Separation of Mixed Hidden Markov M odel
Sources

HichemSnoussi andAli Mohammad-Djadri*

*Laboratoire desSignauxet Systéemef.2S),
SupélecPlateaude Moulon,91192Gif-surYvetteCede, France

Abstract. In this contribution, we considerthe problemof sourceseparationn the caseof noisy
instantaneoumixtures.In a previouswork [1], sourceshave beenmodeledby a mixture of Gaus-
siansleadingto anhierarchicaBayesiarmodelby consideringhe labelsof the mixture ashidden
variablesHowever, in thatwork, labelshave beenassumedo bei.i.d. We extendthis modelization
to incorporatea Markovian structurefor thelabels.This extensionis importantfor practicalapplica-
tionswhicharealundantuunsupervisedlassificatiorandsegmentationpatternrecognition speech
signalprocessing,..

In orderto estimatethe mixing matrix andthe a priori model parametersywe considerobser
vationsasincompletedata.The missingdataare sourcesandlabels: sourcesare missingdatafor
obsenationsand labelsare missingdatafor incompletemissingsources.This hierarchicalmod-
elizationleadsto specificrestorationmaximizationtype algorithms.Restoratiorstepcanbe held
in threedifferentmanners(i) Completdikelihoodis estimatedy its conditionalexpectation.This
leadsto the EM (expectation-maximizationdlgorithm[2], (ii) Missing dataareestimatedoy their
maximuma posteriori This leadsto JIMAP (Jointmaximuma posteriori) algorithm([3], (iii) Miss-
ing dataare sampledfrom their a posteriori distributions. This leadsto the SEM (stochastidEM)
algorithm[4]. A Gibbssamplingschemds implementedo generatanissingdata.

INTRODUCTION

We considerthe problemof sourceseparationn thenoisylinearinstantaneousase:
x(t)=As(t)+et),t=1.T

x(t) is the m-vector of obsenations, s(t) the n-vector of sources(t) an additve
Gaussianwhite noisewith covarianceR, and A the m x n mixing matrix. Giventhe
obsenrations (x;):—1. 1, Our purposeis to estimatethe mixing matrix A andthento
solve theinverselinear problemto extractthe sourceqs;);—1. 7. The mixing matrix A
Is estimatedy maximizingits a posterioridistribution ([5], [6], [7], [1]):

A = argmax{p(Al|z:.1, H)}
A



‘H is the assumednodel of the mixture structure.The posteriordistribution of A is
obtainedby integratingover s thejoint distribution of A ands:

p(Alzi.r,m) = fsl__Tp(A,31..T|$1..T,"7) dsi.T
1)
fsl__Tp(ml--T‘A731..T7'r’n) p(A[n,) p(si.7|n,) dsi.r

Thevectorn = (n,,, n,, n,) containsall thehyperparametersf the parametridistribu-
tionsof thenoisep(e;. 1| n,,), themixing matrixp(A |n,) andthesource (s |n,).

choice of prior distributions

Soucesmodel
We modelizethe components’ by a hidden Markov chain distribution. A basic
presentatiormf this modelis to considelit asa doublestochastigrocess:
1. A continuousstochastigrocesgs?, s}, ..., s7.) takingits valuesin R.
2. A hiddendiscretestochastigrocess 2/, 2}, ..., z3,) takingits valuesin {1..K}.

The (z{)tzl__T_ form an homogeneoudMarkov chain with i_nitial pr(_)bability vec-
tor [p,=P(z] = l)]lzl..Kj and transition matrix Py, = [P(z],, = k|2 = l)]l,Ezl__Kj
and conditionally to this chain the source s’ is time independentp(s] |2 ;) =

[1_,p(s} | z/) andhasa Gaussiataw p(s | 2] = 1) = N (m;i,0;).
This modelizationis very corvenientfor atleasttwo reasons:

« It is aninterestingalternatve to nonparametrianodeling.
« It is acorvenientrepresentationf weakly dependenphenomena.

