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Abstract. Thispaperis atutorial on Bayesiarestimationapproacho multi-sensodataandimage
fusion. Firstafew examplesof simpleimagefusionproblemsarepresentedThen,the simplecase
of registeredimagefusion problemis consideredo show the basicsof the Bayesianestimation
approachand its link to classicaldatafusion methodssuchas simple meanor medianvalues,
PrincipalComponenfnalysis(PCA), FactorAnalysis(FA) andindependen€omponeniAnalysis

(ICA). Then,the caseof simultaneousegistrationandfusion of imagesis consideredFinally, the

problemof fusion of really heterogeneoudatasuchas X-ray radiographicand ultrasoundecho-
graphicdatafor computedtomographyimagereconstructiorof 2D or 3D objectsare considered.
For eachof thementioneddatafusionproblemsabasicmethodis presentedndillustratedthrough

somesimulationresults.

INTRODUCTION

To introducethe basicsof theBayesiarapproactior datafusion, let startby thesimplest
problemof datafusion:We have obseredafew images(dataD;,i = 1,..., D;,) of the
sameunknovn object(unknovn X) andwe wantto createanimageX whichrepresents
thefusionof thoseimages.

To apply the Bayesianapproachwe needfirst to give a mathematicamodelrelating
in someway the dataD; to the unknovns X (Forward mode). This stepis crucial for
ary realapplication.This mathematicamnodelmustbeassimpleaspossible But, often,
the realword problemsaretoo comple to be ableto write, with simple mathematical
equationsthe exactrelation betweenD; and X in a deterministicway. We mustalso
be able to accountfor the uncertaintyassociatedo this model and the variability of
the datameasuremensystem.This is the classicalprobabilistic modelingof what s
calledthelikelihood P(D;|X) of parameteX whenthedataD; is obsered.Assigning
P(D;|X) needsa deterministicmathematicalkelation betweenD, and X (Forward
model)accountingor physicalprocesf dataacquisitionanda probabilisticmodeling
accountingfor modeluncertaintyandwhatis commonlycalledthe noise Very often,
a very simple linear relation plus additive noise give enoughsatistction. From each
individual P(D;|X), we can define P(Dy,---,D,,|X) if we can assumethat those
datahave beengatheredndependenthyandif thereis not ary correlationbetweenthe
differentsensors.

The next stepis to translateour prior knowledgeabout X by assigningto it a prior
probabilitylaw P(X). This stepis alsocrucial particularlywhenthe likelihoodmodel
is not too informative (whenthe likelihoodfunctionis not very sharpor whenit is not



unimodal.

Assigning the appropriatelik elihood function P(Dy,---,D,,|X) and appropriate
prior probability law P(X) is not, in general,an easytask. In this paper we are not
goingto discusghis point. We give only simplecasef suchmodels.But, whendone,
the next stepwhich is to combinethesetwo probability laws throughthe Bayesrule to
obtainthe posteriodaw P(X |Ds,---, D,,) is straightforward. Thereis only oneway to
combineP(Dy,---,D,,|X) andP(X) toobtainP(X |D;,---,D,,), i.e., theBayesrule:

P(X|D,,---,Dy,)=P(Dy,---,D,,|X)P(X)/P(Dy,---,Dp,) (1)

wherethe denominators a normalizingfactor

The next stepis how to usethis posteriorlaw to answerthe questionsabout X. In
fact, from this posteriorlaw we caninfer ary knowledgeon X. When X is a scalar
variable we caneasilyanswelto thefollowing questionsWhatis thevalueof X which
hashighestprobability?Whatis the probability that X lies betweenwo valuesX and
X? Whatis its expectedvalue?What is its variance,its median?etc. When X is a
vector not only we cananswerall the previous questionsaboutany componentsX;
by computingthe posteriormawmginals P(X;|D,-- -, D,,), but we canalso definethe
joint conditionallaws P(X;, X,|D;,---, D,,,) andansweraboutary questionaboutthe
a posteriorirelationbetweenX; andother.X;.

