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Abstract – In many image reconstructionapplications,
more and more, we need techniquesto combinediffer-
ent kind of data. This is the case, for example, in com-
putedtomography (CT) medical imaging where one may
useanatomicatlasdatawith X ray radiographicdataor in
nondestructivetesting(NDT) techniqueswhere onewants
to usebothgammaraysandultrasoundecho-graphicdata.
In this paper, First we presentthebasicsof Bayesianesti-
mationapproach andwill seehowthecompoundor hierar-
chical Markov modelingwill giveusthenecessarytoolsfor
datafusion.Then,wepresenttwoexamples:onein medical
imaging CT applicationand thesecondin industrial NDT.
In bothcases,weconsideran X ray CT image reconstruc-
tion problemusingtwo differentkind of data: classicalX-
raysradiographicdataandsomegeometricalinformations
and proposenew methodsfor thesedata fusionproblems.
Thegeometricalinformationweuseareof twokind: partial
knowledgeof valuesin someregionsandpartial knowledge
of theedgesof someotherregions.Weshowtheadvantages
of usingsuch informationson increasingthequality of re-
constructions. We also showsomeresultsto analyzethe
effectsof someerrors in thesedata on the reconstruction
results.

Keywords: Bayesian data fusion, Compound Markov
modeling,Computedtomography, Non destructive testing,
Fusionof radiographicandgeometricdata.

1. INTRODUCTION

A widely usedtechniquein industrial non destructive
testing(NDT) applicationis X ray computedtomography
(CT). While in medicalimaging,classicalmethodsbased
on back projection(BP) or algebraicreconstructiontech-
niques(ART) give satisfaction, in NDT applications,data
acquiringconstraints(limited projectionangles)are such
that thesemethodsdo not give satisfactory results. How-
ever, in both areas,very often, there is a needfor extra
information and other kind of data to obtain satisfactory
results. Data fusion is then an active areaof researchin

theseapplications.In this work, we considertheX ray CT
imagereconstructionproblemusingtwo differentkind of
data:classicalradiographic(projection)dataandsomege-
ometricalinformationssuchaspartialknowledgeof mate-
rials in someregionsand/orthe bordersof theseor some
otherregions.

Theideaof usinggeometricaldatain CT imagingis not
new. Many workson thesubjecthasbeendonebefore.See
for example[1, 2, 3, 4, 5, 6, 7, 8]. In [1, 7, 8], theauthors
proposedmethodsfor usingregionsbordersfrom geomet-
rical datain medicalimagingandtheauthorsin [2, 3, 5, 6]
usedtheknowledgeof someof regionsmaterials.While the
applicationin the first referencesconcernsmedicalimag-
ing, the applicationin the secondreferencesconcernsin-
dustrialNDT. But, combiningbothregionsandbordersin-
formationsfrom anatomicdatais new.

This paperis organizedas follows: First, the basicsof
theBayesianapproachfor heterogenousdatafusionis pre-
sented.Then,we focuson thefusionof X ray andgeomet-
rical dataandgive detailsof theproposedmethod.Finally,
we presenta few simulatedexperiencesshowing compar-
isonsof the resultsusing classicalback-projectionor fil-
teredback-projectionmethodswith thoseobtainedby the
proposedmethodeither using or not the geometricdata.
Theseresultsshow theadvantagesof usinggeometricdata
when thosedataareexact andwell registeredwith radio-
graphic data. We also presentsomepreliminary results
showing thesensitivity of theproposedmethodto someer-
rors in geometricaldatadue to imperfectregistrationand
otheruncertainties.

ThenumericalexperimentssimulatebothafanbeamCT
problemin medicalimagingapplicationsandaNDT testing
of metallic layershapedmedia(sandwichstructures)such
asthoseof aircraftcontrolsurfaces.While, in thefirst case,
wehaveprojectiondatain

� �������	�
angleintervals,in thesec-

ondcase,thestructuresaresuchthatwe cannothave a full
rangeof projectiondataandthe reconstructionproblemis
a morestrongly ill posedonedueto limited-angleRadon



transformnull space.The authorsin [3, 5] hasalsocon-
sideredthisproblem,but theproposedmethodby theseau-
thorsarebasedonprojectiononconvex sets(POCS)which
cannot accountfor errorsandextra knowledgeaseasilyas
in regularizationor Bayesianestimationtechniques.