Mixing matrix model
We supposehatthe mixing matrix coeficients A;; follow Gaussiadaws:
p(Aij) = N(Mij,04,5)

which canbeinterpretedasknowing every element(1/;;) with someuncertainty(o, ;).

DATA AUGMENTATION ALGORITHMS

The sources(s;):—1.r are not directly obsened, so that they form a secondlevel of
hiddenvariables thefirst level beingrepresentety thelabels(z});—; 7 of thedensity
mixture. Thus, the separationproblem consistsof two mixing operationsa mixture
of densitieswhich is a mathematicarepresentatiorof our a priori distribution with



unknavn hyperparameterg, and a real physical mixture of sourceswith unknovn
mixing matrix A:
z — |Mixing densities — s — |Mixingsource$ —» & —m
T T
"

We have an incompletedata problem. The incompletedata are the obsenations
(z¢)i=1.1, themissingdataarethesources s;);—; 1 andthevectorlabels(z;);—;.r. The
parameterto beestimatedared = (A, R., n,). Thisincompletedatastructuresuggests
the developmentof restoration-maximizatioalgorithms:Startingwith aninitial point
0°, performtwo steps:

- Restoration: Given the currentestimate@”, ary function of the missing data
f(s, z) isreplacedby anattributedvalue f*.

« Maximization : Find ™' which maximizesthe penalizedcompletelik elihood
p(x,s,2(0)p(0).
Therestoratiorstepcanbe carriedinto threedifferentmanners:

1. f* is theconditionalexpectationof f(s, z), whichleadsto the EM algorithm.
2. Thehiddenvariablesarereplacedy their maximuma posteriori
3. Thehiddenvariablesaresampledaccordingto their a posterioridistribution.

In thefollowing, we give anoverview of eachstratayy.

Exact EM algorithm

Thefunctional @ = E [logp(z, s,z |0) +logp(6) |, 6*], computedn thefirst step
of the EM algorithm,is separablénto threefunctionalsQ,, 9, andQ,,

Q:Qa+gng+gnp

» Thefirst functional @, depend®n A andR,.

» The secondfunctional Q,,g dependson n, = (mux,0uk)i=1..nk=1..k,: Meansand
variance®f the Gaussiamixture.

- The third functional Q,,, dependson 7, = (p;, P});—1.., initial probabilitiesand
transitionmatricesof the Markov chains.

Q,-maximization:

Thefunctionalto be optimizedat eachiterationis:

T T
Q(A,R.|6°) = —5 log 27 R.| — §Trace[R;1 (Ryz — AR, — RI, A"+ AR, A%)]



( (x) designghematrix transpose)

Definingthefollowing statistics:
R, = % Z;le wtm:
Rs:c = %Zf:l E[St|w1..T> Oo]m;

R, =+, E[sisi|@1.7,6°
Theupdateof A andR, is:
AHD = stRs_sl

gk-l—l) =R, — A(k+1)R$$ _ Rxs(A(k+1))* +A(k+1)R35(A(k+1))*

Thus, we should compute the conditional expectations E[s,|x;, 7,68°] and
E[s;s}|z1.1,0°]. Generally:

E[f(st)|il31..T,00] = ZE[f(St)|5I31..T,00,Zt = ’&] p(zt = i‘wl..Taoo)

K

Thevector: belonggo Z; x 2, x ... Z, with Z; = (1..K;). K, isthenumberof Gaus-
siansof eachsourcecomponentThus,we have K; K,...K,, vectorsi in the previous
sum.

