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Abstract — In many image reconstructionapplications,
more and more, we need techniquesto combinediffer-
entkind of data. This is the case for example in com-
putedtomagraphy (CT) medicalimaging where one may
useanatomicatlasdatawith X ray radiographicdataor in
nondestructivetesting(NDT) techniqueswhele onewants
to usebothgammaraysandultrasoundecho-graphicdata.
In this paper First we presentthe basicsof Bayesianesti-
mationapproach andwill seehowthecompoundr hierar-
chical Markov modelingwill giveusthenecessaryoolsfor
datafusion.Thenwepresentwo examples:onein medical
imaging CT applicationand the secondn industrial NDT.
In both caseswe consideran X ray CT image reconstruc-
tion problemusingtwo differentkind of data: classicalX-
raysradiographicdataand somegeometricalinformations
and proposenew methoddor thesedata fusion problems.
Thegeometricainformationweuseare of twokind: partial
knowledg of valuesin someregionsandpartial knowledg
of theedgesof someotherregions. We showtheadvantajes
of usingsud informationson increasingthe quality of re-
constructions. We also showsomeresultsto analyzethe
effectsof someerrors in thesedata on the reconstruction
results.

Keywords: Bayesian data fusion, Compound Markov
modeling,ComputedomographyNon destructve testing,
Fusionof radiographiandgeometricdata.

1. INTRODUCTION

A widely usedtechniquein industrial non destructve
testing(NDT) applicationis X ray computedtomography
(CT). While in medicalimaging, classicalmethodsbased
on back projection(BP) or algebraicreconstructiortech-
niques(ART) give satishction,in NDT applicationsdata
acquiring constraints(limited projectionangles)are such
that thesemethodsdo not give satishctory results. How-
ever, in both areas,very often, thereis a needfor extra
information and other kind of datato obtain satishctory
results. Datafusion is then an active areaof researchin

theseapplications.In this work, we considerthe X ray CT
imagereconstructiorproblemusingtwo differentkind of
data: classicalradiographiqprojection)dataandsomege-
ometricalinformationssuchaspartial knowledgeof mate-
rials in someregionsand/orthe bordersof theseor some
otherregions.

Theideaof usinggeometricadatain CT imagingis not
new. Many worksonthe subjecthasbeendonebefore.See
for example[l, 2, 3,4, 5,6, 7, 8]. In[1, 7, 8], theauthors
proposedmethodsfor usingregionsbordersfrom geomet-
rical datain medicalimagingandthe authorsin [2, 3, 5, 6]
usedtheknowledgeof someof regionsmaterials While the
applicationin the first referencesoncernamedicalimag-
ing, the applicationin the secondreferencesoncernsn-
dustrialNDT. But, combiningbothregionsandbordersin-
formationsfrom anatomicdatais new.

This paperis organizedas follows: First, the basicsof
the Bayesiarapproactfor heterogenoudatafusionis pre-
sented.Then,we focusonthefusionof X ray andgeomet-
rical dataandgive detailsof the proposednethod.Finally,
we presenta few simulatedexperienceshoving compar
isonsof the resultsusing classicalback-projectionor fil-
teredback-projectiormethodswith thoseobtainedby the
proposedmethodeither using or not the geometricdata.
Theseresultsshawv the advantage®f usinggeometricdata
whenthosedataare exact and well registeredwith radio-
graphicdata. We also presentsome preliminary results
shawing the sensitvity of the proposednethodto someer-
rorsin geometricaldatadue to imperfectregistrationand
otheruncertainties.

ThenumericalexperimentssimulatebothafanbeamCT
problemin medicalimagingapplicationandaNDT testing
of metallic layer shapedmedia(sandwichstructuressuch
asthoseof aircraftcontrolsurfaces While, in thefirst case,
we have projectiondatain [0, 27r] angleintervals,in thesec-
ond case the structuresaresuchthatwe cannothave a full
rangeof projectiondataandthe reconstructiorproblemis
a morestronglyill posedonedueto limited-angleRadon



transformnull space. The authorsin [3, 5] hasalso con-
sideredthis problem,but the proposednethodby theseau-
thorsarebasedn projectionon corvex sets(POCS)which
cannotaccounfor errorsandextra knowledgeaseasilyas
in regularizationor Bayesiarestimationtechniques.

