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/ ‘ INVERSES PROBLEMS ' \

e General non linear inverse problem:

g(s)=[Hf(r)](s)+€(s), reR, seS

e Linear model:

/f h(r.s)dr + (s)
e Discretized version
g=h(f)+e or g=Hf+e¢
where g = {g(s), s€ S}, e={e(s), sc€S} and f—{f(r), rcR}

e Multi sensor imaging

N
:ZAinjfj+€i7 ZZl,,M

\ where A = {A4;;,i=1,---, M, j=1,--- N} is an unknown mixing matrixj
3
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‘ FOURIER SYNTHESIS IN OPTICAL IMAGING '

g(w) = /f('r) exp [—jw'r| dr + e(w)

e Non coherent imaging: G(g) =g — g=h(f)+e€
e Coherent imaging;: Glg)=g — g=Hf+e

g={g9(w), weQ}, e={ew), weQ} and f={f(r), reR}

X
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‘ SINGLE CHANNEL IMAGE RESTORATION '

[z, y)—

h(z,y)

Observation model :

e(z,y)

g(z,y) = h(z,y) * f(x,y) + e(z,y)

X
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COLOR (MULTI-SPECTRAL) IMAGE DECONVOLUTION

filz,y)—> h(z,y)

Observation model :

B

Ei(ﬂf, y)

gi(z,y) = h(z,y) * fi(z,y) + €&(x,y)

gz:Hfz+627 221,2,3
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/ IMAGE FUSION AND JOINT SEGMENTATION ' \
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BLIND IMAGE SEPARATION AND JOINT SEGMENTATION
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X RAY TOMOGRAPHY '

3D 2D

80

—20}

-60}

9¢(r1,72) :/E f(x,y, z)dl /Wf z,y)d

7”1,7“2,¢

[ Forward problem: f(z,y) or f(x,y,2) — g¢(r) or gg ¢(r1,r2)
[ Inverse problem: g4(r) or g4 4(r1,72) — f(z,y) or f(z,y,2)

X

/
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; f o(r, &) = / Fla,y) di
gAY

X RAY TOMOGRAPHY AND RADON TRANSFORM '

flz,y)—~ TR (=>9(r, ¢)

w5 w e ow g(r, @) :// f(x,y)6(r — xcos¢g — ysing) de dy
D

phi p(r,phi) 60

=/ SN

X
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‘ 3D CoMPUTED TOMOGRAPHY / 3D SHAPE FROM SHADOWS I

3D Computed Tomography

3D Shape from shadows

@\
\ _/
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‘ 3D CoMPUTED TOMOGRAPHY / 3D SHAPE FROM SHADOWS I

3D Computed Tomography

3D Shape from shadows

X

12



A. Mohammad-Djafari IUSTO05 Iran University of Science & Technology, March 07 2005

/ DETERMINISTIC METHODS ' \
Data matching

e Observation model g, =h;(f)+¢, i=1,...,.M — g=H(f)e

e Misatch between data and output of the model A(g, H(f))

f= arg min {A(g, H(f))}

e Fixamples:

~LS  Alg,H(f) =llg—HI’ = lgi — hi(F)I

~L,  AlgH()=lg—HHI" =D loi—h(HI, 1<p<2

-KL  A(g,H(f)) = Zgi = hjif)

e In general, does not give satisfactory results for inverse problems.

- _/
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Regularization theory

Inverse problems = Ill posed problems

——  Need of prior information

e Minimum norme LS (MNLS): J(f) =||g — H(f)||2 + >\HfH2
e Classical regularization: J(f)=|lg — H()||* + \|Dfl|?

e More general regularization:

or J(f) = Qg — H(f)) + \(Df)

J(f) = A1lg, H(f)) + AA2(f, foo)

Limitations:
e Errors are considered implicitly white and Gaussian
e Limited prior information on the solution

e Lack of tools for the determination of the hyperparameters

- _/
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‘ PROBABILISTIC METHODS '

Taking account of errors and uncertainties — Probability theory

e Maximum Likelihood (ML)

e Minimum Inaccuracy (MI)

e Probability Distribution Matching (PDM)

e Maximum Entropy (ME) and Information Theory (IT)

e Bayesian Inference (BAYES)

Advantages:
e Explicit account of the errors and noise
e A large class of priors via explicit or implicit modeling
e A coherent approach to combine information content of the data and priors

Limitations:

e Practical implementation and cost of calculation

- _/
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‘ BAYESIAN ESTIMATION APPROACH .

