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Abstract. Thispaperis a tutorial on Bayesianestimationapproachto multi-sensordataandimage
fusion.First a few examplesof simpleimagefusionproblemsarepresented.Then,thesimplecase
of registeredimagefusion problemis consideredto show the basicsof the Bayesianestimation
approachand its link to classicaldata fusion methodssuchas simple meanor medianvalues,
PrincipalComponentAnalysis(PCA),FactorAnalysis(FA) andIndependentComponentAnalysis
(ICA). Then,thecaseof simultaneousregistrationandfusionof imagesis considered.Finally, the
problemof fusion of really heterogeneousdatasuchasX-ray radiographicandultrasoundecho-
graphicdatafor computedtomographyimagereconstructionof 2D or 3D objectsareconsidered.
For eachof thementioneddatafusionproblems,abasicmethodis presentedandillustratedthrough
somesimulationresults.

INTRODUCTION

To introducethebasicsof theBayesianapproachfor datafusion,let startby thesimplest
problemof datafusion:We have observeda few images(data

���������
	�����������
) of the

sameunknown object(unknown X) andwewantto createanimage
��

whichrepresents
thefusionof thoseimages.

To apply theBayesianapproachwe needfirst to give a mathematicalmodelrelating
in someway thedata

���
to theunknowns

�
(Forward model). This stepis crucial for

any realapplication.Thismathematicalmodelmustbeassimpleaspossible.But, often,
the real word problemsaretoo complex to be ableto write, with simplemathematical
equations,the exact relationbetween

���
and

�
in a deterministicway. We mustalso

be able to accountfor the uncertaintyassociatedto this model and the variability of
the datameasurementsystem.This is the classicalprobabilisticmodelingof what is
calledthe likelihood ��� ����� ��� of parameterX whenthedata

���
is observed.Assigning��� ����� ��� needsa deterministicmathematicalrelation between
���

and
�

(Forward
model)accountingfor physicalprocessof dataacquisitionandaprobabilisticmodeling
accountingfor modeluncertaintyandwhat is commonlycalledthe noise. Very often,
a very simple linear relation plus additive noisegive enoughsatisfaction.From each
individual ��� ����� ��� , we can define ��� ����������������� � ��� if we can assumethat those
datahave beengatheredindependentlyandif thereis not any correlationbetweenthe
differentsensors.

The next stepis to translateour prior knowledgeabout
�

by assigningto it a prior
probability law ��� ��� . This stepis alsocrucialparticularlywhenthe likelihoodmodel
is not too informative (whenthe likelihoodfunction is not very sharpor whenit is not



unimodal.
Assigning the appropriatelikelihood function ��� �����������������!� ��� and appropriate

prior probability law ��� ��� is not, in general,an easytask. In this paper, we arenot
goingto discussthis point.We giveonly simplecasesof suchmodels.But, whendone,
thenext stepwhich is to combinethesetwo probability laws throughtheBayesrule to
obtaintheposteriorlaw ��� �"�#����������������$� is straightforward.Thereis only oneway to
combine��� ���������������%� ��� and ��� ��� to obtain ��� �"� �&�������������'� , i.e., theBayesrule:��� �"� ���(�����������)�*� ��� ���������������%� ��� ��� ����+ ��� �����������������$� (1)

wherethedenominatoris anormalizingfactor.
The next stepis how to usethis posteriorlaw to answerthe questionsabout

�
. In

fact, from this posteriorlaw we can infer any knowledgeon
�

. When
�

is a scalar
variable,wecaneasilyanswerto thefollowing questions:Whatis thevalueof

�
which

hashighestprobability?What is theprobability that
�

lies betweentwo values
�

and,�
? What is its expectedvalue?What is its variance,its median?,etc. When

�
is a

vector, not only we can answerall the previous questionsaboutany components
�-�

by computingthe posteriormarginals ��� �-��� �&�(������������$� , but we can also definethe
joint conditionallaws ��� �-�����!.��#���/�����������)� andansweraboutany questionaboutthe
a posteriorirelationbetween

�-�
andother

�!.
.