2. BAYESIAN APPROACH FOR DATA FUSION

Assumethat we are observingan unknovn body o
throughtwo different measuremengystemsand obtained
two setsof datay andz. For example,consideraNDT ap-
plicationsystemwherey is asetof X ray radiographeand
z asetof echo-graphicataobtainedusingalaseror anul-
trasoundprobingsystem.The X ray dataarerelatedto the
massdensityx of the matterwhile the ultrasounddataare
relatedto the acousticreflectvity = of the matterwhich is
morerelatedto the change®f materialmassdensityinside
the objectandgivesmoreinformationon the edgesof dif-
ferenthomogeneourgions. Indeed assumeéhat,we have
linearrelations,both betweeny andx andbetweenz and
7. Thenwe have:
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where H, and H, representrespectiely, the linear re-
sponsenatrix of the X-ray CT andultrasoundecho-graphic
measuremerdystemsande; ande, theirrespectie errors
(modeling,discretizatiorandmeasuremersgrrors).

Oneapproachproposedand usedby the author[9] and
by other collaboratorsGautier et al. [10, 6, 11] is based
onacompoundr hierarchicaMarkovian models.In these
models,the body objecto is assumedo be composecf
two or morerelatedquantitieso = (x,r), wherer is re-
latedin someway to , for exampler; = g(z;j4+1 — z;),
whereg canbeary monotonidncreasingunction. In apre-
cedingwork [9], we alsoconsidereda case wherewe had
definedo = (z, q,r) wheretherelationbetweenz andr
is definedthrougha hiddenedgevariableq. Here,we give
moredetailsfor thefirst case.

Usingthismodelvia aBayesiarestimatiorapproachywe
canwrite

p(0) = p(z,r) = p(z|r) p(r)
andusingthe Bayesrule, we have

p(y, z|z,7) p(z,T)
p(y, z|z,r) p(z|r) p(r).

p(z,Ty, z) x
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To illustrate this approachmore in details, we make the
following assumptions:

e Conditionalindependencef y andz:
p(y, zlz,7) = p(y|z) p(2|r)

e Gaussiarprocessor €; andes which resultsto:
p(yle;0?) o exp [—skslly — Hal?]
p(2lr;o3) o« exp |—gksl|z — Horl|P’]

e Markovian modelfor z|r:

p(z|r) o< exp [—ag(z|r)]

e A nonGaussiaimodelfor r:

p(r) o< exp [—Bip(r)].

Usingtheseassumptionsye obtain

p(x;rly, z) o exp [ J (z, )]
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+ag(z|r) + Bup(r).

Many schemegsanthenbe proposedo estimateeitherz or
both (x, ). We mentionherethree:

¢ Simultaneougstimationof bothunknovnswith thejoint
MAP estimation(JMAP):

(2,7) = ayg max {p(z, 7|y, 2)}

e Firstestimater andthenuseit to estimater:
T
T

p(rly, 2) = / p(e,rly, 2) da

= agmax {p(r|y, z)}
= argmax {p(z|y, )}

where

and
p(zly,r) o p(yl|z)p(z|r)p(r).
e First estimater usingonly z andthenusethemto esti-

matex: N
r
T

p(r|z) o< p(z|r)p(2).
Otherschemesirepossible9].
In this paper we are going to consideronly this last
schemewhich is the easiestand needsleastcomputation.
To go further in detailswe have to choosethe prior laws

= arngE_LX {p(r|2)}
= argmax {p(x|y,7)}

where



p(r) andp(z|r). For p(r) we choosea generalizedsaus-
sianlaw:

p(7r) o exp —az [r;|°|  with 1<8<2,
J

to catchthe pulseshapenatureof r (r; is almostalways
equalto zeroin homogeneouregionsandcantake ary real
valuein the bordersof theseregions). This choice,thanks
to long-tailed characterof this distribution for the values
of 8 nearto one, givesthe possibility to accountfor the
concentratioraroundzeroof the histogramof the valuesof
r; while giving the possibility to have large values. Note
thatthe Gaussianaw is a specialcasefor 3 = 2.
For p(x|r) we choosea hierarchicaMarkov model:

p(z|r) o« exp[—q(r;) p(z; — x;1)]

where ¢ is a positive potential function and ¢(r;) is a
decreasindgunction to translatethe link betweenthe two
quantitiese andr, i.e. whenr; is low, it is moreprobable
to bein a homogeneousegion andwhenr; is high, it is
moreprobableto bein atransitionregion (edges).
Basedonthesechoiceswe obtainthefollowing scheme:
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where
7 = amgmax {p(r|2)} = argmin {J(r|2)}
with
Ji(r2) = ||z — Hor|* + M ) [ry]°.
J

and
& = aymax {p(ely, )} = agmin {J>(ly; @)}

with

B(zly,q) = |ly — Hiz|[> + X 3;(1 -

Notethat,whenthe hyperparameters; > 0 andl < 8 <
2 arefixed then J; is a corvex function of r. Then, its
optimizationcanbe doneby ary gradientbasedalgorithm.
This will the samefor .J; if ¢ is choosedo be corvex and
A2 > 0.

