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Abstract. Probability theory and statistics are two main tools in signal and
image processing. Bayesian inference has a privileged place in developing meth-
ods for inverse problems arising in signal and image processing which can be
applied in real world applications. In this tutorial presentation, first I will briefly
present the Bayesian estimation approach in signal and image processing. Then,
I will show a few examples of inverse problems such as signal dconvolution, im-
age restoration, tomographic image construction and show how the Bayesian
estimation approach can be used to give solutions for these problems. Finally,
I will focus on two recent research domain which are blind sources separation
and data fusion problems and present new methods we developed recently and
their applications.
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1 Introduction

Probabilistic methods and statistical estimation are two main tools in signal
and image processing. Bayesian inference has a privileged place in developing
methods for inverse problems arising in many signal and image processing which
can be applied in real world applications. Indeed, a great number of image
processing problems can be presented as inverse problems. The first step for
this purpose is to model the relation of the observed image g(r) to the unknown
desired feature f(r) explicitly. A very general form for such a relation is

g(r) =[Hfl(r) +e(r), TeR (1)

where r represents the pixel position, R represents the whole surface of the
observed images, H is an operator representing the forward problem and e(r)
represents the errors (modeling uncertainty and observation errors). When the
operator H is linear we can write

g(r) = - fr)h(r,r’)dr’ + €(r) (2)



and when h(r,r’) is translation invariant, the relation becomes a convolution
g(r) = [ frOh(r,r')dr’ +€(r) = h(r) « f(r) + e(r) (3)
R/

and the corresponding inverse problem becomes image deblurring. When this
relation is discretized, we can write it in a vector-matrix form

g=Hf+e (4)

where g = {g(r), » € R}, f = {f(r), » € R} and € = {e(r), r € R}
are vectors containing respectively the observed blurred image pixel values, the
unknown original image pixel values and the observation errors and H is a
huge dimensional matrix whose elements are defined from the system response
function h(r, 7). Fig. 1 shows an image deconvolution problem.
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Fig. 1: Image deconvolution example

In case of a multi sensor observation data, a more general model is

This can be, for example, the case of color image (with three components Red,
Green and Blue) restoration as it is shown in Fig. 2.
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Fig. 2: Color image (multi-spectral) deconvolution example. Note that a color
image is composed of 3 images (for example Red, Green, Blue).

Finally, we propose two more general models:

e General multi input multi output (MIMO) system

N
j=1

where H;; are assumed to be known, and

e General unknown mixing gain MIMO system

N
gizzAinjfj"’_eia i=1--- M (7)

Jj=1

where A = {4;;,i=1,---,M, j=1,---,N} is a known or unknown mixing
matrix. A particular case of this last one is the case of instantaneous mixing of
signals or images (H ; identity operators):

N
g’L:ZA’L]f]—i_e’H Z:]-’aM (8)
j=1



Fig. 3 shows an example of such problem.
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Fig. 3: Blind image separation and joint segmentation

As we will see in the following, this forward modeling associated with a hidden
Markov modeling (HMM) for the unknown images f; can be used for modeling
many image processing problems such as image de-noising or image segmenta-
tion, (M = N =1and A =1, H = 1), single or multi channel image restoration
(M = N and A =1 and H; known), image fusion (M > 2 and N =1, A
known) or PCA, FA, ICA and BSS (M # N and A unknown).

2 Bayesian estimation framework

To illustrate the basics of the Bayesian estimation framework, we consider the
general unknown mixing gain MIMO system (eq. 7) of the previous section where
we assume that H; and A are known. In what follows, we use the following
notations: g = {g;,i =1,--- , M} and f={f;,j=1,--- ,N}.

In a general Bayesian estimation framework, the forward model is used to
define the likelihood function p(g|f,0;) and we have to translate our prior
knowledge about the unknowns f through a prior probability law p(f|@,) and
then use the Bayes rule to find an expression for p( flg, 0) N

p(flg,0) xp(g|f,0:) p(£165) (9)

where 6 = (0, 0,) represents all the hyperparameters (parameters of the like-
lihood and priors) of the problem.