g=Hf +e

e Observation model + Hypothesis on the noise — p(g|f) = pe(g — H f)

e A priori information p(f)

o Boves - _ plglf) p(f)
Bayes : p(flg) 2(9)

e Choice of a point estimator based on p(f|g)

Link with regularisation :
e Maximum A Posteriori (MAP) :

f = argmaxy {p(f|g)} = argmaxy {p(g|f) p(f)}

AN

f =argming {—Inp(g|f) — Inp(f)}
with

Qlg, Hf) = —Inp(g|lf) and AQ(f)= —Inp(f)

- _/
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/ ‘ CASE OF LINEAR MODELS AND (FAUSSIAN PRIORS . \

g=Hf +e

e Hypothesis on the noise:
€ ~ N(0,02I) — g|f ~ N(H f,02I) — plg|f) < exp |~ 553 lg — H|?|
e Hypothesis on f :
f~N(fo,05(D'D)™") — p(f) o exp {—ﬁHD[‘f - fo]”ﬂ
e A posteriori:

p(flg) < exp |~ 355llg — HF 255 | DIF = fol 2]

o MAP: f= argmax ¢ {p(flg)} = argmins {J(f)}
with  J(f) =g~ HfI?+ MD(f - fo)l2. A=

e Advantage : caracterization of the solution

flg ~N(f,P) with f=PH'(g—Hf,), P=(H'H+\D'D)

N

17
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/1\/IAP estimation with other priors:

f=argming {J(f)} avec J(f)=g—HF|*+ S
Separable priors:
e (Gaussian prior:

p(f;) <exp [—a(f; —my)*] —  QUF) =ad (fi —my)®

e Gamma prior: J
p(f;) o< (f/mj)* exp[—fi/mj] —  Q(f) =a ) In 7{1_3 + %,
; j j

e Beta prior:

pf) o ff=1)" — Qf)=ad Wfi+5) M- f),

e Generalized gaussienne:
p(fj) cexp[—alfj —m;[P], 1<p<2— &(f)=ad_|fi—myl,
J

Markovian models: - i}

p(filf) cexp |—a > o(f;, fi)| —  ®(F)=ad > o fo),

\ ’iENj 7 iENj

X

/
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X

|
=

reR

N

p(f) o exp [a S )

i

Gaussian Generalized Gaussian
p(filfi-1) = N(fj-1,0%) p(filfj—1) < exp [—alf; — fi-1]?]
p(f) ocexp [~a X, |f; = fia p(f) o< exp [—a 3, |f; - fj_1|p}

-8 > f(s) } p(f)cxexp{ozzv( -8 > f(s)

— ]

seV(r) rcR seV(r)
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v\fwr\L\w M')\MV gt MW/\'AVL\JK\N

L
[ L] I
Picewize Gaussian (Line process) Mixture of Gaussians (Label process)
p(filas, fi-1) =N (1 —gq;)fj-1,0%) p(filzi =k, fi—1) = N (mg, 0f)

p(Fla) < exp |[—a S (1= gi)lfs = fi-1l*]  p(Fl2) xexp |- Xy S jem, (fi = mafon)?]

- _/
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X RAY TOMOGRAPHY AND RADON TRANSFORM

S T
I
.\,\ . / g(r,¢) = —1In (I—) = / flx,y)dl
/', 1N 0 L

/@ \} > g(r,¢)://Df(m,y)é(r—mcosgb—ysin(b)dxdy

/ g(r, @)

RADON:
B 1 ™[ 2 g(r, ¢)
fa,y) = (_ﬁ>/0 /_OO (r —xcos¢ — ysin @) drd¢

- _/
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4 )

+00 13,
Wg(’ragb)
fay) = ( )/ / (r —xcos¢ — ysin @) drd¢

dg(r, ¢)
or

1 [ 7
Hilbert Transform™ : g1(r',¢) = = / 9(r.9) dr
0

0 (r —1')

Derivation D : g(r,¢) =

1 T
Backprojection B : flx,y) = gy / g1(r' = xcos¢ + ysin ¢, ¢) do
T Jo
f=BHDRYf
e Backprojection of filtered projections:
gr,¢)| FT Filter IFT | g.(r,¢)| Backprojection | f(z.y)
- — — — -—
Fi Q) F! B

- _/
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64 projections 16 projections 4 projections 2 projections
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IMAGE RECONSTRUCTION FROM TWO PROJECTIONS .

