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Microwave imaging of piecewise constant
objects in a 2D-TE configuration
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Abstract. In this paper we propose a stochastic algorithm applied to an electromagnetic inverse scattering problem. The
objective is to characterise an unknown object from measurements of the scattered fields at different frequencies and for several
illuminations.

This inverse problem is known to be nonlinear and ill-posed. It then needs to be regularized by introducing prior information.
The particular prior information we account for is that the object is composed of a known finite number of different materials
distributed in compact regions. The algorithm is applied to the inversion of experimental data collected at the Institut Fresnel
(Marseille) and has already provided satisfactory results in a 2D-TM configuration. Herein, the goal is to test the same kind of
method in a 2D-TE configuration.
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1. Direct model

We deal herein with an electromagnetic inverse obstacle scattering problem where the goal is to
characterise unknown targets from measurements of the scattered fields that result from their interactions
with a known interrogating (or incident) wave in the microwave frequency range. The configuration
considered herein is that of the Institut Fresnel experiment [1]: anincident time-harmonic wave at angular
frequencyw (the time-dependeneap(—iwt) is implied) illuminates a cylindrical target (considered as
infinite along theO~ axis and of arbitrary cross-section shapén the (z,y) plane) atV, frequencies
in the range 1-18 GHz and the resulting electric field is collected around the target on a circular
measurement domaifi (of radiusR,,.; = 1.67m) at N, = 241 receiver positions. The propagation
direction ¢ of the incident wave lies in théz,y) plane and can be varied (¢ [0, 2x]), N, views
being carried out at varying incidence for each frequeqcylhe different media are supposed to be
linear isotropic and non-magnetic and are characterised by their propagation caénsgjasuich that
k2(F) = k3 = wleopo, ¥ = (z,y) ¢ Q, whereey and g represent the dielectric permittivity and the
magnetic permeability of vacuum, respectivelyf3(i") = k4 (7) = w?e(P)uo, 7 € €, wheree is the
complex permittivity €(7) = eoe,(7) + i0(7) /w) ande, ando represent the relative permittivity and
the conductivity of the target, respectively.

The situation is such that a 2D configuration is considered: the TM polarisation case, where the electric
field E is parallel to the cylinder axi®z, has been the subject of a previous paper [2] published in a
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special section dedicated to the test of inversion algorithms against experimental data [3]; we consider,
herein, the TE polarisation case, where the electric field lies ijahg) plane. Let us notice that, in
that case, the data consist of the electric field component tangential to the measurement circle.
Modelling is based upon a domain integral representation obtained by applying Stteeorem to the
Helmholtz wave equations satisfied by the fields and accounting for continuity and radiation conditions.
This leads to two coupled contrast-source integral equations, denoted as the state and observation
equations, that express the total electric figidnside the domairn occupied by the object and the
scattered fieldz%/ observed on the measurement domgjmespectively:

o . - 1 oo -
E()=E"(F) + | G(F7")J(F) dF’+ﬁVV. G(F FJFY AP FeQ (1)
Q 0 Q
. - 1 oo -
E¥ (7 = | G(F 7" J(F") dF’+?VV. G(FFNJ(F) AP Fe s, 2)
Q 0 Q

whereJ(7') = x(7')E(7') are the induced currentg(7') = k(') — k2 is a contrast function null
outsideQ, G(7,7') = 1H{ (koR) is the free space Green’s function aRd= |7 — 7*’|. The contrast
function x characterises the unknown object and the inverse problem then consists in retrieving this
function. In a TM configuration [2], these coupled equations become simple and scalar, whereas, in
the TE configuration considered herein, the electric field is a two-component vector and the problem is
then more involved. It can be noticed that, as the opefﬁtﬁracts upon a convolution product, several
strategies [4—6] can be used to solve Eqs (10) and (11): i) both of the differential operators can be applied
to the Green'’s function or ii) one can be applied to the latter and the other to the induced currents. The
latter strategy is adopted herein. Equation (10) then reads:

E(7) = E™e(F /QFF (") *’——/V/gff WLJ(F) di!
e 3

whereV’ means a derivation with respect to the variableand the observation equation is of the same
form.

With in mind the fact that we want to solve the above equations by means of the method of moments,
we partition the test domain into elementary square pi®glsof constant complex permittivity. Then,
by expressing/’. J(7*') as a function of the electric flu = ¢E, we found that the former vanishes
everywhere except at the frontiebetween pixels of different contrasts. By accounting for the continuity
of the normal component db across the latter, this reads:

- ﬁ V() = e() E(F’)-ﬁ’g(;,) = o) E(7"). fic (") 8e(7"), @

whereric is the normal to the contout, ¢(7’) is the jump of the function /(7 ') across the latter and
dc is the Dirac delta function centred 6n This means that the second integral in Eq. (3) is reduced to a
line integral along the contours of the above-mentioned pixels.