2. BAYESIAN APPROACH FOR DATA FUSION

Assume that we are observing an unknown body 

throughtwo different measurementsystemsandobtained
two setsof data� and � . For example,considera NDT ap-
plicationsystemwhere� is asetof X ray radiographesand� asetof echo-graphicdataobtainedusinga laseror anul-
trasoundprobingsystem.TheX ray dataarerelatedto the
massdensity  of thematterwhile theultrasounddataare
relatedto the acousticreflectivity � of thematterwhich is
morerelatedto thechangesof materialmassdensityinside
theobjectandgivesmoreinformationon theedgesof dif-
ferenthomogeneousregions.Indeed,assumethat,we have
linear relations,bothbetween� and  andbetween� and� . Thenwehave:

 � ��� ����� �
� � � ��� ���  � � �

� � ��� ��� � �
� � � ��� ��� � � � �

where ��� and ��� represent,respectively, the linear re-
sponsematrixof theX-ray CT andultrasoundecho-graphic
measurementsystems,and � � and � � their respectiveerrors
(modeling,discretizationandmeasurementerrors).

Oneapproachproposedandusedby the author[9] and
by other collaboratorsGautier et al. [10, 6, 11] is based
onacompoundor hierarchicalMarkovianmodels.In these
models,the body object 
 is assumedto be composedof
two or morerelatedquantities
��! " � �$# , where � is re-
latedin someway to  , for example %'&��)(* ,+-&/. �10 +2&3# ,
where( canbeany monotonicincreasingfunction.In apre-
cedingwork [9], we alsoconsidereda case,wherewe had
defined 
4�5 6 �/78� �$# wherethe relationbetween and �
is definedthrougha hiddenedgevariable

7
. Here,we give

moredetailsfor thefirst case.
Usingthismodelvia aBayesianestimationapproach,we

canwrite 9  6
:#;� 9  6 � �$#<� 9  6>= �	# 9  "�$#
andusingtheBayesrule,we have9  6 � �?= � � �	#<@ 9  ,� � �;=  � �$# 9  " � �$#� 9  "� � �;=  � �$# 9  6>= �	# 9  "�$#'A (1)

To illustrate this approachmore in details,we make the
following assumptions:

B Conditionalindependenceof � and � :9  ,� � �C=  � �$#D� 9  "�E= C# 9  6�;= �	#B Gaussianprocessfor � � and � � which resultsto:9  ,�F= EG/H �� #D@ IKJ2LNM 0 ���O�PQ =R= � 0 � � >=R= �'S9  "�C= �8G/H �� #;@ IKJ2LNM 0 ���O�PP =R= � 0 � � �?=T= �'SB Markovianmodelfor U= � :9  ">= �:#;@VIWJ2L � 0>XZY  ">= �:# �B A nonGaussianmodelfor � :9  ,�	#;@�IKJ2L � 0U[]\  ,�:# � A
Usingtheseassumptions,weobtain9  " � �?= � � �*#;@VIWJ2L � 0_^  6 � �:# �
with^  6 � �:#`� a� H �� =R= � 0 ��� >=R= � � a� H �� =R= � 0 �b� �?=T= ��1XcY  "d= �$# �4[e\  ,�:#WA
Many schemescanthenbeproposedto estimateeither  or
both  6 � �$# . We mentionherethree:B Simultaneousestimationof bothunknownswith thejoint
MAP estimation(JMAP): gf � f �$#D� arg hji�Jk Dl �:mon

9  6 � �8= � � �]#qpB First estimate� andthenuseit to estimate :r f �s� arg hji�J� n
9  "�?= � � �	#Wpf4� arg hji�J n
9  ">= � � f �:#'p

where
9  ,�8= � � �*#;�bt t 9  6 � �?= � � �*# d

and
9  ">= � � �:#;@ 9  ,�E= C# 9  ">= �:# 9  "�:#'AB First estimate� usingonly � andthenusethemto esti-

mate  : r f �s� arg hji�J� n
9  "�?= �]#qpf4� arg hji�J n
9  ">= � � f �:#'p

where
9  ,�Z= �]#;@ 9  6�C= �	# 9  6�]#'A

Otherschemesarepossible[9].
In this paper, we are going to consideronly this last

schemewhich is the easiestandneedsleastcomputation.
To go further in detailswe have to choosethe prior laws



