
Separation of Mixed Hidden Markov Model
Sources

HichemSnoussi
�

andAli Mohammad-Djafari
��

LaboratoiredesSignauxet Systèmes(L2S),
Supélec,PlateaudeMoulon,91192Gif-sur-YvetteCedex, France

Abstract. In this contribution, we considerthe problemof sourceseparationin the caseof noisy
instantaneousmixtures.In a previouswork [1], sourceshave beenmodeledby a mixtureof Gaus-
siansleadingto anhierarchicalBayesianmodelby consideringthe labelsof themixtureashidden
variables.However, in thatwork, labelshavebeenassumedto bei.i.d. We extendthismodelization
to incorporateaMarkovianstructurefor thelabels.Thisextensionis importantfor practicalapplica-
tionswhichareabundant:unsupervisedclassificationandsegmentation,patternrecognition,speech
signalprocessing,...

In order to estimatethe mixing matrix andthe a priori modelparameters,we considerobser-
vationsasincompletedata.Themissingdataaresourcesandlabels: sourcesaremissingdatafor
observationsand labelsaremissingdatafor incompletemissingsources.This hierarchicalmod-
elization leadsto specificrestorationmaximizationtype algorithms.Restorationstepcanbe held
in threedifferentmanners:(i) Completelikelihoodis estimatedby its conditionalexpectation.This
leadsto theEM (expectation-maximization)algorithm[2], (ii) Missingdataareestimatedby their
maximuma posteriori. This leadsto JMAP (Jointmaximuma posteriori) algorithm[3], (iii) Miss-
ing dataaresampledfrom their a posteriori distributions.This leadsto the SEM (stochasticEM)
algorithm[4]. A Gibbssamplingschemeis implementedto generatemissingdata.

INTRODUCTION

Weconsidertheproblemof sourceseparationin thenoisylinearinstantaneouscase:�������
	���
���������������������	��������������� is the  -vector of observations, 
!����� the " -vector of sources,�#����� an additive
Gaussianwhite noisewith covariance$&% and � the  (')" mixing matrix. Given the
observations �*�,+-�.+�/�0.121 3 , our purposeis to estimatethe mixing matrix � and then to
solve the inverselinearproblemto extract thesources�4
5+*�6+�/�0.121 3 . Themixing matrix �
is estimatedby maximizingits a posterioridistribution([5], [6], [7], [1]):7�8	:9<;>=@?)9BAC DFE �4�HG2�I0.121 3
�KJL�FM



J is the assumedmodel of the mixture structure.The posteriordistribution of � is
obtainedby integratingover 
 thejoint distributionof � and 
 :E �4�HG2�I0.121 3
�KNO�P	 QSRUT�V V W E �4���.
#0.121 3OG2�I0.121 3@�*NO�YX�
�0.121 3Z QSRUT�V V W E �*�I0.121 3OG2�[�\
�0.121 3@�*N^]�� E �4�_G`N^ab� E �4
#0.121 3cG�NOde�
X�
�0.121 3 (1)

Thevector Nf	g��N ] �KN a �hN d � containsall thehyperparametersof theparametricdistribu-
tionsof thenoiseE �4�50.121 3iG�Nj]5� , themixing matrix E �*�_G�NjaK� andthesourcesE �*
�G�N,d�� .

choice of prior distributions

Sourcesmodel

We modelizethe componentkFl by a hidden Markov chain distribution. A basic
presentationof thismodelis to considerit asadoublestochasticprocess:

1. A continuousstochasticprocess� k l 0 � k l m �>���n��� k l 3 � takingits valuesin o .

2. A hiddendiscretestochasticprocess�-p l 0 �\p lm �>���n���\p l3 � takingits valuesin D �����rq l M .
The �*p l+ �6+�/�0.121 3 form an homogeneousMarkov chain with initial probability vec-
tor s E�t 	vu)�*p l 0 	:w-�6x t /�0.121 y�z and transition matrix u t�{ 	 s u)�*p l+�|�0 	�}~G�p l+ 	vw-�6x t�� { /�0.121 y�z
and conditionally to this chain the source k l is time independent:E � k l 0.121 3 G�p l 0.121 3 �~	� 3 +�/�0 E � k l + G�p l+ � andhasa Gaussianlaw E � k l + G�p l+ 	:w*�
	����  l t �*� l t � .
Thismodelizationis veryconvenientfor at leasttwo reasons:

• It is aninterestingalternative to nonparametricmodeling.
• It is aconvenientrepresentationof weaklydependentphenomena.