When the expression of p(f|g, @) is obtained, we can use it to define any
estimates for f. Two usual estimators are the maximum a posteriori (MAP)

i = arg m?x{p( flg,8)} and the Mean Square Error (MSE) estimator which

corresponds to the posterior mean z = / f p(flg,8)df. Unfortunately only

for the linear problems and the Gaussian laws where p(f|g, 8) is also Gaussian
we have analytical solutions for these two estimators. For almost all other cases,
the first one needs an optimization algorithm and the second an integration one.
For example, the relaxation methods can be used for the optimization and the
MCMC algorithms can be used for expectation computations. Another difficult
point is that the expressions of p(g|f,8,) and p(f|0,) and thus the expression
of p(f|g,8) depend on the hyperparameters @ which, in practical applications,
have also to be estimated either in a supervised way using the training data
or in an unsupervised way. In both cases, we need also to translate our prior
knowledge on them through a prior probability p(€). Thus, one of the main steps
in any inversion method for any inverse problem is modeling the unknowns. In
probabilistic methods and in particular in the Bayesian approach, this step
becomes the assignment of the probability law p(f|€;). This point, as well as
the assignment of p(@), are discussed the next two subsections.

2.1 Simple case of linear and Gaussian models

Let consider as a first example the simple case of
g=Hf+e
and assume the following:

p(e) = N(0, R, = 021)
p(f) =N(fo, Ry :U]%PO)

Then, it is easy to show that p(g|f) = N(H f,02I,) and p(f|g) = N(?,IA?)
with

o~

P = R;-R;H'HR;H'+R.)'HR; = (R;'+H'R’'H)"!
f = R;H'(HR;H'+R,) g = PH'R]'g,

which can also be rewritten as

3 t —1\—1 ¢
{;; — (H'H+)\P;') 'Hlg (10)

= oZ(H'H+\P;")™"

2
with A\ = Z¢.

g
These equations can easily be extended for the case of multi-sensor case.
However, even if a Gaussian model for the noise is acceptable, this model is
rarely realistic for most real word signals or images. Indeed, very often, a signal



or image can be modeled locally by a Gaussian, i.e.; piecewise homogeneous
and Gaussian. To find an appropriate model for such cases, the hidden Markov
modeling (HMM) is the appropriate tool.

2.2 HMM modeling of images

In general, any image f;(r),r € R is composed of a finite set K; of homo-
geneous regions R;, with given labels z;(r) = k,k = 1,---,K; such that
Rj, = {r : zj(r) = k}, R; = UpR;, and the corresponding pixel values
fio=1{fi(r) + r€ Ry} and f; = Upf;,. The Hidden Markov modeling
(HMM) is a very general and efficient way to model appropriately such images.
The main idea is to assume that all the pixel values f; = {f;(r),r € R;,} of
a homogeneous region k follow a given probability law, for example a Gaussian
N(m;,1,%;,) where 1 is a generic vector of ones of the size nj, the number of
pixels in region k.
In the following, we consider two cases:

e The pixels in a given region are assumed iid:
p(fi(r)lz(r) = k) = N(mjp,03,), k=1, K; (11)
and thus
p(f;,12(r) = k) = p(f;(r),r € R;}) :N(mjkl,a?kI) (12)
e The pixels in a given region are assumed to be locally dependent:
p(f;,l25(r) = k) = p(fi(r),r € R;;) = N(m;,1,5;,) (13)
where X;, is an appropriate covariance matrix.

In both cases, the pixels in different regions are assumed to be independent:

K; K;
p(f;) =1 r(f;,) = [T NV(m; 1, 25,). (14)
k=1 k=1

2.3 Modeling the labels

Noting that all the models (11), (12) and (13) are conditioned on the value of
zj(r) = k, they can be rewritten in the following general form

p(f;,) =D P(z(r) = k) N(m;,, %)) (15)
k

where either 3;, is a diagonal matrix ¥;, = 0]2- I or not. Now, we need also
to model the vector variables z; = {z;(r),r € Rk} Here also, we can consider
two cases:



e Independent Gaussian Mixture model (IGM), where {z;(r),r € R} are
assumed to be independent and

P(zj(r) =k) =pr, with Zpk =1 and p(z;) = Hpk (16)
k k

e Contextual Gaussian Mixture model (CGM), where z; = {z;(r),r € R}
are assumed to be Markovian

plzg) ocexp [a ) Y lz(r) - z(s)) (17)

TER SeV(T)

which is the Potts Markov random field (PMRF'). The parameter o con-
trols the mean value of the regions’ sizes.