By applying the method of moments with point matching and pulse basis fundtignsdefined as
H,(F)=1if 7€ Qn,1/2if ¥ € C,, and 0 elsewhere, whefe,, andC,, represent the pixeh and its
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contour, respectively, we obtain discrete versions of the observation and state equations:
E(®) =E" (") +GYE(® e (5)
EW (7 = GSE(F) Fes, (6)

These two equations are of the same kind as in the TM configuration, but obviously the expressions
of the operators;.Q andG?, that act from2 onto itself and fronf2 onto S, respectively, are a little bit
more intricate and times bigger. Equation (5) (as well as Eq. (6)) can be decomposed into two scalar
equations of the form:

Nq
By (") = Bir°(7) + Y [X(0m) GG (7, ) Bu(Frn) + G (7, Fo) Ea (7)) + Gl (7, 7o ) By (7o) ]
m=1

U =xory, )

where N, is the number of pixels that partition, 7, is the centre of then'" pixel, Gg results from

the first integral in Eq. (3) and is obtained analytically by replacing the square pixel by a disc of same
area [7] andy, andGﬂy result from the second integral in Eq. (3) and correspond to line integrals along
the parts of the pixel contour that are perpendicularamdy, respectively. It can be noticed that the the

last two terms are obtained by means of fast Fourier transforms, integration being performed analytically
along the exact contour of the pixels after a spectral decomposition of the Green'’s function as in [6];
they are of the form:

va (7', 7m) = €(Tm) [((Tr + a¥)Quo (7', T + a¥) — (P — @) Quu (T, 7 — a¥)],
UW=1xTOry, v==Oory, (8)

whereaq is the pixel half-sidey is a unitary vector oriented along theor y axis and@ ,, is given by:

1 oo i N e R
Qui( ) = o S (QQ) gl )] ial(-rn)0) g,
—0oQ
w=zory, w#v, 7 =7y, tat, f=1/k}—a2 Im(B) >0,
Fu = a/Bif u# v, By = sign((F —7').7). 9

It can be noticed (see Eq. (8)) that, througt,,, = a¥) = 1/&(7,, + 2a¥) — 1/&(7,), this model
introduces an intrinsic correlation between neighbouring pixels, and also a high level of non-linearity
with respect to the contrast functionn on one hand the prior information that we want to introduce
is precisely based upon such a correlation, but, on the other hand, the latter brings a lot of difficulties
into the inversion algorithm implementation, especially with respect to memory requirements, that are
not yet solved at the present time. This is the reason why we introduce, in a first step, a bilinearized
approximation of the direct model which consists in neglecting these correlation terms. The latter can
be expressed, as in the TM case, in terms of contrast and induced currents (or contrast sources):

J(7) = x(7) E™(F) + x(F) GEJ(F) FeQ (10)

EW (7 = G5 J(7) Fes. (11)
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Fig. 1. Modulus (left) and phase (right) of the measured (—) and computed scattered fields obained by means of the complete
(-..) and the bilinearized (- - -) direct model versus the position of the receiver relative to the direction of illumination

(97" = ¢7‘ - ¢e + 77)-

In order to test the validity of the above considerations, we have compared the results obtained by means
of the complete direct model described by Egs (5) and (6) and those obtained by means of the bilinearized
model described by Eqgs (10) and (11) to the Institut Fresnel experimental results. Hence, we first solve
Eq. (7) forE(F = 7,), m = 1,..., Ng (or Eq. (10) for.J(7)), and thenE®/ (), ¥ € S, is obtained

directly from the discrete counterpart of Eq. (6) (or of Eq. (11), respectively). Solving Eq. (7) requires
the knowledge of the incident field"<(7") inside(2. The latter is supposed to be as follows:

E™(7) = f(0) Hy (koR) g, (12)

whereR = 7—7, = (R, ®),7. = (re = Rpes, ¢c) isthe position of the emitting antenia= ®—¢.+,
il IS @ unitary vector such thaty L R and f(0) is a directivity factor obtained from the incident field
measured o1%.

Figure 1 displays the results obtained for the configuration studied in [1], Fig. 9, the latter being chosen
for comparison purposes. The target under consideration corresponds to the dratnsetelEXITE
in the Institut Fresnel data-base. It is illuminated by an emitting antenna located-at270° and
operating at a 8 GHz frequency. The domfiis a rectangular area partitioned ird x 25 pixels with
side2a = 3.5 mm, which corresponds to a discretization step 0f0.7, where\ is the wavelength.