We may alsowant to usethis posteriorlaw to make a decision:Chooseonevalue��
, “the best” in somesense.For example,we may definea cost function 0�� �1� ����

measuringthe cost of making an error, i.e., choosingthe solution
��

in placeof the
true one

�
and then want to computethe the solution with lowest posteriormean

costvalue
,0�� ��2�3�54�6 0�� �7� ����98 . It is interestingto know that for someparticularand

natural choicesof the cost function 0�� �7� ���� (thosewhich are increasingfunctions
of the error :�;� � �=< ����

, we find classicalmode,meanand medianvaluesof the
posteriorlaw asthebestestimators.For example,when 0��3:�2�>�"	?<A@ �B:�2� weobtainthe
mode

��C�
arg D�EGFIH&JG��� �"� �&�(������K�����$�(L andwhen 0��M:���3� :�ON we obtainthe mean��;�P4 Q>R H'S T?UWV#X#X#XYV T[Z>\ 6 �78 and when 0��3:���]�=� :�^� we obtain the median

��`_ ��� �ba��"� �&�(������K�����$�]� ��� �dc ��"�#�����������������$�
andwhen 0��3:���e�f� :�"� g we obtain the h -

median.
When

�
is a vector, still we can use the decision theory to define an es-

timator. For example, when 0��3:�2�O� 	�<i@ �M:�2� we again obtain the mode�� �
arg D�EjFkH�Jj��� �"�#���(�������������'�(L and when 0��3:�2�%�ml . � 	n<o@ �3:�!.p��� we obtain

themarginal mode
��q.e�

arg D�EjFIHsrtJj��� �!.�� ���������������)��L andwhen 0��3:���?�vu :�"u N we

againobtaintheposteriormean
��m�o4 Q>R H'S T?UWV#X#X#XYV T Z \ 6 �78 .

In thefollowing, very often,we choosethemodewherethecorrespondingestimator
is calledthemaximuma posteriori(MAP). Themainobjectiveof thispaperis, through
simpleexamples,to show how differentpracticalimagefusionproblemscanbehandled
easilythroughtheBayesianapproach.



The simplest model

To give thebasicsof theBayesianapproachfor datafusion, let startby thesimplest
problem of data fusion: We have observed, in a samegeometricaland illumination
configuration,a few imagesw � �yx ��z{� of thesameunknown object |B�}x ��z{� andwewantto
createanimage

�|3�yx ��z{� which representsthefusionof thoseimages.

. .

. .
(a) . (b) . (c)

FIGURE 1. Fusionproblemof registeredimages:a)Two photographicimages,b) MRI andPETimages
in medicalimaging,c)Two differentradarimages

The simplestmodel for this imagefusion problem(when the imageshave already
beenregistered)is thefollowing:w � �}x ��z~�*� |3�}x ��z~�k�7��� �}x ��z{�/� ���
	���������W���

(2)

where w � arethe observed images,| the original imageand
���

arethe errorsor degra-
dationsassociatedto eachacquisition.In what follows, we assumeall imagesto be
whiteprocessmeaningthatwecanwork pixel by pixel independently, thusomitting the
pixel position �}x ��z{� from theequations.We considerfirst this simplemodelto present
theBayesianapproach.Thenwe extendthis simplemodelto morerealisticmodelsac-
countingfor spatialcorrelation,registrationandheterogeneousdata.

TheBayesianapproachstartswith someassumptionson
���

whichcanbetranslatedto
probability laws for them,from which we candeducetheconditionalprobability laws� �yw ��� | � . For example,whenweonly know thefirst two momentsof

���
, theME principle

or any otherlogicalsenseleadsusto chooseGaussianlawsfor them.So,assuming
���

to



becenteredwith fixedvariances� N� weobtain� �}w �� | ��� �s��� �}w ��< | �*�2� ��� � � N� �*�^� F���J < 	� N� �yw ��< | � N LI� (3)

The next stepis modeling | througha prior probability law � ��| � . The third stepis to
computethe posteriorlaw � ��| � w ��������� wK� � andfinally, definingan estimatorfor | , for
exampletheMaximuma posteriori(MAP) estimatewhich is definedas�| �

arg D�EjF��*J � ��| � w ��������� wK� ��L�
arg D����{�*J��e��| �*�
<�� � � ��| � w ��������� wK� ��L�� (4)