We may alsowant to usethis posteriorlaw to make a decision:Chooseone value
X, “the best” in somesense For example,we may definea cost function C(X,)A()
measuringthe cost of making an error, i.e., choosingthe solution X in place of the
true one X and then want to computethe the solution with lowest posteriormean
costvalue C(X) = E[C(X, X)]. It is interestingto know that for someparticularand
natural choicesof the cost function C(X,)A() (thosewhich are increasingfunctions
of the error X = (X — )A(), we find classicalmode, meanand medianvaluesof the
posterioraw asthe bestestimatorsFor example whenC(X) = 1 — §(X) we obtainthe
mode X = amgmaxy {P(X|D;,---,D,,)} andwhenC(X) = X2 we obtainthe mean
X = Epxp1,-.0,)|X] andwhen C(X) = |X| we obtainthe medianX : P(X >
X|Dy,-++,Dy) = P(X < X|Dy,--+,D,,) andwhenC(X) = | X|# we obtainthe 3-
median.

When X is a vector still we can use the decision theory to define an es-
timator For example, when C(X) = 1 — §(X) we again obtain the mode
X = agmaxy {P(X|Dy, -+, D)} and when C(X) = [],(1 — §(X;)) we obtain
themaginal mode X; = aymaxy, { P(X;|D1,---,D,,) } andwhenC(X) = || X||* we
againobtainthe posteriormean)? =E p(x 1Dy, ,00) [ X]-

In thefollowing, very often,we choosethe modewherethe correspondingstimator
is calledthe maximuma posteriori(MAP). Themainobjective of this paperis, through
simpleexamplesto shav how differentpracticalimagefusionproblemscanbehandled
easilythroughthe Bayesiarapproach.



The ssimplest model

To give the basicsof the Bayesianapproactfor datafusion, let startby the simplest
problem of datafusion: We have obsered, in a samegeometricaland illumination
configurationafew imagesy;(z, y) of thesameunknownn object f(z,y) andwe wantto

createanimagef(z,y) which representshefusionof thoseimages.
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FIGURE 1. Fusionproblemof registeredmagesa) Two photographiémagesh) MRl andPETimages
in medicalimaging,c)Two differentradarimages

The simplestmodelfor this imagefusion problem (whenthe imageshave already
beenregistered)s thefollowing:

gi(z,y) = f(z,y)+e(r,y), i=1,....,M, (2)

whereg; arethe obsenedimages,f the original imageande; arethe errorsor degra-
dationsassociatedo eachacquisition.In what follows, we assumeall imagesto be
white processneaningthatwe canwork pixel by pixel independentlythusomitting the
pixel position(z,y) from the equationsWe considerfirst this simplemodelto present
the BayesiamnapproachThenwe extendthis simplemodelto morerealisticmodelsac-
countingfor spatialcorrelation registrationandheterogeneoudata.
TheBayesiampproactstartswith someassumptionsne; which canbetranslatedo
probability laws for them,from which we candeducethe conditionalprobability laws
p(g:| f). For example whenwe only know thefirst two momentf ¢;, the ME principle
or ary otherlogical sensdeadsusto chooseGaussiartaws for them.So,assuming; to



be centeredvith fixedvariancess? we obtain

1
p(gilf) = pe(9i = 1) = N(0,07) o exp{——5(g: = )’} (3)
The next stepis modeling f througha prior probability law p(f). Thethird stepis to
computethe posteriorlaw p(f|g1,---,ga) andfinally, definingan estimatorfor f, for
examplethe Maximuma posterioriMAP) estimatewhich is definedas

J? = argmax; {p(f|g1,---,9m)} (4)

Furthermoreassumingnutualindependencef ¢;, andaccountingor all the pixels,we
obtain

P91+ 9ulf) Hpgz\f oc exp{— Z \gz fI}. (5)
Now assuming generalized?;aus&arpnor law for f:
_ p (o 5
P10 B, o) = G€ (@ B,0) = o e (=1 = fo) /o), (6)
the MAP estimatebecomeghe optimumof thefollowing criterion:
1
1) = Y sl 1+ 5751 = bl @