J
1 N
J1 gq g,

s

n—+1

g1 =1{91, " ,9n} horizontal

g> = {9n11, + ,g2n} vertical

N=n?

Z Hi; fj=¢i, 1=1,---M=2n
=1

H;; ={0,1}

f=1{fi,, Iz}
g=1{91," ,9m} = [91;92]
g1=H:\f, g>=Hyf
g=HFf

27
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/ CONTINUOUS SIGNALS AND IMAGES \

g=HFf +e

filfii #3) = N(Bfj-1,0%)

() =N (8 gevir £():0%)
MAP :

f = argmaxy {p(f|g)} = argmins {J(f)}
J(f)=lg—HfII>+ X, (f; — Bfi-1)°
J(f) = llg — Hf|? 2
+3, (Fr) = B sevin £(5))

(
p(f>:N(072f)

(

(

28
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/ PIECEWISE CONTINUOUS SIGNALS AND IMAGES ' \

g=HFf +e,

f(r) piecewise continuous image :

Composed MRF Intensity-Contours
Hidden contour variable: ¢(r)
p(filaj, fisi # j) = N(B(1 — ¢;) fj-1,0%)
p(f(r)lq(r), f(s))
= N (81 = (1) L) f(9),03)

MAP : (f,q) = argmax; o {p(f, qlg)}
f = argmax; {p(flg,q)} = argminy {J(f)}
J(f) =g — Hf|?

£ 52,0 a(m) (F) = B e £(5))

= argmax, {p(q|g)}

N

29
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/ OBJECTS COMPOSED OF A FINITE NUMBER OF HOMOGENEOUS MATERIALS \

g=Hf+e
f represents an image of an object f(7r)

composed of a finite homogeneous matrials

Composed MRF intensity-regions

Introduction of a class label variable z(r)
2(r)=%k, k=1,--- K

Rie={r : z(r) =k}, R=URg
p(f(r)lz(r) = k) = N(f(r)|me, oF)
z=A{z(r),r € R} a segmented image

Potts MRF:
p(2) x exp | per Csevir 0(:(r) = 2(s))]

N

30
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e Mixture of Gaussians model with {z(r),r € R} i.i.d.

p(z) = 1_[19/.C with P(z(r)=k)=pr et Zpk =1
k=1

e Mixture of Gaussians with a Potts MRF for z

p(z) xexp |« Sj S: d(z(r) — z(s))

TER S€V(T)

e Hyperparameters 6 = {c.%, (my,0%),k=1,--- , K} :
p(mk) — N(mk|mk070k(%>7 p(o-]%) — Ig(o-]%’ak()aﬁk())?

p<2k) — IW(Ek‘O&kO, Ak0)7 p(Ueg) — Ig<0-€z2|05(€)i7 81)

e Joint a posterior: law of f, z and 0

p(f.z,0\g) x p(g|f,01) p(f|z,02) p(z]62) p(0)

- _/
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X

First step: 8 and z known:
MAP:

AN

J = argmax ¢ {p(flg. z,0)} = argmin {J(flg. z,0)}
e With an i.i.d. model :

—my 1[]?
J(flg,28) = |lg—HFf|?+ Ay, Wemd

Ok

K Cma |12
= |lg—HFIP+A> D TR, Hf(r)ai -

e With a Markovien model :

. NE
J(flg.z,0)=|lg — Hf||?+ 1>, 1f =L

Ok

g~ HAP AT (Fo - 3 )

s€E(V(r)NRg)

where f(r)=f(r)—m((r), Or= %r, ny = Card(V(r) N Ry).

- _/
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4 )

Estimation of (f, z,0) using p(f, z,0|g)
e MAP (Algorithm 1):

(

= argmax ¢ {p(f]2,6,9)}

= argmaxg {p(0|f,z,9); or =argmaxg{p(0|z,9)}
\ = argmaxz {p(z|f,0,g9)} or =argmaxz {p(2|0,9)}
e MAP-Gibbs (Algorithm 2):

) k)

\)

’ 7= argmaxs (p(f12,6,9))
| sample 6 with p(6|f,z,g) or with p(6]z,g)
_ sample z with p(z|f,80,g) or with p(z|0,g)

33
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\\/\aﬁ 0 \ N /#

Filtered BP LS
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/ ‘ MULTI SENSOR, FUSION, SEPARATION I \

N .
gzzzjzlAijszf]—'_eZ) 7’:17"'7M7

e No mixture, No convolution applications:

— Multi channel image fusion and joint segmentation
g =fite, 1=1,--- M, f.;|z independent
— Hyperspectral image segmentation
gi=Ffi+e, 1=1,--- M, f.;|z dependent
— Video movie segmentation with motion estimation
g =Ffi+e€, 1=1,---. M, f.|z:; independent
e Mixture, No convolution applications:
— Blind source (image) separation (BSS) and joint segmentation

gi = Zjvzl Ai; fi+e, i=1--- M, f,|z; independent
e Convolution but No mixture applications:

— Fourier synthesis in optical imaging g=H(f)+e€ f|z
\ — Single channel image restoration g=Hf+e fl|z J

35
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4 N

Images fusion and joint segmentation

(Olivier FERON)

.

gi(r) = fi(r) + €i(r)
p(fi(r)|z(r) = k) = N(miy, o)
| p(flz) =11, p(f;l2)

/\
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/Data fusion in medical imaging (Olivier FERON) \

(

gi(r) = fi(r) + €i(r)
p(fi(r)|z(r) = k) = N(miy, o4y
| p(flz) =1L p(f;l2)

_/\

37
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/J oint segmentation of hyper-spectral images \
(Adel MOHAMMADPOUR)

gi(r) = fi(r) + €i(r)
p(fi(r)|z(r) = k) = N(mig,00), k=1,--- K
p(flz) =11, p(f:l2)

m;; follow a Markovian model along the index i




A. Mohammad-Djafari IUSTO05 Iran University of Science & Technology, March 07 2005

/Segmentation of a video sequence of images \
(Patrice BRAULT)

2

gi(r) = fi(r) + €(r)
p(fi(r)|zi(r) = k) = N(msp, 00), k=1,--- K
p(flz) =11, p(f;il2:)

z;(r) follow a Markovian model along the index 1

39
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4 N

~

ZA’Ljfj +€z( )

Mixing 4
p(f;(r )\Zj( r) =k) = N(mj,,07 )
v \ p(Aij) = N(AOz’ja Ugij)
Segmentation
-
Separation

40
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/Single channel image restoration
glr') = J hr' = 7) f(r) dr+e(r') — g = Hf +
i

Fourier synthesis inverse problem
ow) = [ exp[~i(wr)) Fir) dr+ ew) — g = Hf + e

i

(€) =N(0,Z¢) — plglf) = N(Hf Ze) with e =0T
p(f(r)lz(r) = k) = N(my,0p), k=1, K
p(flz,0,9) = N(f,3) with

S=(H'S¢'H+2. ) and f=3(H'Sc 'g+3."'m.)
{ Compute f = argmax g {p(f|z,6 9)} = argming {J(f)} with
T(F) = llg — HF|? + 3, ezl

p(z|g,0) x p(g|z,0) p(z) with

p(glz,0) = N(Hm,,Eq) with Xg=HX . H' + Z¢

| Use p(zlg, f,0) xp(glf,z,0)p(z)

42
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/ SIMULATION RESULTS

a) object, b) exact known support, c¢) support of the data, d) measured data,

e) and f) Results when phase is measured: e) IFT and f) proposed method,

g) and h) Results when the phase is not measured but we know the support of
\the object: g) by Gerchberg-Saxton h) by the proposed method. /
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images

\ K = 2 classes

Hist. of images

e multi-resolution computation

g(r) = f(r)+e(r) — WT — g’ (r) =

/ ‘ WAVELET DOMAIN BAYESIAN IMAGE PROCESSING ' \

~J

fr)+&(r)

e Wavelet coefficients can be classified and segmented in only

/
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Bayesian approach & HMM are appropriate tools for many image processing problems
e H. Snoussi : BSS in 1D and 2D either in pixel domain or Fourier transform domain
e M. Ichir :
e S. Moussaoui : BSS for non negative sources with application in spectrometry

e O. Féron : Data and image fusion and inverse problems in microwave imaging

e P. Brault : Segmentation of images sequences either directly or in wavelet domain
e A. Mohammadpour : Segmentation of hyper-spectral images,

e 7. Chama : Image recovery from the Fourier phase (Fourier Synthesis)

e . Humblot : Super-resolution from a set of lower resolution images

e N. Bali:

X

CONCLUSION AND WORKS IN PROGRESS '

BSS with mixture of Gamma and BSS in wavelet domain

Source separation using different Hidden Markov models for images

/
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