Furthermoreassumingmutualindependenceof
���

, andaccountingfor all thepixels,we
obtain � �}w ��������� w�� � | ���o� � � �yw ��� | ���^� F���J <A� � 	� N� � w �j< | � N LI� (5)

Now assumingageneralizedGaussianprior law for | :� ��| � ��� h � |j� �*���B  � ��� h � |j� �*� h¡ �B¢ � 	G+ h � � F{��J <-� ��| < |G� �+K�£� g LI� (6)

theMAP estimatebecomestheoptimumof thefollowing criterion:�e��| �*�^� � 	� N� � w �j< | � N � h¡ �¤¢ � 	G+ h � � ��| < |j� ��+K�¥� g � (7)

It is interestingto seethat for h � ¡ we have � ��| � ��� h � ¡ � |j� �3�¦� ��|j� � � N� �5�B� , then�e��| � becomesaquadraticfunctionof | andwehaveanexplicit expressionfor theMAP

solutionwhich is obtainedby putting d§
d� � � :�| � 	¨ �p© � ª � � © � w �«� © �/|j��¬

with © ��� �p®� � ���"	���������W�
and © � � �p®¯ . For theparticularcaseof © � � � (meaningno

apriori) and © �*�
����G� © � �
	 meaningequalconfidencefor all thedataweobtain�| � 	� � � w �
whichgivesthesimplestdatafusionalgorithm:meanvalue.

If, in placeof aGaussianlaw for thenoise,wechooseaGE one,we obtain�M��| �*�o� � © ��� w �j< | � g � � © � � ��| < |G� �G� g�° � (8)

When
	$c h �sc ¡ , thecriterion �e��| � is still convex andonecanshow thatthesolutionis

obtainedby weightedsummationof whatis calledsoftthresholdingof theinputs w � and
thea priori |G� .



A more realistic model

Hereweaccountfor thediversityof thescalesof theobservationsw � �yx ��z{�*�^±{� |3�yx ��z{���7��� �}x ��z~��� �[�
	K��������
(9)

where
±~�

are unknown scalarfactorsrepresentingthe scaleof the observations.The
problemhereis to estimateboth ² �³6´±[����������± � 8 and | . Hereagain,we canusethe
Bayesianapproachto definetheposteriorlaw � ��| � ² � w �(������ w�� � andthenwe have the
following options:µ Estimatesimultaneouslybothunknowns | and ²� �| � � ² �*� arg D�EGFR ��V ¶�\ J � ��| � ² � ·��(L (10)

Oneway to do this is to try thefollowing iterativealgorithm:¸¹»º � ² � arg D�EjF�¶¥¼ � � �| � ² � ·?�G½�| � arg D�EGF�� ¼ � ��| � � ² � ·?� ½ (11)

but it mayor maynotconvergeto theright solution.µ Estimatefirst ² through � ² � arg D�EjF¶ J � ��² � ·?��L (12)

andthen | through� ��| � � ² �}·�� : �| � arg D�EGF� ¼ � ��| � � ² �¾·?�G½
but this needs � ��² � ·��>�^¿ � ��² � | � ·?� d|
which may not be alwayseasyto do except the Gaussiancase.Thereis however, an
iterativealgorithmcalledEM (Expectation-Maximization)whichcanbeusedto achieve
this estimatewithout theneedfor this integration.µ EM algorithmcanbesummarizedasfollows:¸À¹ ÀºÂÁ ��² � � ² �*��4%� � � ��| � ² � ·?�*� ¿¿ � ��| � ·M� � ² �>� � � ��| � ² � ·?� d|� ² � arg D�EjF{¶ ¼ Á ��² � � ² � ½
Themaindifficulty however stills thecomputationof Á ��² � � ² � , but therehasbeena lot
of worksto find approximationsfor it.µ Link with FA, PCA andICA:
It is interestingto seethat,whentheprior lawsareassumedto bewhiteandGaussian,the



estimationof ² becomesequivalentto Factoranalysis(FA) andequivalentto Principal
ComponentAnalysis(PCA) whenneglectingthe noises

���
. In fact,when | and

���
are

assumedGaussian: |-Ã � �¾� � � N� ��� and Ä$Ã � ��� ��Å � �
then

·
is Gaussiantooandwehave:·'� ²ÆÃ � �¾Ç �9Å%Èp� with

Å%Èe� � N� ²]²3É ��Å �� ��² � ·���� � � ·)� ² � � ��² �
When� ��² � assumeduniform, � N� �
	 and