It is interestingto seethatfor 3 = 2 we have p(f|a, 5 = 2, fo) = N'(fo,07 = ), then

J(f) becomes quadratidunctionof f andwe have anexplicit expressiorfor the MAP

solutionwhichis obtainedby putting %i

f= Zi/\z (Z /\igi+)\0f0>

with \; =%, i=1,...,M and), = 2. Fortheparticularcaseof \, = 0 (meaningno
i i
apriori) and)\; = ... = \j; = 1 meaningequalconfidencdor all the datawe obtain

~ 1
fZMZgi

1

which givesthe simplestdatafusionalgorithm:meanvalue
If, in placeof a Gaussiaaw for the noise , we choosea GE one,we obtain

:Z)\i‘gi_f‘m+)\0‘(f_f0)|ﬁ0. (8)

When1 < g; < 2, thecriterion J( f) is still corvex andonecanshaw thatthe solutionis
obtainedby weightedsummatiorof whatis calledsoftthresholdingof theinputsg; and
thea priori f;.



A morerealistic model
Herewe accounffor the diversity of the scalesof the obsenations

gz(ﬂc,y)=hzf($,y)+6,($,y), Z:1,,M (9)

where h; are unknowvn scalarfactorsrepresentinghe scaleof the obsenations. The
problemhereis to estimateboth h = [h4,...,hy] and f. Hereagain,we canusethe
Bayesianapproacho definethe posteriorlaw p(f,h|g1,-..,ga) andthenwe have the
following options:

e Estimatesimultaneoushpothunknavns f andh

(f,h)= agmax {p(f,hl|g)} (10)

Onewayto dothisis to try thefollowing iterative algorithm:

h = agmax;, {p(f,hlg) } a
f=agmax; {p(,hlg) |
but it may or maynot corvergeto theright solution.
e Estimatefirst h through R
h = agmax {p(h|g)} (12)

andthen f throughp(f|ﬁ,g):

~

F = agmax {p(f|h.g) }

but this needs

p(hlg) = / p(h. f1g) df

which may not be always easyto do exceptthe Gaussiarcase.Thereis however, an
iterative algorithmcalledEM (Expectation-Maximizatiomvhich canbeusedto achiere
this estimatewithout the needfor thisintegration.

e EM algorithmcanbe summarizeasfollows:

Q(h.h) = Elnp(/,hlg) = / p(fg, ) np(f, hlg)df
h= argmaxy, {Q(h,fz)}

The maindifficulty however stills the computationof Q(k, ﬁ), but therehasbeena lot
of worksto find approximationgor it.

e Link with FA, PCAandICA:

It isinterestingo seethat,whentheprior laws areassumedo bewhite andGaussianthe



estimationof A becomesquialentto Factoranalysis(FA) andequialentto Principal
ComponentAnalysis (PCA) whenneglectingthe noisese;. In fact,when f ande; are

assumedsaussian:
f~N(0,0%), and e~ N(0,%,)

theng is Gaussiarioo andwe have:
glh ~N(0,%,) with £, =07hh'+ 3,

p(h|g) o< p(g|h)p(h)
Whenp(h) assumediniform,o% = 1 andX, = oI thenX, = hh'+ 021 andtheopti-

mizationproblemh = argmaxy, {p(h|g)} reducedo thecomputatiorof theeigervalues
of ¥, = hh'+ 0o?I. Thusthealgorithmbecomes:

— Estimationof the covariancematrix 3, with (X,); ; =< g;,g; > from thedataand
— Computatiorof the eigervalues); = of X, and

B — )\Z'—O'? )‘i>052
L 0 )\Z’<O'§

Whenthenoises; areneglectedbut anon Gaussiarprior law is choserfor f, onefinds
thelndependentomponentanalysis(ICA) algorithms[1, 2, 3].

Registration and fusion of images
In practicalimagefusion problems,eachobsened image may have beenobtained

with differentgeometricaprojectionaxesandwe have to accounfor this axistransfor
mation.The problemthenbecomesegistrationandfusion.

