � , � �� � � � � � � ' 0 ) � , � & � , 	 � ( 0 ' � � � 0 +  	 ' � ( � , ' + � &  , 	�) '  ' * � � & �

. � �, &+ � & ( � ' � � � � & 	+ � & & 
 * � + � & ') * 	 ' *) � � * & 	 � � ( � � � + � �0 0 ) � , '  & & � 
 � � &' � � � �

� � � � �, 	� � � �, &+ � �0 0 ) � 	 � � � � / � & � , , � � 	� ' ' � &') * 	 ' *) � � � 0 � , � � � + �

( � � � +  & � '  � , � * � ) *  ' � ' � � & & 
 , � * � � �� , ') � � �

. - , 
 � , �) �+ �+ � 	 �+ 	 *+ � � / � & � , � &' 	 �� ' � * � �

, � 	� & & ' � � � � � ) � � � & �0 0 ) � �  ( � '  � , & �

0 �) � � � ( 0 + � + � �0 0 ) � �  ( � '  � , � , 	 � � ( 0 & ( � / � , & ��� � �, � � + � �0 0 ) � �  ( � '  � , �
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