Å � � � N�ËÊ then
Å ÈM� ²]² É � � N�ËÊ andtheopti-

mizationproblem
� ² � arg D�EjF{¶MJ � ��² � ·?��L reducesto thecomputationof theeigenvalues

of
Å%È3� ²]² É � ��� N� Ê . Thusthealgorithmbecomes:

— Estimationof thecovariancematrix
Å%È

with � Å%Èp�9� V .3��c w ��� w .]a from thedataand
— Computationof theeigenvalues© ��� of

Å%È
and±{�{�vÌ © �K< � N� © �ta � N�� © �tc � N�

Whenthenoises
���

areneglectedbut anonGaussianprior law is chosenfor | , onefinds
theIndependentcomponentanalysis(ICA) algorithms[1, 2, 3].

Registration and fusion of images

In practicalimagefusion problems,eachobserved imagemay have beenobtained
with differentgeometricalprojectionaxesandwe have to accountfor this axistransfor-
mation.Theproblemthenbecomesregistrationandfusion.

FIGURE 2. Fusionproblemfor unregisteredimages.

Therearetwo mainaxistransformationmodels:globalor local.



A globalaxistransformationmodel

Whentheobservedimagesarenot registered,thesimplestmodelisw � �}x ��z~��� ±{� |Í�yx �1Î �}x ��z��WÏt�}�/��z]�1Ð �}x ��z��WÏt�}���Ñ��� �yx ��z{�/� �[�
	��������W� (13)

wherethereareat leasttwo modelsfor the relationbetween� Î �}x ��z[��Ï>�/��Ð �}x ��z��WÏ>�� and�}x ��z~� :µ A simpleaffine transformation:Ò Î ÐÔÓ � Ò
dx
d
z¦Ó � ÒÖÕp×�ØIÙ Ø �Ú� ÙØ ��� Ù Õ«×�ØIÙ Ó Ò � xh zÛÓ

with
ÏÜ� � dx � dz�� Ù ����� h � .µ A projectivemodelof a 3D sceneon aplane:Ì Î�� Ù ��� ÙËÝ x � ÙËÞ z]� Ùàß x N � ÙËá x zÐÍ� Ù N � Ù«â x � ÙËã zM� Ùàß x z]� ÙËá z�N

whichbecomesanaffine transformationwhen

Ùàß � ÙËá � � .
In both cases,the only complication,at leasttheoretically, is the estimationof the

registrationparameters
Ï��

for eachimagew � 1.
Onecanagaineitherestimateall theunknownsjointly by� �| � � ² � � Ï*�*� arg D�EjFR �(V ¶�V äË\ J � ��| � ² �WÏ]� ·3L

or hierarchicallyby ¸ÀÀ¹ ÀÀº � Ï-� arg D�EjFIä¤J � � Ï]� ·���L?�� ² � arg D�EjF{¶ ¼ � ��² � ·3� � Ï�� ½ ��| � arg D�EjF{� ¼ � ��| � � ² � � ÏB�¾·?� ½ (14)

or still by thefollowing iterativealgorithm:¸ÀÀÀ¹ ÀÀÀº � Ï-� arg D�EjFIä]¼ � � Ï]� ·M� � ² � �| �G½Ö�� ² � arg D�EGF~¶ ¼ � ��² � ·3� � Ï¤� �| � ½ ��| � arg D�EjF{� ¼ � ��| � � ² � � ÏB�¾·?� ½ (15)

In bothcasethemaindifficulty is theestimationof theparameters
Ï

dueto thenonlinear
relationof themto thedata.Whenthenoises

���
areassumedGaussian,this estimation

1 In casewherewe have only two datasets,we only needto estimateone å , becauseoneof the images
canbetakenasthereferenceimage.In thefollowing we considerthis case.



stepin thelastalgorithmbecomesequivalentto leastsquares(LS). However, theLS cri-
terionis still nonquadraticin

Ï
andits optimizationneedsglobaltechniques.Therehave

beenmany publicationson thesubject.Wementionherethestochasticmethodssuchas
MCMC wherethe optimizationsarereplacedby samplingandotherdeterministicap-
proachessuchasmulti-grid, multi-resolutionandpyramidaloptimizationtechniques.