3. FUSION OF GEOMETRIC INFORMATION AND
RADIOGRAPHIC DATA

The previousapproaclcaneasilybe extendedto the CT
imagereconstructiorwherewe wantto include somege-
ometricalinformation suchas partial knowledge of some

4;)9(Tj41 — x5)-

of the region valuesand/orsomeof the positionsof edges
or region borders.Theseinformationscanbe obtained for

example,from anatomicaktlasin medicalimagingor us-
ing othermeasuremerdystemssuchaslaseror ultrasound
echo-graphidata.

The mainideais that, we mustusethe informationwe
have in thoseregions,but we mustbe carefulthatthesein-
formationsaresubjectto uncertaintiesindeed,inthosere-
gionswe mustpresere the giveninformation,but in those
regions we do not have information, still we have to use
criterion with capabilitiesof detectingand preservingthe
edges.

Here,weillustrateanapplicationof the proposednethod
for the specialcaseof limited angleCT imagingwherewe
havethedatay = H;x + € andwe wantto includesome
geometricinformationin the reconstructiormethodsuch
as: partialknowledgeof bordersof differentregionsgiven
asamapgq, andpartialknowledgeof materialsin specified
regionsof the body givenasamaps of thosevaluesanda
mapu representinghe confidencevalues.

Using somepartial knowledgeof someregionsborders
canbeconsideredsa specialcaseof the methodproposed
in previoussection.Actually, in the secondstepof the pro-
posedmethodin previoussection,we wereusingthe com-
bination of the radiographicdatay and g which can be
consideredas a geometrical(regions borders)data. Here
we proposeto adda new term to this criterion to include
somepartial knowledgeaboutthe valuesof pixelsin some
specifiedregions. Becausehis informationmay be partial
andtheremayalsobe someuncertaintyon it, we useagain
probabilisticapproactandmodelthis througha probability
law

plals) o exp[—p; da(z; — 57)]

wheres is animagecontainingtheattenuatiorconstantal-
uesof someof theregionsin thebody(notforcibly thesame
regionsfor whichwe know theborderslandu animagein-
dicating our degreeof confidenceaboutthe knowledgeof
valuesin thoseregions(0 whenno knowledgeand1 when
high confidence).Using this modelandthe discussionsn
previous sectionsthe BayesianMAP estimationapproach
comesup with the following criterion to optimizeto find
the animageZ which will be the resultof fusion of these
data:

J(m|y,q,s,u) = ||,.U_Iflm||2

+ A1 21— g5) (2t — )

+ X 30 1y pa(y — 55)
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Note that, when ¢, and¢, arechoosedo be corvex, and
whenthe hyperparameterd; > 0 and A, > 0 arefixed
andthe datay andgq, s and i aregiven, this criterionis a
corvex function of . Then,its optimizationcanbe done
by ary gradientbasedalgorithm.

A simplechoicefor ¢; and¢s is aquadraticp(u) = u?
or power form ¢(u) = w?. Other choicesare possible,



for example, all the potentialfunctional forms with edge
preservingoropertiessuchas

¢(u) = {21n(cosh(u)),

which arecorvex [12, 13], or

¢(u)

whicharenoncorvex [14, 15, 16].

The main advantageof choosingcornvex potentialfunc-
tions with edge preserving propertiesis to use half-
guadraticoptimizationalgorithms[17, 18, 19, 20]. In fact,
it is now well known that,the joint optimizationof a crite-
rion suchasK (z, q|y)

2/ 1+ u? —

= {min(’, 1), w*/(1+u?), In(l+u?)}

= |ly - Hiz||? A
+ M 21— g) (w41 — 5)°
+ A2 Z]- w(QJ')

with respecto (x, q) is equivalentof the optimizationof
J(zly)

K(z,qly)
®3)
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followed by a straightforward computationof ¢ from z,
i.e. ¢; = g(zjy1 — z;) wheretheexpressiorof g depends
onthe expressiorof ¢.

We take advantageof this propertyto proposeaniterative
algorithmwhich startsby optimizing(2) with known values
of ¢ to obtainZ, from which we computea new estimate
g using the mentionedproperty Then, we replacethose
valuesof it by known valuesof ¢ anduseit againin the
next iteration.