2.4 Hyperparameters prior law

The final point before obtaining an expression for the posterior probability law
of all the unknowns, i.e, p(f,0|g) is to assign a prior probability law p(@) to
the hyperparameters 8. Even if this point has been one of the main discussing
points between Bayesian and classical statistical research community, and still
there are many open problems, we choose here to use the conjugate priors for
simplicity. The conjugate priors have at least two advantages: 1) they can
be considered as a particular family of a differential geometry based family of
priors [1,2] and 2) they are easy to use because the prior and the posterior
probability laws stay in the same family. In our case, we need to assign prior
probability laws to the means mj,, to the variances o3, or to the covariance
matrices 3;, and also to the covariance matrices of the noises €; of the likelihood
functions. The conjugate priors for the means m;, are in general the Gaussians
N(mjo ajzko), those of variances af-k are the inverse Gammas ZG(«yo, ) and
those for the covariance matrices X;, are the inverse Wishart’s ZWW(ag, Ao).

2.5 Expressions of likelihood, prior and posterior laws

We now have all the elements for writing the expressions of the posterior laws.
We are going to summarizes them here:

e Likelihood: The expression of the likelihood depends on the observation
model. Here, we consider the general case of

N
gz:ZHL]fj+elv 7':1’7M

j=1

Then, the expression of the likelihood is

M M

N
p(glf.0) = [[p(gilf2c) = [[N | 9. = D_ £ i

i=1 i=1 J

I
—



where we assumed that the noises €; are independent, centered and Gaus-

sian with covariance matrices X.; which, hereafter, are also assumed to
: _ 2

be diagonal ¥.; = 0.7 1.

e HMM for the images:
|Z 0 Hp -|zj,mj,2j)

where we used z = {z;,j = 1,--- , N} and where we assumed that f|z;
are independent.

e PMRF for the labels:

o<HeXp ozz Z (5zj ) — z(8))

TeER SeV(T

where we used the simplified notation p(z;) = P(Z;(r) = z(r),r € R)
and where we assumed {z;,j =1,---, N} are independent.

e Conjugate priors for the hyperparameters:

p(mjk) N(mjko, J2k0)7 p(ajzk) :Ig(ajO;BjO)»
p(zjk) :IW( a0, ]0)7 p<U€i) :Ig(ai076i0)'

e Joint posterior law of f, z and 8
p(f,z,0lg) < p(g|f,01) p(f|z, 02) p(2|62) p(8)

The general MCMC algorithm we propose to estimate f, z and 8 by their MSE
estimators is a Gibbs sampling scheme where we first separate the unknowns in
two sets p(f, z|g,0) and p(@|f,z,g). Then, we separate again the first set in
two subsets p(f|z, 80, g) and p(z|@,g). Finally, when possible, using the separa-
bility along the channels, separate these two last terms in p(f ilz5,05,9;) and

(2,10, g]) The general scheme is then, using these expressions, to generates

samples _f(”) (M) 9™ from the joint posterior law p(f,z,0|g) and after the
convergence of the Gibbs samplers, to compute their mean and to use them as
the posterior estimates.

In the following section we examine some particular cases.

3 Particular examples

3.1 Single channel image restoration

The forward model and the priors for this case can be summarized as follows:



g(r)=h(r)« f(r)+e(r), reR or g=Hf +e

p(glf) = N(Hf,Xe) with Ze =021
p(f(r)|z(r) = k) = N(my,07), k=1,--- K

Rp={r : z2(r)=k}, fr={f(r) : 7 € Ry}

p(filz(r) = k) = N(mpli, By) with 3y = o7y,

p(2) = p(er).7 € R) x exp [0 Tper e 8:(r) — ()]
p(flz) = [[, N(mily, Bg) = N(m., X.) with

m, = [m1}, - ,mglk] and X, =diag[¥, -, Xk]
p(mk) = N(mk()vo_]zo)a p(UI?;) = Ig(ak(h/@ko)a p(JEQ) = Ig(aguﬁé)
and the posterior pArol/a\ability laws are:
p(fl.0.9) = N(£.5) with
S=(H'S'H+2,7)" and f=%(H'Se 'g+2.7'm,)
p(zlg,0) x p(g|z,0) p(z) with
p(g|z,0) = N(Hm.,Xg) with Sg=HX.H'+ 3¢
—1 _
p(milz, ) = N (ux, v3) with vF = (:—’g + U%%o) and iy = v} ("(’;i’“ + 7:50)
p(oflf. z) = TG (o, Br) with ay, = agg + 5 and Sy = ﬁk02+ ek
where fi, = % Z'reRk fi(r) and 5, = Z'r‘eR,c (f(r) —mg)
p(o2|f,g) = IG(ac, B°) with af = 5+af and (= %Hg — Hf|*+ 38§
ng = number of pixels in Ry and n = total number of pixels.
For an application see [3].