A local axistransformationmodel

Whenthe 3D sceneis a compactbody, the previous modelcanbe valid (onevalue
for

Ï
for the whole image),but for more realistic 3D scenes,we have to consider

a local variation for the parameters,i.e.,
Ï �yx ��z{� . The estimationof

Ï �}x ��z~� is then a
difficult problem.Many investigationshavebeenperformedonthissubject:opticalflow
techniques[] where

Ï �}x ��z~� is assumedto beaverysmoothfunctionandestimatedvia a
variationalmethodor themotionestimationtechniqueswhere

Ï �yx ��z{� is assumedto be
constantinsidea window aroundthe point �}x ��z~� . More detailedinvestigationof these
methodsis notwithin thefocusof this paper.

3D image recovery from a set of 2D data

Oneexampleis a 3D shaperecovery of a compactobjectfrom a setof its shadows
[4, 5] or from a setof its pictures[6, 7, 8], or still from a setof its X-ray radiographic
dataatdifferentview angles.

An objectis calledcompactif it canberepresentedby a function |3�«æç � which is equal
to oneinsidea regionandzerooutsidethatregion:|3�«æç �*�èÌ 	 if æçÍé-ê� elsewhere (16)

where æç is apoint in thecoordinatespaceof theobject �yë ��ì[��í�� .
In all theseexampleswecanwrite:w � �}x ��z{�*�î6 ï&� |B�«æç �98 �}x ��z~�k�7��� �yx ��z{�/� ���
	���������W�

(17)

where
ï��

areoperatorscorrespondingto themathematicalrelationbetweenthedatasetw � andaparticularfeatureof theobject |3�«æç � .
Theexampleof computedtomography(CT) is interesting,becausein thisapplication|3�«æç � is relatedto thevolumetricmaterialdensityof thebodyand

ï&�
arelinearoperators

(relatedto the Radontransform).The discretizedversionof the above relation then
becomes ·s�{�^ðÂ�¾ñ�� Ä ��� �[�
	��������W�

(18)

where | . is the voxel ò of the volumeand
ðó�

arematricescorrespondingto the line
integrals.It is theneasyto estimate| from theline integrationdata

·s�
.

Theshapefrom shadow problemis very similar. In fact,a shadow canbeconsidered
asthesupportof aX-ray radiographicdatafor acompactobject.However, theoperators



FIGURE 3. Shaperecovery from X ray radiographicdata in computedtomography(left) or from
shadows (right). The upperrow correspondto a situationwherewe have threeorthogonalviews and
thelower row correspondsto asituationwherewehaveview aroundtheobject.ï&�

areno morelinear. Onehave to modelthecontour(externalsurface)of thebodyby
aparametricfunctionandestimatetheseparametersfrom thedata.

Theshapefrom picturesproblemis alsoverysimilar, but herethepicturesarerelated
notonly to thevolumeor thesurfaceof thebody, but alsoto theopticalpropertiesof the
bodysurface.



DATA FUSION IN COMPUTED TOMOGRAPHY

A moregeneralrelationwhenfacingheterogeneousdataisw ����6#ï�� | �Ú8Ë�7����� ���5	����������
(19)

where
ï��

areoperatorscorrespondingto themathematicalrelationbetweenthedatasetw � andparticularfeatures| � of theobject.Whendiscretized,wehave:·s���oðÂ�¾ñ{�Ë� Ä ��� ���
	K�������W�
(20)

where
ðó�

arematricescorrespondingto discretizedversionsof theoperators
ï&�

.
Whenwe have homogeneousdata,i.e., whenall dataarerelatedto thesamefeature| of thebody, wefind theproblemsof shaperecovery from X-rays,shadowsor pictures

of thelastsection.But, whenthedataareof differentnature,for exampleradiographic
dataw � andultrasoundecho-graphicdataw N , thenwehaveÌ w � � ç �Wô[���oõGö Rø÷ V ùp\ |3�}x ��z~� dú �7�/� � ç �Wô[�w N �}x ��û��?� õ%ü �}x ��z{�± � z)<Aû�� dz]�7� N �}x �¾û�� (21)

where |3�}x ��z~� is volumematerialdensityof the body and
ü �}x ��z{� is the reflectionco-

efficient distribution of the body which is morerelatedto the variationof the density|3�yx ��z{� .
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FIGURE 4. X-ray radiographicandultrasounddatafusionin computedtomography