Mixing matrix model

We supposethatthemixing matrix coefficients �~� l follow Gaussianlaws:E � �~� l �
	[�8�4� � l �*� a � � l �
whichcanbeinterpretedasknowing everyelement�*� � l � with someuncertainty��� a � � l � .

DATA AUGMENTATION ALGORITHMS

The sources�4
5+-�6+�/�0.121 3 are not directly observed, so that they form a secondlevel of
hiddenvariables,thefirst level beingrepresentedby the labels �*p l+ �6+�/�0.121 3 of thedensity
mixture. Thus, the separationproblemconsistsof two mixing operations,a mixture
of densitieswhich is a mathematicalrepresentationof our a priori distribution with



unknown hyperparametersN,d and a real physicalmixture of sourceswith unknown
mixing matrix � :p � Mixing densities � 
 � Mixing sources � � ���� � �N d ? � ? �

We have an incompletedata problem. The incompletedata are the observations�*�,+-�.+�/�0.121 3 , themissingdataarethesources�4
5+-�6+�/�0.121 3 andthevectorlabels �*��+*�.+�/�0.121 3 . The
parametersto beestimatedare � 	��*�[� $&% �KNOde� . This incompletedatastructuresuggests
the developmentof restoration-maximizationalgorithms:Startingwith an initial point��� , performtwo steps:

• Restoration: Given the current estimate � { , any function of the missing data� �*
��4�
� is replacedby anattributedvalue
� { .

• Maximization : Find � { |�0 which maximizesthe penalizedcompletelikelihoodE �-���.
��4��G � � E � � � .
Therestorationstepcanbecarriedinto threedifferentmanners:

1.
� { is theconditionalexpectationof

� �4
��\�
� , which leadsto theEM algorithm.
2. Thehiddenvariablesarereplacedby their maximuma posteriori.
3. Thehiddenvariablesaresampledaccordingto theira posterioridistribution.

In thefollowing, wegiveanoverview of eachstrategy.

Exact EM algorithm

Thefunctional � 	�� s���� = E �-���.
��4��G � ��� ��� = E � � ��G��Y� � { x , computedin thefirst step
of theEM algorithm,is separableinto threefunctionals � a , ���h� and ���4 � 	 � a � ���h� � ���  

• Thefirst functional � a dependson � and $&% .
• The secondfunctional ���h� dependson N¢¡£	¤�  t¥{ �4� t�{ � t /�0.121 ] � { /�0.121 y�¦ : meansand

variancesof theGaussianmixture.
• The third functional �~�4  dependson §b¨ 	©��ª t �\« t � t /�0.121 ] initial probabilitiesand

transitionmatricesof theMarkov chains.

¬L­
-maximization:

Thefunctionalto beoptimizedat eachiterationis:

� �*�[� $&% G � � �
	�® � ¯ �n� =°G ¯B± $&% Ge® � ¯ ��²´³�µ�¶¸· $º¹ 0% � $f»F» ®L� $ d » ® $½¼d » � ¼ ��� $ d4d � ¼ �6¾



( �.¿<� designsthematrix transpose)

Definingthefollowing statistics:ÀÁÁÁÁÂ ÁÁÁÁÃ
$f»F» 	 03ÅÄ 3+�/�0 �,+�� ¼+$ d » 	 03£Ä 3+�/�0´Æ ·¥
5+FG2�I0.121 3@� � � ¾`� ¼+$ d*d 	 03ÅÄ 3+�/�0´Æ ·�
¸+*
 ¼+ G2�I0.121 3@� �!� ¾

Theupdateof � and $f% is:ÀÂ Ã �ºÇ { |�0*È 	 $f» d $ ¹ 0d4d$ Ç { |�0*È% 	 $f»F» ®É�ÉÇ { |�0*È $ d » ® $f» d �*�ºÇ { |�0*È � ¼ ���ÉÇ { |�0*È $ d*d �*�ºÇ { |�0*È � ¼
Thus, we should compute the conditional expectations Æ ·�
¸+UG �°0.121 3
� �!� ¾ andÆ ·�
¸+�
 ¼+ G2�I0.121 3@� � � ¾ . Generally:Æ · � �*
¸+-�hG2�I0.121 3@� � � ¾�	�Ê�Ë Æ · � �4
¸+��SG2�I0.121 3@� � � �\��+#	:ÌU¾ E �*��+#	:Ì�G2�I0.121 3@� � � �
Thevector Ì belongsto Í 0 'ÎÍ m ' �>�>� Í ] with Í t 	Ï�6�����rq t � . q t is thenumberof Gaus-

siansof eachsourcecomponent.Thus,we have q&0�q m �n���rq ] vectors Ì in the previous
sum.