9  ,�	# and

9  6E= �:# . For

9  ,�	# we choosea generalizedGaus-
sianlaw:9  "�:#;@uIKJ2Luvw 0>Xyx & = %W&z= {o|} with a_~ [ ~ �2�
to catchthe pulseshapenatureof � ( % & is almostalways
equalto zeroin homogeneousregionsandcantakeany real
valuein thebordersof theseregions). This choice,thanks
to long-tailedcharacterof this distribution for the values
of [ nearto one, gives the possibility to accountfor the
concentrationaroundzeroof thehistogramof thevaluesof%'& while giving the possibility to have large values. Note
thattheGaussianlaw is a specialcasefor [ � � .

For

9  ">= �:# wechoosea hierarchicalMarkov model:9  6>= �	#;@uIWJ2L � 0>�  ,%W&3# Y  ,+-& 0 +2&W� � # �
where Y is a positive potential function and �  ,% & # is a
decreasingfunction to translatethe link betweenthe two
quantities and � , i.e. when % & is low, it is moreprobable
to be in a homogeneousregion andwhen % & is high, it is
moreprobableto bein a transitionregion(edges).

Basedonthesechoices,weobtainthefollowing scheme:

���� ��� �����c�� � ���'��*�g�W� � ���W� � ����� ��c������ ��� ��5��
wheref �s� arg hji�J� n

9  ,�Z= �*#Wp�� arg h��T�� n ^2�  ,�Z= �]#'p
with ^ �  "�?= �]#;��=T= � 0 ��� �?=T= � �¡  �]x & = % & = { A
and f4� arg hji�J n

9  "U= � � f 7 #'pd� arg h��T� n ^o�  ">= �DG¢f7 #Wp
with^o�  6>= � �/7 #;��=T= � 0 � � >=T= � �£ $�8¤ &  a 0¥� &¦# Y  "+2&/. �>0 +-&3#'A
Notethat,whenthehyperparameters  �c§ � and ay¨ [ ¨�

are fixed then ^ � is a convex function of � . Then, its
optimizationcanbedoneby any gradientbasedalgorithm.
This will thesamefor ^ � if Y is choosedto beconvex and �� § � .
3. FUSION OF GEOMETRIC INFORMA TION AND

RADIOGRAPHIC DATA

Thepreviousapproachcaneasilybeextendedto theCT
imagereconstructionwherewe want to includesomege-
ometrical informationsuchas partial knowledgeof some

of the region valuesand/orsomeof thepositionsof edges
or region borders.Theseinformationscanbeobtained,for
example,from anatomicalatlasin medicalimagingor us-
ing othermeasurementsystemssuchaslaseror ultrasound
echo-graphicdata.

The main idea is that, we mustusethe informationwe
have in thoseregions,but we mustbecarefulthat thesein-
formationsaresubjectto uncertainties.Indeed,inthosere-
gionswe mustpreserve thegiveninformation,but in those
regions we do not have information, still we have to use
criterion with capabilitiesof detectingandpreservingthe
edges.

Here,weillustrateanapplicationof theproposedmethod
for thespecialcaseof limited angleCT imagingwherewe
have thedata �¡� ���  � � andwe wantto includesome
geometricinformation in the reconstructionmethodsuch
as: partialknowledgeof bordersof differentregionsgiven
asa map

7
, andpartialknowledgeof materialsin specified

regionsof thebodygivenasa map © of thosevaluesanda
map ª representingtheconfidencevalues.

Using somepartial knowledgeof someregionsborders
canbeconsideredasa specialcaseof themethodproposed
in previoussection.Actually, in thesecondstepof thepro-
posedmethodin previoussection,we wereusingthecom-
bination of the radiographicdata � and

7
which can be

consideredas a geometrical(regionsborders)data. Here
we proposeto adda new term to this criterion to include
somepartialknowledgeaboutthevaluesof pixelsin some
specifiedregions. Becausethis informationmaybepartial
andtheremayalsobesomeuncertaintyon it, we useagain
probabilisticapproachandmodelthis throughaprobability
law