In this casethenwehave: Ì ·����"ðý�ñ�� Ä �· N �"ð N(þ � Ä N (22)

Themaindifficulty hereis modelingtherelationbetween
ñ

and þ . Whenthis is done,
wecanestimatetheunknowns � ñ)� þ � eitherthrougha MAP criterion:� �ñ$� �þ �*� arg D�EjFR ÿ V � \ J � � ñ)� þ � ·����¾· N L (23)

or throughtheGeneralizedmaximullikelihood(GML) criterion:Ì �þ � arg D�EjF � J � � þ � ·����}· N ��L���ñÆ�
arg D�EjF ÿ J � � ñÍ� �þ �}·��/�¾· N �(L (24)



where � � ñ)� þ � ·����}· N �*� � � ·>�à� ñe� � � · N � þ � � � ñ)� þ �
and � � þ � ·��(�¾· N �*�o¿¿ � � ñ$� þ � ·>�(�¾· N � d ñ$�
The main difficulty here,aswe mentionedbefore,is modelingthe relationbetween

ñ
and þ through� � ñ$� þ �s� � � ñÍ� þ � � � þ �~� � � þ � ñe� � � ñe� . Theexactphysicalrelationbetweenñ

and þ is not easyto establishfrom the physicsof the problem.The only qualitative
relation is that

ñ
is relatedto the distribution of the materialdensityinside the body,

while, þ representingthe ultrasoundreflectioncoefficient distribution is relatedto the
changeof materialdensity, i.e.,,

ü .
is almostequal to zero if the pixel ò is inside a

homogeneousareaandits valueis anincreasingfunctionof theamountof thatchange.
Indeed,we have only reflectionwhen going from a homogeneousregion to another
homogeneousregion with highermaterialdensity. This qualitative relationbetweenþ
and � canbe modeledthrough � � ñ$� þ � or � � ñn� þ � or � � þ � ñe� usingcompoundMarkov
modeling.For example,wecanchoose� � þ ����� F{��J < © �Gu þ u g U L)��� F���J < © � � . � ü .I� g U L (25)

to accountfor thefactthatthedistributionof þ is veryconcentratedaroundthezero,and� � ñn� þ �>��� F���J < © �K� . � 	B< ü .«��ô ��| .�< ,| .p��L (26)

where
,| . is the meanvalue of pixels in the neighborhoodof the pixel ò and

ô � û��]�¼ � ûà� g{��� 	��o� ûà� N ½ or any otherconvex function,to accountfor thefactthat
ü .�� � means

wearein ahomogeneousregionand
ü .��� � meansthatweareonthebordersof thetwo

regions.
We canalsodo in reverse,trying to model� � þ � ñ]�>��� F���J < © � � . � ü .�<Æô ��| .*< ,| .p�G� g L (27)

where
ô

is amonotonicincreasingfunctionand
	£c h c ¡ meaningthat,when ��| .�< ,| .«�

is high theprobabilityof having
ü .e�"ô ��| .?< ,| .p� is very high andwhen ��| .*< ,| .p� is low

theprobabilityof having
ü .B� � is high.

Wehaverecentlydevelopedmethodsbasedonthisapproachfor twoapplicationareas:
medicalimaging[9] andnondestructivetesting(NDT) imaging[10,11,12,13]. In both
cases,themainideahasbeento estimateþ from theultrasoundecho-graphicdatausing�þ � arg DÜ�Ú�� J��e� þ �*�
<�� � � � þ � ·�����L (28)

with �e� þ ���Pu�·��t<Æðý� þ u N � © �àu þ u g U (29)



anduseit in tomographyreconstructionfrom theX-ray radiographicdatausing�ñÆ�
arg DÜ�Ú�ÿ J��M� ñe�*�
<�� � � � ñn� �þ �¾· N �(L (30)

with �e� ñe�*�èu�· N <Æð N ñÍu N � © �K� . � 	B< �ü .p��ô ��| .�< ,| .p� (31)

where
,| . is the meanvalue of pixels in the neighborhoodof the pixel ò and

ô � û��]�� 	��o� ûà� N
. Thereadercanreferto [9, 11,12, 13] for moredetails.