Thea posterioriexpectations,giventhevariables�)	:Ì , areeasilyderived:ÀÂ Ã Æ ·¥
5+UG2�,+.� � � �\��+#	:ÌU¾�	g·¥� ¼ $ ¹ 0% ��� $ ¹ 0� ¾ ¹ 0 ·�� ¼ $ ¹ 0% �,+S� $ ¹ 0�ÑÐ � ¾�	��[+ �Æ ·¥
5+-
 ¼+ G �O+\� � � �4��+�	ÒÌU¾�	Ó·�� ¼ $ ¹ 0% �Ô� $ ¹ 0� ¾ ¹ 0 ��ÕÖ+ � Õ ¼+ �
However, thecomputationof themarginalprobabilitiesE �*��+#	:Ì�G2�I0.121 3@� � � � represents

themajorpartof thecomputationcost.TheBaum-Welshprocedure[? ] canbeextended
to thecasewhenthesourcesarenotdirectlyobserved.WedefinetheForward × +e��Ì�� and
Backward Ø +���Ì�� variablesby:ÀÂ Ã × +��-Ì��Ù	 u)�*��+�	:Ì
G��I0.121 +.� � �Ø +>�-Ì�� 	 ¨ ÇrÚBÛÝÜ T�V V WjÞ�ß Û / Ë �Ýà È¨ ÇrÚSÛ�Ü T�V V W@Þ Ú T�V V Û �Ýà È (2)

The computationof thesevariablesis performedby recurrenceformula (complexityá q m � ): â
ã × 0ä��Ì��
	��Ò0 E Ë � Ç C@å£æ � Cjç
æ�C¢è | ç
é È ·��I0.¾× +e��Ì��@	��ê+ Ä�ë × + ¹ 0ä��ì���u l � � Ç C
åÅæ � Cjç@æ�C^è | ç é È ·í�O+�¾

îï



ÀÂ Ã Ø 3¢��Ì��j	Ô�
Ø +���Ì��
	��ê+�|�0 Ä ë Ø +�|�0b��ì��eu � l � Ç C
å z � C^ç z C^è | ç
é È ·��,+�|�06¾

wherethe �ê+ arenormalizationconstants:ÀÁÂ ÁÃ �Ò0
	 s Ä Ë E Ë � Ç C
åÅæ � Cjç@æ�C^è | ç é È ·í�°0\¾nx ¹ 0�ê+#	ñð Ä Ë Ä ë × + ¹ 0ä��ì��eu l � � Ç C
åÅæ � Cjç@æ�C^è | ç@é È ·í�O+�¾nò ¹ 0
and

Ð � 	ôóõ  ö� T
... ö�Ý÷

øù � $f� 	 óúúõ � m� Tüû �>�>� ûû � m��ý �>�>� û
...

...
. . .�>��� � m�Ý÷

øbþþù
ThenE �-��+�	ÒÌ�G2�I0.121 3@� � � � is easilyderivedas:

E �-��+�	ÒÌ�G2�I0.121 3@� � � �
	 × +e�-Ì�� Ø +��-Ì��
Thespatialindependenceof sourcescomponentsor morepreciselythespatialinde-

pendenceof thelabelsimplies:ÀÂ Ã E
Ë 	 � ] t /�0 E � ¦ 	 E � T ' E ��ý ���>� E ��÷u Ë ë 	 � ] t /�0 u t� ¦ l ¦

whereE � ¦ is theinitial probabilityvectorof theMarkov chainof thecomponentw and u t
its transitionmatrix.

¬½ÿ��
-Maximization:

In orderto establishtheconnectionwith theestimationof theparametersof hidden
Markov modelswhenthesourcesaredirectlyobservedandto elucidatetheorigin of the
high computationalcostof thehyperparameterre-estimation,we begin by thevectorial
formulafollowedby thescalarexpressionsof interest:

The vector Ì designs the vector label ���e0���� m ���n��� ] � ¼ . The vector Ð Ë
designs�  ö� T �  ö� ý �n���  ö� ÷ � ¼ . Thematrix $ Ë designsX��\³��
	4� m� T �4� m� ý ���>�*� m� ÷�� .