9  6U= ©z#;@VIWJ2L � 0U« & Y �  "+ & 04¬ & # �
where© is animagecontainingtheattenuationconstantval-
uesof someof theregionsin thebody(notforcibly thesame
regionsfor whichweknow theborders)and ª animagein-
dicatingour degreeof confidenceaboutthe knowledgeof
valuesin thoseregions(0 whenno knowledgeand1 when
high confidence).Using this modelandthe discussionsin
previoussections,the BayesianMAP estimationapproach
comesup with the following criterion to optimize to find
the an image f which will be the resultof fusionof these
data:^  ">= � ��7� © � ªU#`��=T= � 0 � � >=T= ��£ 	� ¤ &  a 0¥� &¦# Y	�  ,+-&/. �E0 +2&¦#�£ $�?¤ & « & Y:�  ,+-& 04¬ &¦#

(2)
Note that,when Y*� and Y$� arechoosedto be convex, and
when the hyperparameters 	� § �

and  $� § �
arefixed

andthe data � and
7?� © and ª aregiven, this criterion is a

convex function of  . Then,its optimizationcanbe done
by any gradientbasedalgorithm.

A simplechoicefor Y � and Y � is a quadraticY  ,®*#E��® �
or power form Y  ,®*#¯�°® { . Other choicesare possible,



for example,all the potential functional forms with edge
preservingpropertiessuchasY  ,®*#D� n �Z± �] "²K³ ¬¦´  ,®*#¢# �µ�-¶ a � ® � 0 � p
which areconvex [12, 13], orY  "®	#<� n h��T� ,® � � a # � ® �3·  a � ® � # �¸± � a � ® � #'p
which arenonconvex [14, 15, 16].

The main advantageof choosingconvex potentialfunc-
tions with edge preserving properties is to use half-
quadraticoptimizationalgorithms[17, 18, 19, 20]. In fact,
it is now well known that,the joint optimizationof a crite-
rion suchas ¹¡ " �/7 = �Z#¹£ 6 �/7 = �Z#µ�º=T= � 0 ��� >=T= ��¡  �]¤ &  a 0¥� & #* "+ &/. � 0 + & # ��¡  �8¤ & \  � & # (3)

with respectto  " ��7 # is equivalentof the optimizationof^  6>= �Z# ^  ">= �Z#`�»=T= � 0 ��� >=T= ��¡  � ¤ & Y  ,+ &/. � 0 + & # (4)

followed by a straightforward computationof
7

from  ,
i.e. � & �u(* ,+ &/. � 0 + & # wheretheexpressionof ( depends
on theexpressionof Y .

Wetakeadvantageof thispropertyto proposeaniterative
algorithmwhichstartsby optimizing(2) with knownvalues
of
7

to obtain f , from which we computea new estimatef 7 using the mentionedproperty. Then, we replacethose
valuesof it by known valuesof

7
anduseit againin the

next iteration.
The whole reconstructionprocedureis thenthe follow-

ing:

1. Initialize
7 � 7 kR¼ m ;

2. Compute by optimizingthecriterion(2);

3. Computeanew valuefor
7

from  usingtheproperties
of half-quadraticcriteria;

4. Replacethosea priori known valuesof
7 k½¼ m in com-

puted
7

andreturnto 2 until convergence.

A final remarkconcernsthe adaptationof the criterion
to 2D casewherewe may distinguishbetweenhorizontal,
verticalanddiagonaledges.In thatcasewemayreplacethe
secondterm   � ¤ &  a 0c� & #¾= + &/. � 0 + & = { Q of thecriterion(2)
by thefollowing:

 $¿F¤�ÀÁTÂ � ¤�Ã � �& Â �  a 0¥´ Á &¦#K= + Á l &/. �U0 + Á l &z= { Q �Ä;¤ À � �ÁTÂ � ¤ Ã& Â �  a 0�Å Á & #K= + Á . � l & 0 + Á . � l & = { Q  ¿ Ä ¤�À � �ÁTÂ � ¤�Ã � �& Â �  a 04´-Å Á & #¾= + Á . � l &/. � 0 + Á l & = { Q �Ä ¿ ¤�À � �ÁTÂ � ¤�Ã& Â �  a 0¯Å2´ Á & #K= + Á . � l &W� � 0 + Á l & = { Q

where ´ Á & , Å Á & , ´-Å Á & and Å2´ Á & are, respectively, horizon-
tal, vertical,first diagonalandseconddiagonalmapedges.
Thecorrespondingparameters  ¿ ,  �Ä ,   ¿ Ä and  $Ä ¿ givethe
possibilityto balancetheir relativeuncertainties.