The whole reconstructiorprocedures thenthe follow-
ing:

1. Initialize g = ¢'%;

2. Computex by optimizingthecriterion(2);

3. Computeanew valuefor g from x usingtheproperties
of half-quadraticriteria;

4. Replacethosea priori known valuesof ¢(© in com-
putedq andreturnto 2 until corvergence.

A final remarkconcernsthe adaptationof the criterion
to 2D casewherewe may distinguishbetweenhorizontal,
verticalanddiagonaledgesin thatcasewve mayreplacethe
seconderm; 3-(1—g;)|zj41—x;|%* of thecriterion(2)
by thefollowing:
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where h;;, vi;, hv;; andvh;; are, respectiely, horizon-
tal, vertical, first diagonalandseconddiagonalmapedges.
Thecorrespondingarameteray, Ay, Ap, and,, givethe
possibilityto balancetheir relative uncertainties.

4. SIMULATION EXPERIMENTS

Here,we illustratean applicationof the proposedmeth-
odsfor the specialcaseof CT medicalimaging. The ob-
jectis a known numericalphantomin CT which hasbeen
proposedby Sheppand Logan [21, 22, 23]. This is a
(256 x 256) image.Thesinogramdatais obtainedby sim-
ulating a fan beamtomographywith 64 detectorsand128
angularpositionsover 0 and 360 degreesfor the source.
The openinganglefor the sourceis 30.4degrees.The dis-
tancebetweenthe sourceand the centerof the objectis
600 mm andthe dimensionsof the reconstructedmageis
(400mm x 400mm).

Figurel shows this geometricconfigurationthe original
objectandtheassociatedinogramdata.
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Fig. 1. Geometricalconfiguration(top), original object
(left) andits sinogramdata(right). The geometryis a fan
beamCT, the objectis (256 x 256) andthe sinogramdata
is (128 x 64).
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Fig. 2. Reconstructiondy classicalmethods: a) back-
projection b) filteredback-projection c¢) quadraticreg-
ularizationand d) quadratiaegularizatiorwith positivity
constraint.

Figure 2 shaws the reconstructionresultsby classical
back-projectioror filteredback-projectiormethodsusedin
commercialscannersAs it is seenon this figure, thesere-
sults are not satishctory for the datagatheringconfigura-
tion we proposedvherewe arelooking for a high resolu-
tion image (256 x 256) from a sinogramdatawhich has
only (128 x 64) datapoints (64 detectorsand 128 source
positionsuniformly distributedin 0, 27). We alsogive here
two otherresultsobtainedby optimizingthecriterion

J(zly,q,8) =y — Hiz|” + M D (241 — 7;)°

J

once over R™ and the secondover R}. In both cases,
we useda simple gradientalgorithm, but in the second
casewe imposedthe positivity constraintat eachiteration.
Theseaesultsaresignificantlybetterthantheclassicaback-
projectionmethodsthanksto regularizationterms,but they

needmore computationgapproximatelytwo times more
computationghan a simple back-projectionin eachitera-

tion).

In the following, the two regularizationparameters\;
and A\, are adjustedempirically and we show the results
obtainedby this criterionfor thefollowing situations:
—whenwe do nothave ary geometricatlata(q = u = 0);
— whenwe have only the map of bordersg but no region
data(p = 0);

—whenwe have only the mapof regions(characterizedby

both s andu) but no otherbordersdata(q = 0);
—whenwe have boththebordersy andregionsmaps(s, u).
—whenwe have boththebordersg andregionsmaps(s, )
but with someerrorsin thosedatato measure¢hesensitvity
of theresultsto thoseerrors.

Figure 3 shows the reconstructiorresultswhen we as-
sumeto know thevaluesof imagein threeregions(thosein
white color in the left figure) of the object. Herep; = 0
everywhereexceptedhe pixelsin thosethreeregions.

Figure 4 shows the reconstructiorresultswhen we as-
sumeto know the bordersof someof the regionsin the
image (thosegivenin the left figure). Hereq; = 0 ev-
erywhereexceptedin the pixelsin bordersof thosethree
regionswhereg; = 1.
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Fig. 3. Reconstruction®y datafusion (incompleteknown
regions): Theresultin theright is obtainedoy assumingo
know the exact valuesof densitiesin the white regions of
thefigurein theleft.
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Fig. 4. Reconstructionby datafusion (incompleteregions
borders):Theresultin theright is obtainedoy assumingo
know the borderspositionsof someof the regions of the
object(thosein theleft figure).