FIGURE 2. Fusionproblemfor unregisteredmages.

Therearetwo mainaxistransformatiormodels:globalor local.



A global axistransformatiormodel

Whenthe obseredimagesarenotregisteredthe simplestmodelis

9i(%,y) =hi f (v +u(z,y,6;), y+v($ y,0;))

+ei(z,y), i=1,....,M (13)

wherethereareat leasttwo modelsfor the relationbetween(u(z,y,8),v(z,y,0)) and

(z,y):

e A simpleaffine transformation:

uw| | dz n cosf sinf azx
v | | dy sinf cosf By
with @ = (dz, dy,0,a, 3).
e A projective modelof a 3D sceneonaplane:

u= 0, + 052+ 05y + 022 + Ogzy
V= 02 + 0437 + 962/ + 0737?/ + 08y2

which becomesnaffine transformatiorwhenf; = 63 = 0.

In both casesthe only complication,at leasttheoretically is the estimationof the
registrationparametere; for eachimageg; *.

Onecanagaineitherestimateall the unknavnsjointly by

(f,h,6) = arg max {p(f,h,0|g}

or hierarchicallyby

= amgmaxg {p(0|g9)},

= algmaxy, {p(h|9; 0)} ) (14)
= argmax; {p(fm,aag)}

or still by thefollowing iterative algorithm:

) ) D

0 = argmaxg {p( g, h f)}
TL:argmaxh{ (h|g, 0, A)} (15)
f=agmax; {p(f|h.8.9)}

In bothcasethe maindifficulty is theestimationof the parameter® dueto thenonlinear
relationof themto the data.Whenthe noisese; areassumedsaussianthis estimation

1 In casewherewe have only two datasets,we only needto estimateone@, becaus@neof theimages
canbetakenasthereferencdmage.ln thefollowing we considetthis case.



stepin thelastalgorithmbecomegquvalentto leastsquaregLS). However, theLS cri-
terionis still nonquadratidn @ andits optimizationneedgylobaltechniquesTherehave
beenmary publicationson the subject We mentionherethe stochastianethodssuchas
MCMC wherethe optimizationsare replacedoy samplingand otherdeterministicap-
proachesuchasmulti-grid, multi-resolutionandpyramidaloptimizationtechniques.

A local axistransformatiormodel

Whenthe 3D sceneis a compactbody, the previous modelcanbe valid (onevalue
for @ for the whole image), but for more realistic 3D sceneswe have to consider
a local variation for the parametersg., 6(x,y). The estimationof 8(z,y) is thena
difficult problem.Many investigationdave beenperformedon this subject:opticalflow
techniqueg] wheref(z,y) is assumedo beavery smoothfunctionandestimatediia a
variationalmethodor the motion estimationtechniquesvheref(z, y) is assumedo be
constantnsidea window aroundthe point (z,y). More detailedinvestigationof these
methodsgs notwithin thefocusof this paper

3D image recovery from a set of 2D data

Oneexampleis a 3D shaperecovery of a compactobjectfrom a setof its shadevs
[4, 5] or from a setof its pictures[6, 7, 8], or still from a setof its X-ray radiographic
dataat differentview angles.

An objectis calledcompactf it canberepresenteddy afunction f () whichis equal
to oneinsidearegion andzerooutsidethatregion:

1 if el
()= { 0 elsavhere (16)

wherer is apointin the coordinatespaceof the object(&,7, ().
In all theseexampleswe canwrite:

gi(xay):[%if(f')](xay)+€i($ay)a i=1,...,M (17)

whereH; areoperatorgorrespondingo the mathematicatelationbetweerthe dataset
g; anda particularfeatureof theobject f (7).

Theexampleof computedomography(CT) is interestingbecausén thisapplication
f(7) is relatedto the volumetricmaterialdensityof thebodyand#,; arelinearoperators
(relatedto the Radontransform).The discretizedversion of the above relation then
becomes

where f; is the voxel j of the volume and H; are matricescorrespondingo the line
integrals.It is theneasyto estimatef from theline integrationdatag;.