It can be concluded that the complete model yields good results, as compared to the experimental ones,
which are similar to those obtained in [1] by means of a different model based upon contour integrals,
whereas the results obtained by means of the bilinearized model are less good but seem to be satisfactory
enough for the inversion task.

2. Inversion algorithm: Prior information and Bayesian approach

Inverse problems in microwave imaging are known to be very ill-posed. Hence a regularization is
required prior to their resolution. The latter consists generally in introducing a priori information on
the sought solution such as positivity [8], smoothness, or the fact that it is both smoothly varying and
piecewise constant [9] or that it contains edges to be preserved [10]. Herein, we introduce a particular
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additional information: although the materials that compose the object are not known, their mimber

is supposed to be known and finite. We introduce this prior information, through a Bayesian approach,
by modelling the contrast image by a hidden Markov random field. This consists in considering a hidden
variablez(7) which represents a classification of the contrast image. This hidden variable takes discrete
values betweeft and V;, each value being associated to a given material. Each material will thus be
identified by a labeh in the imagez and characterised by a mean complex valug (associated to its
estimated complex permittivity) and a varianegthat allows some fluctuations around the latter and
that is considered, herein, as identical for all the labels€ p, Vn =1,..., N)).

Let subscripts; andv stand for the frequency and the view, respectivalystands for the set that
includes all frequencies and viewa (= {4,,}, ¢ = 1,..., Ny, v = 1,...,N,), except when a
subscript does appear where only the latter is of concgrstands for the set that accounts also for the
co-ordinatesf = {A,}, u = x,y) andG® andG stand forGg  , andG{ , respectively.

Let us rewrite the observation and state equations with additive naisesl ;j, respectively, that
account for measurement and model errors. We assume that these noises are Gaussian, white and centred
(b ~ N0, pp 1), 7 ~ N(0, pi 13)) and independent of the frequency and the view. The likelihood
function can then be expressed as:

S o 1 _ -
P(EXY | 3, pg) oc exp {—g > B — %3 ||%}. (13)
b qu

Let us now define a prior conditional probability distribution of the contrast as a Gaussian law: for each
pixel 7 of the contrast imagen(x(7) | z(7) = n, my,p) = N(my,p). The distribution of the entire
vectory, givenz, m = {m,, },—1.... N, andp, reads then as follows:

p(X | z,m,p) :N(mz’p Id)

1
OC@XP{_%HX—mzH?z}a (14)

with m (7) = m,, if z(¥) = n.
We focus herein on the joint estimation of the contrast and the induced currents related to the contrast
by the state equation (10). Their prior distribution reads as follows:

p(I,x [ 2,m, p) xcexpq — 5— Y [|T = x B — xGT|E — =[x — m.[|3 ¢, (15)

where the first term in the exponential accounts for the state equation and the second term expresses
the hidden Markov model of the contrast. Obviously the classificatimnd all the parameters ,, and

p have also to be estimated, as the materials themselves are not known. Prior probability distributions
have then to be assigned to these variables. As the materials are supposed to be distributed in compact
regions, a local spatial correlation on the pixels of the classification is introduced by modellittga

Potts Markov random field:

p2) cexpd SN 5a(F) —2(F)) b, (16)

FeQ V(7
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wheres is the Kronecker function and(7) is the set of the four nearest neighbours of the pixelhe
prior probability distributions of the parameters, andp are chosen to be in the so-called “conjugate
prior” family in order to render their estimation easier. In a totally unsupervised estimation framework,
the parameterg; andp; have also to be estimated; however, herein, these two parameters are manually
fixed in order to control the respective weights of the likelihood Eqg. (13) and of the two terms of the
prior Eq. (15).