There-estimationof thevectorialmeansandcovariancesyields:Ð Ë 	�
 WÛ�� T���� R Û Þ Ú Û � ß Û / Ë � à������ Ç ß Û / Ë Þ Ú T�V V W � à�� È
 WÛ�� T � Ç ß Û / Ë Þ Ú T�V V W � à � È$ Ë 	 
 WÛ�� T � � Ç R Û R èÛ È ¹�� Û�� å è� ¹ å � � èÛ�� | å � å è� ��� Ç ß Û / Ë Þ Ú T�V V W � à � È
 WÛ�� T � Ç ß Û / Ë Þ Ú T�V V W � à � È
with �ê+ Ë 	 Æ ·�
¸+>G2�,+.�\��+#	:Ìh� � � ¾ .

There-estimationof thescalarmeansandvariancesis obtainedby aspatialmarginal-
izationof thevectorlabelsin thepreviousexpressions:

 t¥{ 	 
 WÛ�� T 
 � ��! � � ¦#" ��$ " � � Ç R Û Þ Ú Û � ß Û / Ë � à%� È � ¦ � Ç ß Û / Ë Þ Ú T�V V W � à%� È
 WÛ�� T 
 � ��! � � ¦#" ��$ " � Ç ß Û / Ë Þ Ú T�V V W � à � È� mt¥{ 	 
 WÛ�� T 
 � ��! � � ¦#" ��$ " � � � Ç R Û R èÛ Þ Ú Û � ß Û / Ë È � ¦�& ¦ ¹(' ¦ $ � � Ç R�Þ Ú Û � ß Û / Ë È � ¦Ý| ' ý¦ $ � � Ç ß Û / Ë Þ Ú T�V V W � à%� È
 WÛ�� T 
)� ��! � � ¦#" ��$ " � Ç ß Û / Ë Þ Ú T�V V W � à � È
We can seeclearly that, in addition to the marginalization in time to computethe
quantitiesu �-��+�	ÒÌ�G �I0.121 3j� � � � , wehave to performanothermarginalizationin thespatial
domain.

¬Lÿ�*
-maximization:

There-estimationof theinitial probabilitiesandthestochasticmatricesfor thevecto-
rial labelsyields: E ��Ì��j	:u �-��0�	:Ì�G2�I0.121 3@� �!� �u)�-ÌBì��
	�
 WÛ�� ý � Ç ß Û,+ T / Ë � ß Û / ë Þ Ú T�V V W � à�� È
 WÛ�� ý � Ç ß Û-+ T / Ë Þ Ú T�V V W � à�� È

By the sameway, the probabilitiesof the scalarlabelsarederived from the above
expressionsby spatialmarginalization:

E ��ÌB�*w-�@	�}#�
	 Ä Ç Ë Þ Ë Ç t Èn/ { È u)�*��0�	:Ì�G �°0.121 3j� � � �u)�-ÌB�*w-�
	Ò²B� ì¢�*w-�
	 k �
	 
 WÛ�� ý 
 � � & . ! � � ¦#" ��/ & . � ¦#" �10 " � Ç ß Û-+ T / Ë � ß Û / ë Þ Ú T�V V W � à � È
 WÛ�� ý 
 � ��! � � ¦#" �1/ " � Ç ß Û-+ T / Ë Þ Ú T�V V W � à � È
Theexpressionsof u)�*��+ ¹ 0^	�Ìh�h��+�	Ñì G �I0.121 3@� ��� � areobtaineddirectly from theFor-

wardandBackwardvariablesdefinedby (2):u)�*��+ ¹ 0�	:Ìh�S��+#	 ì G2�I0.121 3@� ��� �
	 × �+ ¹ 0 �-Ì��<u � ��Ìh�`ì�� � Ç C
å z � Cjç z C è | ç é Èe·í�,+`¾ Ø �+ ��ì����[+