4. SIMULA TION EXPERIMENTS

Here,we illustrateanapplicationof theproposedmeth-
ods for the specialcaseof CT medicalimaging. The ob-
ject is a known numericalphantomin CT which hasbeen
proposedby Sheppand Logan [21, 22, 23]. This is a ��Æ�Ç�ÈÉ�oÆ�Ç # image.Thesinogramdatais obtainedby sim-
ulating a fan beamtomographywith 64 detectorsand128
angularpositionsover 0 and 360 degreesfor the source.
Theopeninganglefor thesourceis 30.4degrees.Thedis-
tancebetweenthe sourceand the centerof the object is
600 mm andthe dimensionsof the reconstructedimageis
(400mm

È
400mm).

Figure1 shows thisgeometricconfiguration,theoriginal
objectandtheassociatedsinogramdata.
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Fig. 1. Geometricalconfiguration(top), original object
(left) andits sinogramdata(right). The geometryis a fan
beamCT, theobjectis  ��Æ�ÇjÈÊ��Æ�Ç # andthesinogramdata
is  a ��Ë�ÈÉÇ�Ì # .
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Fig. 2. Reconstructionsby classicalmethods: a) back-
projection b) filteredback-projection c) quadraticreg-
ularizationand d) quadraticregularizationwith positivity
constraint.

Figure 2 shows the reconstructionresultsby classical
back-projectionor filteredback-projectionmethodsusedin
commercialscanners.As it is seenon this figure,thesere-
sultsarenot satisfactory for the datagatheringconfigura-
tion we proposedwherewe arelooking for a high resolu-
tion image  ��Æ�ÇNÈ£��Æ�Ç # from a sinogramdatawhich has
only  a ��Ë�È¯Ç�Ì # datapoints(64 detectorsand128 source
positionsuniformly distributedin 0,

���
). Wealsogivehere

two otherresultsobtainedby optimizingthecriterion^  6>= � �/78� ©�#;�»=R= � 0 � � >=R= � �¡ :�]x &  "+2&/. �U0 +-&3# �
once over IRÍ and the secondover IRÍ. . In both cases,
we useda simple gradientalgorithm, but in the second
case,we imposedthepositivity constraintat eachiteration.
Theseresultsaresignificantlybetterthantheclassicalback-
projectionmethodsthanksto regularizationterms,but they
needmore computations(approximatelytwo times more
computationsthana simpleback-projectionin eachitera-
tion).

In the following, the two regularizationparameters :�
and  $� are adjustedempirically and we show the results
obtainedby thiscriterionfor thefollowing situations:
– whenwe donot haveany geometricaldata  7 ��ªu��Î$# ;
– whenwe have only the mapof borders

7
but no region

data  6ªÏ�bÎ$# ;
– whenwe have only themapof regions(characterizedby

both © and ª ) but nootherbordersdata  7 �bÎ�# ;
– whenwehaveboththeborders

7
andregionsmaps �© � ªU# .

– whenwehaveboththeborders
7

andregionsmaps �© � ªE#
but with someerrorsin thosedatato measurethesensitivity
of theresultsto thoseerrors.

Figure 3 shows the reconstructionresultswhen we as-
sumeto know thevaluesof imagein threeregions(thosein
white color in the left figure) of the object. Here « &É� �
everywhereexceptedthepixelsin thosethreeregions.

Figure 4 shows the reconstructionresultswhen we as-
sumeto know the bordersof someof the regions in the
image(thosegiven in the left figure). Here � &u� �

ev-
erywhereexceptedin the pixels in bordersof thosethree
regionswhere � & � a .
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Fig. 3. Reconstructionsby datafusion (incompleteknown
regions):Theresultin theright is obtainedby assumingto
know the exact valuesof densitiesin the white regionsof
thefigurein theleft.
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Fig. 4. Reconstructionsby datafusion(incompleteregions
borders):Theresultin theright is obtainedby assumingto
know the borderspositionsof someof the regionsof the
object(thosein theleft figure).