Fusion of radiographic and anatomical data in medical imaging

We appliedthe sameapproachin a situationwherewe have both radiographicdata
andsomepartialknowledgeabouttheinsideanatomyof thebody. For example,assume
that we canlocalize the positionsof the bordersþ R �9\ of someof the regionsandalso
we mayknow thematerialdensityin thoseor someotherregions �

R �9\ with a mapof its
correspondingdegreeof confidence�

R �9\ .
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FIGURE 5. Fusionof radiographicandanatomicaldatain medicalimaging

Againhere,wecanwrite thefollowing equations:·&�^ð"��ñ�� Ä �B<
	 � � ·)�´ñ]�*�o� F{��J ��� ·!<Æðý�(ñn�Ú� N L



� � ñÍ� þ R �9\ �*�^� F���J < © �K� . � 	B< ü R �9\. ��ô*� ��| .�< ,| .p��L� � ñÍ� � R �9\ � � R �9\ �*�o� F���J < © N � .�� R �9\. ô N ��| .?<� R �9\. �(L
Then, basedon thesepriors, we can write down the expressionof the posterior� � ñÍ� ·3� þ R �9\ � � R �9\ � � R �9\ � andcomputetheMAP estimate:�ñ �

arg D�EjFÿ � � � ñÍ� ·3� þ R �9\ � � R �9\ � � R �9\ ����
arg DÜ�Ú�ÿ � �e� ñ]�*�
<�� � � � ñÍ� ·M� þ R �9\ � � R �9\ � � R �9\ � ��e� ñÍ� �'� þ � � � � �*�è��� ��<Æðý� � ��� N � © � � . � 	B< ü .p��ô�� �}x .��[�s< x .«�k� © N � .�� .~ô N �}x .�<�(.«�

(32)
Notethat,our knowledgeaboutthebordersandregionsis partial.We mayalsowant

to estimatetheunknown partsof bordersandregionsaswell usinganiterativealgorithm
asdescribedin thefollowing.

Algorithm:

1. Initialize þ � þ R �9\ and � � � R �9\ (and � � � R �9\ )
2. Compute

ñ
by optimizing �M� ñn� ·M� þ � � � � �

3. Estimatenew valuesfor þ and � (and � ) from
ñ

and þ R �9\ and �
R �9\ (and �

R �9\ )
4. Returnto 2. until convergence.

This algorithmhasgivensatisfactionresultsasareshown in thenext sectionandin
[14, 9, 11]. However, onecando a betterjob by doinga betterjoint estimationvia the
joint posterior� � ñ$� þ � � � � � ·���� � � ·)�´ñ]� � � ñÍ� þ � � � þ � � � ñÍ� � � � � � ��� � � ��� �
andthefollowing MCMC algorithm:�ñ Ã � � ñn� ·M� �þ � �� � �� �*� � � ·'� ñ]� � � ñn� þ � � � ñn� � � � ��þ Ã � � þ � ·M� �ñ)� �� � �� �*� � � ñn� þ � � � þ ��� Ã � ��� � ·M� �ñ)� �þ � �� �*� � � ñn� � � � � � ��� ��� Ã � ��� � ·M� �ñ'� �� � �þ �*� � � ñn� � � � � � ��� � (33)

SIMULATION RESULTS

In the following we show a few simulationresultsshowing the feasibility of dataand
imagefusion in differentsituations.The detailsof the algorithmimplementationsare
omitted.



FUSION OF REGISTERED IMAGES

As we mentioned,imagefusionwhenthe imageshave beenregisteredis aneasytask.
Thereare many simple techniquessuchas mean,median,PCA which are very easy
to implement.Therearealsomulti-resolutionandpyramidalrepresentationtechniques
which are basedon the basic idea of doing fusion in eachresolutionor scalelevel
beforecoming back to the original space.The following figure shows a few results
obtainedwith thesesimple methodswhich are obtainedusing the Matlab package
(http://www.rockinger.purespace.de/indexp.htm)developedby [15, 16,17].

. .

. .

. .
(a) . (b) . (c)

FIGURE 6. Fusionof registeredimages:The imagesin column (c) are the resultsof the fusion of
imagesin column(a)and(b).