3.2 Registered images fusion and joint segmentation

Here, each observed image ¢;(r) (or equivalently g,) is assumed to be a noisy
version of the unobserved real image f;(r) (or equivalently f,) and all the un-
observed real images f;(r), ¢=1,---,M are assumed to have a common seg-
mentation z(r) (or equivalently z) which is modeled by a discrete value Potts
Random Markov Field (PRMF):
gi(’f‘):fi(’f')+€i(7'), ’I’GR, or gZ:fl+62, Z:L ,M
p(glf) =11, p(g;lf;) with
p(g;|fi) = N(fi. Ze;) with Xe; =021
p(fl(r)‘z(r):k):N(mlkaasz)v k:]-v 7K
Re={r : z(r) =k}, fyu ={filr) : r € Ry}

(firlz(r) = k) = N(mp 1y, 25) with 3y, = o2 Iy,
p(z) = pl=(r). 7 € R) oc exp [0 X Cacviry () — 2(5))]
p(filz) = N(m.;, 2.;) with
m; = [mi 1y, migly]” and X = diag [y, , Bik]
p(mir) = N(mirg, 07 10)s  (07y) = ZG (o, Bio),  ploe;) = TG (e, B)
p(f|z) =1L p(£il2)

and we have
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3

(fi|z79ivgi) :N(.fwzl) qul N

i=Ze, '+ and f, =3 (Ze; 'g; + B2; 'my)
z|g,0) « (1, p(9:|z,0:)) p(z(r),r € R) with

9i2,0;) = N(m.;,Xg,) with Xg, =3, + Xg;

mik‘fiv Z7Ui2k> = N(MHW”%) with

B2EEM

p

N -1

p(0? )| f i 2) = ZG(aik, Biy,) with i = aio + 5 and Biy = Big + 5
where f;), = % ZreRk fi(r) and §; = ZTeRk (filr) = mik)z
p(oi1fi,9:) = IG(ag, B5) with af = 5 +aj and ff = %”gz — fill> + 85
ny = number of pixels in Ry, n = total number of pixels.

For more details on this model and its application in medical image fusion as

well as in image fusion for security systems see [4].

fa
Fig. 3: Image fusion and joint segmentation of two images from a security
system measurement.

3.3 Joint segmentation of hyper-spectral images

The proposed model is the same as the model of the previous section except
for the last equation of the forward model which assumes that the pixels in
similar regions of different images are independent. For hyper-spectral images,
this hypothesis is not valid and we have to account for their correlations. This
work is under consideration.

3.4 Segmentation of a video sequence of images

Here, we can not assume that all the images in the video sequence have the
same segmentation labels. However, we may use the segmentation obtained
in an image as an initialization for the segmentation of next image. For more
details on this model and to see a typical result see [5].
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3.5 Joint segmentation and separation of instantaneous
mixed images

Here, the additional difficulty is that we also have to estimate the mixing matrix
A. For more details on this model and to see some typical result in joint
segmentation and separation of images see [2].

4 Conclusion

In this paper we first showed that many image processing problems can be pre-
sented as inverse problems by modeling the relation of the observed image to the
unknown desired features explicitly. Then, we presented a very general forward
modeling for the observations and a very general probabilistic modeling of im-
ages through a hidden Markov modeling (HMM) which can be used as the main
basis for many image processing problems such as: 1) simple or multi channel
image restoration, 2) simple or joint image segmentation, 3) multi-sensor data
and image fusion, 4) joint segmentation of color or hyper-spectral images and
5) joint blind source separation (BSS) and segmentation. Finally, we presented
detailed forward models, prior and posterior probability law expressions for the
implementation of MCMC algorithms for a few of those problems.
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