Figure 5 shows the reconstructionresultswhenwe as-
sumeto know both thebordersof someof theregionsand
the valuesof someothers(the sameasthoseusedin Fig-
ures4 and5).
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Fig. 5. Reconstructionsby datafusion(incompleteregions
values,sameasin Figure3,andincompleteregionsborders,
sameasin Figure4): Theseresultsareobtainedfor two dif-
ferentvaluesof confidencefor theregionsvalues(different
valuesof   � which is too low at left but it seemsto have
goodvalueat right.)

As it is seenfrom theseresults,theinformationcontentin
theknowledgeof regionsis morevaluablethantheknowl-
edgeof edgesonly (compareresultsof Fig. 3 andFig. 4).
Indeed,whenweknow thevaluesinsidearegion,in factwe
alsoknow its borders.Thus,theextra informationin edges
in Fig. 5 is not too great. This is the reasonfor which the
resultsin Fig. 5 arenot too differentfrom thatof Fig. 3.

However, obviously, fusion of more geometricalinfor-
mation resultsin moreaccurateresultswhen the geomet-
rical resultsareexact. Unfortunately, in practicalapplica-
tions, we needa first stepof registrationto bring the geo-
metrical informationsin the sameframesof X ray radio-
graphicdata.In previoussimulations,we assumedthatthis
hasbeendone,beforestartingthereconstruction.

In the following, we give someresultsto show the sen-
sitivity of the resultson someerrorsof registration. Here
wesimulatedthecaseswherethegeometricalatlasdataare
obtainedwith someerrorson theorientationof someof the
known regions(5 degree).

Figure6 shows the resultsobtainedwith theseerrorsin
thegeometricaldata.Comparingtheseresults,we seethat
thedegradationsdueto theseerrorsarenot socrucial if the
regularizationparameters  � and   � arenot too high.
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Fig. 6. Reconstructionsby datafusion with errorsin the
geometricaldata: a) known regionswith errors,b) known
borderswith errors;c) resultusinga) to becomparedto the
result in Fig. 3, d) result using b) to be comparedto the
resultin Fig. 4; e)andf) resultsusingbotha)andb) for two
differentvaluesof confidencefor theregionsvalues.These
resultsareto becomparedwith thoseof Fig. 5 which were
obtainedwith exactgeometricaldata.



All thepreviousresultshavebeenobtainedwithout feed-
backprocedurefor re-estimatingthe unknown edgeposi-
tions

7
. Figure7 givestwo resultswhichareobtainedusing

theiterative procedureexplainedat theendof theprevious
section.Comparingtheestimatededges(Fig. 7, right) with
the a priori known part of theseedgesin (Fig. 4, left), we
seethat new region edgeshave beenestimated.Thesere-
sultsarestill preliminary. Futurestudieswill focusmoreon
thepropertiesof thementionediterativealgorithm.
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Fig. 7. Reconstructionsby incompletedatafusion: This
result is obtained using the iterative procedurefor re-
estimatingtheedges

7
: On left f (to becomparedwith the

resultonFig. 5) andonright thefinal re-estimatededgesf 7 .
(to becomparedwith theknown edgesonFig. 4).

5. CONCLUSIONS

We proposeda Bayesianapproachfor datafusion in in-
verseproblemswhicharisein medicalorNDT imagingsys-
tems.We illustratedhow a hierarchicalMarkov modelcan
be useful to thesedatafusion problemswhereoneset of
datagivesmoreinformationabouttheregionsvolume(For
exampleX-rays)andanothersetof datagivesinformation
aboutthe regionsedges(suchaslaseror ultrasoundecho-
graphicdata).Then,we considereda medicalimagingCT
applicationexampleandshowedhow theproposedmethod
canbeusedto includesomeanatomicalinformationin the
reconstructionproblem. We usedtwo kind of geometrical
information: partial knowledgeof valuesin someregions
and/orpartial knowledgeof the bordersof someotherre-
gions. We showed the advantagesof usingsuchinforma-
tionson increasingthequality of reconstructions.We also
showed someresultsto analyzethe effectsof someerrors
in anatomicdataon the reconstructedresults. Finally, we
proposedan iterative algorithm which startsby using the
availableknowledgeof edgesandregionsto computeafirst
estimateof theimagefrom which we re-estimatetheedges
andreusethemagainto increasemoreandmorethequality
of reconstructions.
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