Thea posterioriexpectationsgiventhevariablesz = ¢, areeasilyderived:

E[st\wt,OO,zt = ’L] = [A*R;lA-l—R;l]_l[A*R;la:t+R;1mz] = Mti
E[St8;|$t,00,zt = ’L] = [A*RE_IA-FRZ_I]_I +Mtth>;

However, the computatiorof the mamginal probabilitiesp(z, = i|z1.,,0°) represents
themajorpartof thecomputatiorcost. TheBaum-Welshprocedurd ? | canbeextended
to thecasewhenthesourcesarenot directly obsened.We definethe Forward () and
Backward B,(z) variablesby:

Fi(i) = P(zi=1|xz1.4,0)
(2)
) — (:l: - |z :iae)
Bi) = enrler o)
The computationof thesevariablesis performedby recurrenceformula (compleity
~ K2T):
Fi(3) = My p; /\f(Ami,ARiA*+R€)[w1]

Fi(@) = My 325 Fir(3) Pji Niam,, ar, a1 o) [2]



Br(i) =1

By(4) = Myi1 32 Bt (3) PijN am;, aR; a* + R [T 141]

wherethe M; arenormalizationconstants:

—1
My = [, piN(am;,ar;a  +r)[T1]]

-1
My = 5255 For () PiNam, e a- o) 2]

and
m 0121 0 0
" 0 o} 0
m; = 3 Rz - : . .
My, .. . o?

Thenp(z, = i|z.. 1, 0°) is easilyderivedas:

p(z = i|@1.7,0°) = F(3) B,(3)

The spatialindependencef sourcescomponent®r morepreciselythe spatialinde-
pendencef thelabelsimplies:

p”: = H?:lpil = pil X p’iz .- pln
— l
P7'.7 - H’ln:l Piljl

wherep;, is theinitial probabilityvectorof the Markov chainof thecomponent and P!
its transitionmatrix.

Qy,-Maximization:

In orderto establishthe connectionwith the estimationof the parameter®f hidden
Markov modelswhenthe sourcesredirectly obsenedandto elucidatethe origin of the
high computationatostof the hyperparametete-estimationyve begin by the vectorial
formulafollowedby the scalarexpression®f interest:

The vector ¢ designs the vector label (i1,is...i,)*. The vector m; designs
(my,,m4y...my, )*. Thematrix R; designsiiag (042 o? ...0? )

i17Y%49 - - - Zn



There-estimatiorof the vectorialmeansandcovariancegields:

o — 23;1 E[st|®t,2:=1,0°] P(z1=i|x;. 7,0°)
¢ i1 P(zi=ilz1..7,6°)

R;= ST, [E(stsZ)—MtiT,zfmth*i—i—mimZ]P(zt:i|w1__T,00)
Yi_y P(ze=i|e;..1,0%)

with My; = E[st\wt,zt = ?:,00].
There-estimatiorof the scalameansandvariancess obtainedoy a spatialmarginal-
izationof thevectorlabelsin the previousexpressions:

My = St D jay—r) [B(st|e,2:=5,00)]; P(ze=i|z1.1,0°)
Y X li)=k) P(zt=il®1.7,0°)

o2 — pIF 2o (a)i(l)=k) ([E(StSZ |®t,2t=1)]1,1—mup[E(8] wt,zt:i)]z+m12k) P(zt=i|z1.7,0°)
t Yie1 X aliay—k) Pat=ilz1.7,6°)

We can seeclearly that, in addition to the marginalizationin time to computethe
quantitiesP(z; = i|z1.r, 8°), we have to performanothemaiginalizationin the spatial
domain.

Qy,-maximization:

There-estimatiorof theinitial probabilitiesandthe stochastianatricesfor the vecto-
rial labelsyields:

p(z) = P(zl = i‘wl..Taoo)

.o YT P(zi1=i,z=j|z1.7,0°)
Plig) = S e =i+ )

By the sameway, the probabilitiesof the scalarlabelsare derived from the above
expressiondy spatialmaiginalization:

p(i(l) =k) = Z(qi(l):k) P(z = ’i|il31..T,00)

P(@(l)=rj(l)=s)= Xime Xagli)=rg)=s) P(F1=62e=jlw1.7,6°)
’ e (s iy=r) Plzt-1=il1.7,8°)