Viterbi-EM algorithm

Whenthe numberof labels q 	 � ] t /�0 q t grows, the costof the computationof the
marginal probability u)�*��+�	�Ì�G �°0.121 3j� � � � andof the spatialmarginalizationfor the re-
estimationof thehyperparametersbecomevery high. A solutionto reducethecompu-
tationalcostis to modify therestorationstrategy. Thelabelsarereplacedby their maxi-
muma posteriorivalueswhichcorrespondsto aclassificationstep.Thisis performedby
a relaxationstrategy: At iteration } , 7 p {+ maximizesE �-pb+¸G��I0.121 3@� 7p {�32 + � 7 p { ¹ 0�-4 + � , which yields
for �
	Ô������� :

p {+ 	v9<;�=j?)9BAt /�0.121 y 5 � 6 $Û-+ T � t#�-7 �*�,+5G � t �\� { � 5 � t�� 6 $8+ TÛ�Ü T �
and p {0 	v9´;>=@? 9SAt /�0.121 y 7 �*�I0�G � t �.� { � 5 � t�� 6 $8+ Tý �

p {3 	:9<;>=@?)9BAt /�0.121 y 5 � 6 $W + T � t9�,7 �*�¢3iG � t �.� { �
where5 is themultidimensionaltransitionmatrix.

Then,all theexpectationsinvolvedin theEM algorithmaresimply replacedby only
oneconditionalexpectation:

Æ · � �*
¸+*�SG �I0.121 3
� �!� ¾¤	 Ä Ë Æ · � �4
5+-�SG �°0.121 3
� ��� �4��+�	ÒÌU¾ E �*��+#	:Ì�G �I0.121 3j� ��� �: Æ · � �4
¸+��SG2�I0.121 3@� � � � 7 pb+�¾
Gibbs-EM algorithm

The hidden labels pb+ can also be generatedaccordingto their a posteriori distri-
butions, which leadsto a stochasticalgorithm. Indeed,the advantageof this algo-
rithm is double:reductionof the computationalcost and the ability of the algorithm
to avoid local maxima.The labelsare generatedby Gibbs sampling:At iteration } ,7 p {+ á E �*pb+¸G��I0.121 3@� 7p {�32 + � 7 p { ¹ 0�34 + � , whichyieldsfor �@	��<�n�í� :pb+ á � 6 Û-+ T 6 Û 7 �*�,+5G � 6 �.� { �.� 6 Û 6 ÛÝÜ T
and p´0 á 7 �*�I0�G � 6 �\� { �6� 6 T 6 ýpä3 á � 6 W + T 6 W 7 �*�¢3iG � 6 �\� { �



This version of the Gibbs-EM algorithm has approximately the same computa-
tional cost as the Viterbi-EM algorithm becausewe have to compute the vector· E �*pb+#	;��G��°0.121 3
�hp d=</�+*�.¾ � /�0.121 y . However, we canuseMetropolisalgorithmto generatethe
hiddenlabelsandconsequentlythecomplexity of thealgorithmis morereduced.

SIMULATION RESULTS

To show the performancesof the proposedalgorithms,we considerthe mixture of

¯
sources:

• Source � : The a priori distribution is a mixture of > Gaussians�  �K� m �@?D �6®BA�� û ���S���U�e®i��� û ���S� �F�e�<� û ���S���U��A�� û ���S� M with a transitionmatrix 5 0 :
5 0
	 óúõ û ��C û � û�D û � û A û � û ¯û ��E û ��� û � û�D û � û�Dû ��F û � û ¯ û � û E û � ¯û � D û � ¯ û � ¯ û �n�

ø þù
• Source

¯
: The a priori distribution is a mixture of > Gaussians�  �K� m �@?D �6®BA�� û ���S���U�e®i��� û ���S� �F�e�<� û ���S���U��A�� û ���S� M with a transitionmatrix 5 m :

5 m 	 óúõ û � ¯ D û � ¯ D û � ¯ D û � ¯ Dû � ¯ D û � ¯ D û � ¯ D û � ¯ Dû � ¯ D û � ¯ D û � ¯ D û � ¯ Dû � ¯ D û � ¯ D û � ¯ D û � ¯ D
øbþù

Thetransitionmatrix 5 0 hasadominantfirst column,whichmeansthatthehiddenlabelspb+ haveagreatprobabilityto remainin thefirst class.However, thetransitionmatrix 5 m
hasthesameline which leadsto ani.i.d mixture.Figure � showstypicalgraphsof these
signals:
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Figure � . Typicalgraphsof thesourcesk 0 and k m . Evenif in simulationswegenerated� û�û<û samples,hereonly
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The two sourcesare mixed with a matrix �ñ	HG � û ��I® û � D � J , a white Gaussian

noiseis addedto the mixture with a covariancematrix $&% 	 G � ûû �KJ (SNR	LE dB).