We can now define a joint prior distributigniJ, x, z, m, p) of all the unknowns that takes into account
the state equation (10) and all the information introduced earlier. By using the Bayes formuda, the
posterioridistribution of all the unknowns, given the scattered field data, can be expressed as:

p(3, x,z,m, p | E4) oc p(E | T, pi2) p(3, x | 2, m, p) p(z) p(m, p) 17)

This posterior distribution represents all the information we have on the unknowns that accounts for the
a priori knowledge and the data. The Bayesian approach consists then in using this posterior distribution
to define an estimator for the unknowns. We propose to estimate the posterior mean by means of a Gibbs
sampling algorithm. This consists in splitting the set of variables into subsets and alternately sample
these subsets from their conditional probability distributions. Herein, we partition the set of variables
into three subsetsl, (x,z) and(m, p). The Gibbs sampling algorithm then reads: given an initialisation

j(o), X(O) andz(o)’

repeat
1. sample (m(”), p(”)) ~p (m, ol Jn=1) X(”_l),z(”_l),ﬁdif)
2. sample (x™,z(™) ~p (X, z | J=D m™ ) ﬁdif)
3. sample J ~p (j | x™, 2, m™, p(”),}_ﬁdif)

Because the hyper-parametefs, p) are chosen as the conjugate priors, the sampling of
p(m, p | J,x,z E%f) is easy and comes down to samplé) from an Inverse Gamma law and to
sample the means (™ from Gaussian distributions.

Applying the product rule leads to:

p(x,z| I, m, p, E%) = p(x | 2,3, m, p, E) p(z | I, m, p, E¥/)
=p(x |2 J,m,p) p(z| J,m, p) (18)

Thus, a joint sampléy (™), z(")) is obtained by first sampling™ from p(z | J, m, p) and then sampling
x™ from p(x | z,J, m, p). The distributiorp(z | J, m, p) is obtained by using the Bayes formula:

p(z | J,m, p) o< p(J | z,m, p) p(z), (19)

wherep(z) is the Potts prior distribution of, and the expression @i J | z, m, p) can be obtained by
integratingp(J, x | z, m, p) with respect toy. As a result of this integratiom(J | z, m, p) is a separable
function of the pixels with respect to Therefore, the conditional distributigriz | J, m, p) is a Markov
random field with a neighbouring system of four pixels, as its prior distribution. The sampling of this
kind of distribution is easy [2].

Concerning the sampling of, the conditional distributiom(y | z, J, m, p) is directly obtained from
the joint prior distributiorp(x, J | z, m, p) and the product rule. By using the Bayes formula, we get:

p(T | x,2,m, p, EU) oc p(EYS | 3) p(T | x,2,m, p) (20)
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Fig. 2. The true contrast (up) and the contrast retrieved by means of the proposed method (middle) and by means of the CSI
method (down) for the four targets of the Institut Fresnel database (Digl&xtolumn, Dielint: 2" column, Twindiel: 37¢

column and Metext" and5™ columns). Both the real and imaginary part of the contrast are displayed for the object Metext,
whereas only the real part is displayed for the three other targets.
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This conditional distribution is in fact Gaussian with a non-diagonal covariance matrix. However, a

sample of this distribution can be generated by a maximization technique [2].

3. Results

The above method has been applied to the reconstruction of the four targets (denoted as Dielext, Dielint,
Twindiel and Metext, respectively) considered in thetitut Fresneldatabase, which are composed of
different dielectric and metallic cylinders (see [1] for a description of their basic features). The results
are displayed in Fig. 2. They are compared to those obtained with the contrast source inversion method
(CSI) [8]. It can be noticed that only a part of the available data has been used, i.e., four frequiencies (

5, 7and9 GHz),61 measurement points (ea¢h) and8 (Dielext and Dielint) o9 (Twindiel and Metext)
views around the object. The test domain iga&5 cm sided square divided intd x 51 pixels with side
3.5 mm. As a general rule our method provides good results concerning the shape reconstruction, the
localisation and the estimated values of the contrast for the different materials. As expected, the retrieved
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objects are composed of quasi-homogeneous regions. Except for the target Twindiel, the results are
comparable to those obtained in the TM case [2]: they are slightly less good than in the latter case, which
is not surprising as i) less data are used and ii) the contribution of the discontinuities at the frontiers of
the different materials is neglected. This latter point is probably at the origin of the poor results obtained
for target Twindiel as the latter presents a complex geometry that is favourable to the enhancement of the
effect of the non-linearities linked to the discontinuities. Finally, the contribution of the prior information
that we have introduced can be estimated by noticing that the results are much better than those obtained
by means of the CSI method.

4. Conclusion

In this paper we present a new approach of inversion in a TE configuration. We propose a solution
in order to introduce a particular prior information: the object is composed of a known finite number
of different materials distributed in compact regions. First, we have developed an approximated direct
model which is bilinearized with respect to the induced currents and to the contrast function. Then,
we have implemented an appropriate Gibbs sampling algorithm that takes into account the property
of bilinearity and the prior information. The results obtained by means of this approach show its
effectiveness. However, better results can be expected by considering the exact direct model; the inverse
problem has then to be reformulated with the total field and the contrast as unknowns.
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