Registration and fusion

Whentheimageshavenot beenregistered,themaindifficult part is theestimationof
theregistrationparameterswhichneedsaglobaloptimization.Herealsotherearemulti-
grid, multi-resolutionandpyramidalrepresentationtechniques.Thebasicideahereis to
estimatetheseparametersin a coarserlevel andusethemasinitialization valueswhen
going to a finer level. The following figure shows one result obtainedusinga multi-
grid optimizationtechnique.The datahave beentaken from the following reference
(http://vision.arc.nasa.gov/personnel/al/hsr/fusion/97.html)[18, 19].

. .
(a) . (b) . (c)

FIGURE 7. Fusionof unregisteredimages:column(c) is theresultof thefusionof imagesin colomn
(a)and(b).

Shape from X-ray projection data

In computedtomography, it is possibleto reconstructany 3D volumefrom afinite set
of its radiographicdata.Whenthe3D volumeconsistsof a compactandhomogeneous
body inside a homogeneousbackground,it is still easierto recover its shapefrom a
morerestrictnumberof its radiographicdatain few directions.In the following figure
we show an exampleof shaperecovery from only threeorthogonalprojections.Note
that,evenif theshapeis notconvex, it is still possibleto recover it from its radiographic
datain a few directions.

Shape from shadow

If we assumethat the body is illuminatedby a planehomogeneouslight, the corre-
spondingshadowsarejust thesupportfunctionsof theradiographicdatain theprevious
section.So,theproblemof shaperecovery from its shadows is moredifficult (moreill-
posed)thanthe previous problemof shapefrom radiographicdata.However, it is still
possibleto recover the shapefrom shadows usingthe samekind of techniquesof CT.
The following figure shows an exampleof shaperecovery from only threeorthogonal
shadows.
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FIGURE 8. Shaperecovery from X ray radiographicdata(computedtomography):The left figure
shows a 3D compactbody andits threeradiographicdata.The right figure shows the shaperecovered
andits correspondingthreeradiographicdata.
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FIGURE 9. Shaperecovery from shadow: The left figure shows a 3D compactbody and its three
shadows.Theright figureshows theshaperecoveredandits correspondingshadows.



Fusion of X-ray radiographic and and ultrasound echo-graphic data

Here we give two examplesof data fusion in computedtomography(CT) image
reconstruction.Thefirst exampleconcernsX-ray projectiondataandultrasoundecho-
graphicdata.Here,the ultrasounddatahave first beenprocessedto obtainthe datain
(c). Thenit hasbeenusedin X-ray CT.
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FIGURE 10. Datafusion in computedtomography:(a) original object(b) X-ray data,(c) ultrasound
echo-graphicdata,(d) reconstructionfrom X-ray dataonly by backprojection,(e) reconstructionfrom
X-ray dataonly by proposedmethod,(f) reconstructionusingbothX-ray andecho-graphicdata.

The secondexampleconcernslimited angleCT of sandwichstructuressuchas an
airplanewing.Hereweusenotonly theX-ray databut alsosomegeometricalknowledge
of thestructure.
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FIGURE 11. Datafusionin CNDtomography:(a)is thedatagatheringsystem,(b) is theoriginalobject,
(c) is theX-ray data,(d) is theknown geometricbordersdata,(e) is theknown geometricregion values
data,(f) is thereconstructionfrom X-ray dataonly, (g) is thereconstructionresultusingbothX-ray and
geometricdata.



Fusion of radiographic and anatomical data in medical imaging

Herewe reporta few examplesof fusionresultsof radiographicandanatomicaldata
in medicalimaging.
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FIGURE 12. Fusionof radiographicandanatomicaldatain medicalimaging



CONCLUSIONS

We presenteda Bayesianestimationapproachto imagefusionandshowedthatsimple
modelsgive simpledatafusion algorithms.We thenpresenteda generalapproachfor
heterogeneousdata (different spaces)fusion. As an example, we consideredX-ray
radiographicandultrasoundecho-graphicdatafusion for CT imagereconstructionand
presentedsomesimulatedresults.We areworking on theextensionof this approachto
3D imagereconstructionproblemandwill presentsomesimulationresultsin final paper.
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