The expression®f P(z,_; =1, z; = j|x1.1,0°) areobtaineddirectly from the For-
wardandBackwardvariablesdefinedby (2):

P(zi_1 =1, ze=jl@1.7,0°) = F) 1 (3) P°(4,5) N am; AR, A+ R [T B} (7)) M,



Viterbi-EM algorithm

Whenthe numberof labelsK = [];"; K; grows, the costof the computationof the
mauiginal probability P(z, = i|z,.r,0°) andof the spatialmaiginalizationfor the re-
estimationof the hyperparametersecomevery high. A solutionto reducethe compu-
tationalcostis to modify therestoratiorstratgy. Thelabelsarereplacedoy their maxi-
muma posteriorivalueswhich correspondu) aclassificatiorstep.Thisis performedoy
arelaxationstratgy: At iterationk, z¥ maximizesp(z |x..r, 2., Z&2;'), which yields
fort=1..T:

k_ k
zf = a;‘glml?xT[ oz 6, A )T[l,zf;f]
and

= argmax (a1 |0y, A")T;, k1,
I=1.K 2

2 = argmaxTyx g 6(er|6;, A¥)

I=1..K

whereT is the multidimensionatransitionmatrix.
Then,all the expectationsnvolvedin the EM algorithmaresimply replacedoy only
oneconditionalexpectation:

E(f(s)|w1.r,0°] = 3, Elf(so)l@1.r,0% 2 =1] p(2 = il21.7,0")

E[f(st)|m1..T;00,/Z\t]

Q

Gibbs-EM algorithm

The hiddenlabels z; can also be generatedaccordingto their a posteriori distri-
butions, which leadsto a stochasticalgorithm. Indeed, the advantageof this algo-
rithm is double:reductionof the computationalcost and the ability of the algorithm
to avoid local maxima. The labelsare generatedoy Gibbs sampling: At iteration %,
28 ~ p(2| @y, 25y, 25,1, whichyieldsfor ¢ = 1.7

Rt ™~ Lay m(ﬁ(mt‘emA ) 2t2t41

and

zZ1 ~ ¢(w1|ozaA ) 2122

ZT ~ TZT_12T¢(wT ‘ 027 Ak)



This version of the Gibbs-EM algorithm has approximately the same computa-
tional cost as the Viterbi-EM algorithm becausewe have to compute the vector
(2 =i| 1.7, 2s21)],_, - HOWever, we canuseMetropolisalgorithmto generatehe
hiddenlabelsandconsequentlyhe compleity of thealgorithmis morereduced.

SIMULATION RESULTS

To show the performance®f the proposedalgorithms,we considerthe mixture of 2
sources:

« Source 1: The a priori distribution is a mixture of 4 Gaussians(m, o?) €
{(-3,0.1),(-1,0.1),(1,0.1),(3,0.1) } with atransitionmatrix 77 :

0.9 0.05 0.03 0.02
0.8 0.1 0.05 0.05
0.7 0.02 0.08 0.2
0.5 02 02 01

T1:

« Source 2: The a priori distribution is a mixture of 4 Gaussians(m, o?) €
{(-3,0.1),(—1,0.1),(1,0.1),(3,0.1) } with atransitionmatrix T5:

0.25 0.25 0.25 0.25
0.25 0.25 0.25 0.25
0.25 0.25 0.25 0.25
0.25 0.25 0.25 0.25

TQZ

Thetransitionmatrix T; hasadominanffirst column,which meanghatthehiddenlabels
z: have agreatprobabilityto remainin thefirst class.However, the transitionmatrix T5
hasthe samedine which leadsto ani.i.d mixture.Figurel shaovstypical graphsof these
signals:
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Figurel. Typicalgraphsof thesourcess; ands,. Evenif in simulationswve generated
1000 sampleshereonly 50 samplesareshown



The two sourcesare mixed with a matrix A = ( 1_0 5 (1)'6 ) a white Gaussian
noiseis addedto the mixture with a covariancematrix R, = (1) (1) (SNR= 8dB).