Figure 5 shows the reconstructiorresultswhen we as-
sumeto know boththe bordersof someof theregionsand
the valuesof someothers(the sameasthoseusedin Fig-
ures4 and5).

50 100

Fig. 5. Reconstructionby datafusion (incompleteregions
values sameasin Figure3, andincompleteregionsborders,
samaeasin Figure4): Theseresultsareobtainedor two dif-

ferentvaluesof confidencdor theregionsvalues(different
valuesof A\, which is too low at left but it seemgo have
goodvalueatright.)

Asit is seerfrom theseresultstheinformationcontentn
the knowledgeof regionsis morevaluablethanthe knowl-
edgeof edgesonly (compareresultsof Fig. 3 andFig. 4).
Indeedwhenwe know thevaluesinsidearegion,in factwe

alsoknow its borders.Thus,the extrainformationin edges

in Fig. 5 is not too great. This is the reasonfor which the
resultsin Fig. 5 arenottoo differentfrom thatof Fig. 3.

However, obviously, fusion of more geometricalinfor-
mation resultsin more accurateresultswhenthe geomet-
rical resultsare exact. Unfortunately in practicalapplica-
tions, we needa first stepof registrationto bring the geo-
metricalinformationsin the sameframesof X ray radio-
graphicdata.In previoussimulationswe assumedhatthis
hasbeendone,beforestartingthereconstruction.

In the following, we give someresultsto shav the sen-
sitivity of the resultson someerrorsof registration. Here
we simulatedhe casesvherethegeometricabtlasdataare
obtainedwith someerrorson the orientationof someof the
known regions(5 degree).

Figure 6 shaws the resultsobtainedwith theseerrorsin
the geometricadata. Comparingtheseresults,we seethat
thedegradationgiueto theseerrorsarenot socrucialif the
regularizationparameters; and\, arenottoo high.

Fig. 6. Reconstructiondy datafusion with errorsin the
geometricaldata: a) known regionswith errors,b) known

borderswith errors;c) resultusinga) to be comparedo the
resultin Fig. 3, d) resultusingb) to be comparedto the
resultin Fig. 4; e) andf) resultsusingbotha) andb) for two

differentvaluesof confidencdor theregionsvalues.These
resultsareto be comparedvith thoseof Fig. 5 which were
obtainedwith exactgeometricablata.



All thepreviousresultshave beenobtainedwithoutfeed-
back procedurefor re-estimatingthe unknavn edgeposi-
tionsgq. Figure7 givestwo resultswhich areobtainedusing
theiterative procedureaxplainedat the endof the previous
section.ComparingheestimatecedgedqFig. 7, right) with
the a priori known part of theseedgesin (Fig. 4, left), we
seethat new region edgeshave beenestimated.Thesere-
sultsarestill preliminary Futurestudieswill focusmoreon
the propertiesof the mentionedterative algorithm.

50 100 150 200 250 50 100 150 200 250

Fig. 7. Reconstructiondy incompletedatafusion: This
result is obtained using the iterative procedurefor re-
estimatingthe edgesg: Onleft  (to becomparedwith the
resulton Fig. 5) andonright thefinal re-estimate@dgesy.
(to becomparedvith the known edgeson Fig. 4).

5. CONCLUSIONS

We proposeda BayesiarmapproacHor datafusionin in-
verseproblemswvhicharisein medicalor NDT imagingsys-
tems.We illustratedhow a hierarchicalMarkov modelcan
be usefulto thesedatafusion problemswhere one set of
datagivesmoreinformationaboutthe regionsvolume(For
exampleX-rays) andanothersetof datagivesinformation
aboutthe regionsedges(suchaslaseror ultrasoundecho-
graphicdata). Then,we considerech medicalimagingCT
applicationexampleandshavedhow the proposednethod
canbe usedto includesomeanatomicainformationin the
reconstructiorproblem. We usedtwo kind of geometrical
information: partial knowledgeof valuesin someregions
and/orpartial knowledgeof the bordersof someotherre-
gions. We shaved the advantage®f using suchinforma-
tions on increasinghe quality of reconstructionsWe also
shaved someresultsto analyzethe effectsof someerrors
in anatomicdataon the reconstructedesults. Finally, we
proposedan iterative algorithm which startsby using the
availableknowledgeof edgesandregionsto computeafirst
estimateof theimagefrom which we re-estimatdhe edges
andreusehemagainto increasenoreandmorethequality
of reconstructions.
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