The numberof observationsis � û�û�û . Figure

¯
illustratestypical graphsof the mixed

sources��M�0b�������6+�/�0.121 3 and ��M m �����>�.+�/�0.121 3 :

0 5 10 15 20 25 30 35 40 45 50
−6

−5

−4

−3

−2

−1

0

1

Time

X
1

Signal   X1 

0 5 10 15 20 25 30 35 40 45 50
−3

−2

−1

0

1

2

3

4

5

6

7

Time 

X
2

Signal  X2 

Figure

¯
. Typicalgraphsof themixedsourcesN 0�	v³�0.0POj0��º³�0 m O m and N m 	:³ m 0POj0¸�³ m.m O m

In order to characterizethe mixing matrix identificationachievement,we use the
performanceindex definedin [8]:

� " X��QOL	 7� ¹ 0 �L�
	 �¯SR Ê �UT Ê l G#O � l G m? 9BA t G#O � t G m ®[�WV � Ê l T Ê � G9O � l G m? 9SA t G9O t l G m ®[�WV X
Figure A -a illustratestheevolution of themixing coefficient estimateswith theexact

EM algorithmthroughiterations.Thehorizontalline indicatestheoriginal value.Note
the convergenceof the algorithm close the original valuesafter about

¯ û
iterations.

Figure A -b illustratestheconvergenceof theperformanceindex with theEM algorithm
to asatisfactoryvalueof ®YA�� dB.Figure > showstheresultsof thesourcereconstruction
by plotting on the samegraphthe original sourcesand the recoveredsources.Note
the successof the algorithm to recover the sources.Figures

D
and I show the same

simulationresultswith the Viterbi-EM algorithm.We cannotean expectedsmall bias
for the estimationof the mixing matrix coefficients. The performanceindex has a
satisfactoryvalueof ® ¯ > dB. Thecomputationalcostreductionproportionwith respect
to the EM algorithmis about q 	 �ZI . Finally, figures F and E illustratethe resultsfor
the Gibbs-EMalgorithm.We note the fluctuationsdue to the stochasticaspectof the
algorithmbut canaddasimulatedannealingprocedureto switchto theEM algorithmat
convergence.
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Figure A : a) Evolution throughiterationsof the estimatesof the mixing coefficients

with EM algorithm,b) Evolutionthroughiterationsof theperformancecriteriawith EM
algorithm
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Figure > : Resultsof thereconstructionof thetwo sourcesusingtheEM algorithm
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Figure

D
: a) Evolution throughiterationsof the estimatesof the mixing coefficients

with Viterbi-EM algorithm,b) Evolution throughiterationsof theperformancecriteria
with Viterbi-EM algorithm.
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Figure I : Resultsof the reconstructionof the two sourcesusing the Viterbi-EM
algorithm
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Figure F : a) Evolution throughiterationsof the estimatesof the mixing coefficients

with Gibbs-EMalgorithm,b) Evolution throughiterationsof the performancecriteria
with Gibbs-EMalgorithm.
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Figure E : Resultsof the reconstructionof thetwo sourcesusingtheGibbs-EMalgo-
rithm



CONCLUSION

The estimationof the parametersof an hiddenMarkov model is an incompletedata
problem,themissingdatabeingthelabelsof themixture.Extendingthisproblemto the
blind separationof sourcesmodelizedby hiddenMarkov modelsintroducesa second
level of missingdatawhich are the sourcesthemselves.Therefore,restorationmaxi-
mizationalgorithmsrepresenta powerful tool for the estimationof the mixing matrix
andthehyperparameterswhich aretheHMM parameters.We proposedthreedifferent
restorationmaximizationalgorithmsdistinguishedby their respective restorationstrate-
giesandhaving differentconvergencepropertiesandcomplexities:

• ExactEM algorithm:The expectationfunctional is separableinto threedifferent
partscorrespondingto the threesetsof parameters:thoseof E �*�fG-
��4�
� , thoseofE �*
�G��
� andthoseof E �*�
� .

• Viterbi-EMalgorithm:Thelabelsarereplacedby theirmaximumaposterioriMAP.
• Gibbs-EMalgorithm:Thelabelsaresampledaccordingto theira posteriori. distri-

bution.
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