The numberof obsenrationsis 1000. Figure 2 illustratestypical graphsof the mixed
sourcegz1(t))i=1.r and(xs(t))=1.71:

Signal X1 oL Signal X2

X1
X2

- , . . . . . . . . 3 . . . . . . . . .
e0 5 10 15 20 25 30 35 40 45 50 0 5 10 15 20 25 30 35 40 45 50
Time Time

Figure2. Typical graphsof themixedsourcesX; = a1 S + a125, and X, = a9, 51 +
2257

In orderto characterizehe mixing matrix identification achiezement,we usethe
performancendex definedin [8]:

: - 1 S35 |Sis?
=ATA)=_ I ——1 I ——1
an(S ) 2 [Z (; max; |Sil|2 ) +Z (Z max; |Sl ‘2

i

Figure3-aillustratesthe evolution of the mixing coeficient estimatesvith the exact
EM algorithmthroughiterations.The horizontalline indicatesthe original value.Note
the corvergenceof the algorithm close the original valuesafter about 20 iterations.
Figure3-b illustratesthe convergenceof the performancendex with the EM algorithm
to asatishictoryvalueof —31 dB. Figure4 shavstheresultsof thesourcereconstruction
by plotting on the samegraphthe original sourcesand the recovrered sources Note
the succesof the algorithmto recover the sources Figures5 and6 showv the same
simulationresultswith the Viterbi-EM algorithm.We cannote an expectedsmall bias
for the estimationof the mixing matrix coeficients. The performanceindex hasa
satishctoryvalueof —24 dB. The computationatostreductionproportionwith respect
to the EM algorithmis about K = 16. Finally, figures7 and8 illustratethe resultsfor
the Gibbs-EM algorithm. We note the fluctuationsdue to the stochasticaspectof the
algorithmbut canadda simulatedannealingprocedurdo switchto the EM algorithmat
corvergence.
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Figure3: a) Evolution throughiterationsof the estimatef the mixing coeficients
with EM algorithm,b) Evolution throughiterationsof the performanceriteriawith EM
algorithm
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Figure4: Resultsof thereconstructiorof thetwo sourcesisingthe EM algorithm
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Figure5: a) Evolution throughiterationsof the estimatesf the mixing coeficients
with Viterbi-EM algorithm, b) Evolution throughiterationsof the performancecriteria
with Viterbi-EM algorithm.
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Figure7: a) Evolution throughiterationsof the estimatef the mixing coeficients
with Gibbs-EM algorithm,b) Evolution throughiterationsof the performancecriteria
with Gibbs-EMalgorithm.
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Figure8: Resultsof the reconstructiorof the two sourceausingthe Gibbs-EMalgo-
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CONCLUSION

The estimationof the parameterof an hiddenMarkov modelis an incompletedata
problem,the missingdatabeingthe labelsof the mixture. Extendingthis problemto the

blind separatiorof sourcesmodelizedby hiddenMarkov modelsintroducesa second
level of missingdatawhich are the sourcesthemseles. Therefore restorationmaxi-

mizationalgorithmsrepresent powerful tool for the estimationof the mixing matrix

andthe hyperparameterghich arethe HMM parametersWe proposedhreedifferent
restoratiormaximizationalgorithmsdistinguishedy their respectie restoratiorstrate-
giesandhaving differentcorvergencepropertiesandcompleities:

« ExactEM algorithm: The expectationfunctionalis separablento threedifferent
partscorrespondingo the threesetsof parametersthoseof p(x|s, z), thoseof
p(s|z) andthoseof p(z).

« Viterbi-EM algorithm:Thelabelsarereplacedy theirmaximuma posterioriMAP.

+ Gibbs-EMalgorithm:Thelabelsaresamplecaccordingo their a posteriori distri-
bution.
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