The shaperom shadaev problemis very similar. In fact,a shadev canbe considered
asthesupportof a X-ray radiographiaatafor acompaciobject.However, theoperators
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FIGURE 3. Shaperecovery from X ray radiographicdatain computedtomography(left) or from
shadavs (right). The upperrow correspondo a situationwherewe have three orthogonalviews and
thelower row correspond$o asituationwherewe have view aroundthe object.

‘H; areno morelinear Onehave to modelthe contour(externalsurface)of the body by
a parametridunctionandestimateheseparameterfrom thedata.
Theshapdrom picturesproblemis alsovery similar, but herethe picturesarerelated

notonly to thevolumeor the surfaceof thebody, but alsoto theopticalpropertieof the
bodysurface.



DATA FUSION IN COMPUTED TOMOGRAPHY

A moregenerakelationwhenfacingheterogeneoudatais

whereH,; areoperatorgorrespondingo the mathematicatelationbetweerthe dataset
g; andpatrticularfeaturesf; of theobject.Whendiscretizedwe have:

gZ:HZfz+627 7/:17aM (20)

where H; arematricescorrespondindo discretizedversionsof the operators;.

Whenwe have homogeneoudata,i.e., whenall dataarerelatedto the samefeature
f of thebody, we find the problemsof shapeecovery from X-rays,shadaevs or pictures
of the lastsection.But, whenthe dataareof differentnature for exampleradiographic
datag, andultrasoundecho-graphidatag,, thenwe have

{91T¢ fLr¢f$y)dl+€1(7"¢)
92(x, 1) fqrcyh(y t)dy +es(z, 1)

where f(z,y) is volume materialdensityof the body and ¢(z,y) is the reflectionco-
efficient distribution of the body which is morerelatedto the variation of the density

f(z,y).

(21)
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FIGURE 4. X-ray radiographic@andultrasounddatafusionin computedomography

In this casethenwe have:

g=H f+¢
{ 9:=Hsyq+e€ (22)

The maindifficulty hereis modelingtherelationbetweenf andq. Whenthis is done,
we canestimateheunknovns(f, q) eitherthrougha MAP criterion:

(f.9) = agmax{p(f,qlg:. 9.} (23)
or throughthe Generalizednaximullik elihood(GML) criterion:

{ ?= amgmaxq {p(q|g:,92)}, (24)

argmaxf {p(f‘anDQQ)}



where
p(f.alg:1,92) < p(g:|f)p(g:19) p(f,q)
and

p(q|g1,92) Z/p(f,q\gl,gg)df-

The maindifficulty here,aswe mentionedoefore,is modelingthe relationbetweenf

andq throughp(f,q) = p(f|q) p(q) =p(q|f) p(f). Theexactphysicalrelationbetween
f andgq is not easyto establishfrom the physicsof the problem.The only qualitative
relationis that f is relatedto the distribution of the materialdensityinside the body;

while, g representinghe ultrasoundreflectioncoeficient distribution is relatedto the
changeof materialdensity i.e.,, ¢; is almostequalto zeroif the pixel j is inside a
homogeneouareaandits valueis anincreasingunction of the amountof thatchange.
Indeed,we have only reflectionwhen going from a homogeneousegion to another
homogeneousegion with highermaterialdensity This qualitative relationbetweeng

andz canbe modeledthroughp(f,q) or p(f|q) or p(q|f) usingcompoundMarkov

modeling.For example,we canchoose

p(q)=exp{—/\1IIQ||ﬁ1}=eXp{—A1Z|qj|ﬁ1} (25)

J

to accounfor thefactthatthedistribution of g is very concentratedroundthezero,and

p(f1@) =exp{—\ D> _(1—q)o(f;— f;)} (26)

J

where f; is the meanvalue of pixelsin the neighborhoodbf the pixel j and ¢(t) =
{\t\ﬂ, V1+ |t\2} or ary othercorvex function,to accounfor thefactthatg; = 0 means

we arein ahomogeneougegionandg; # 0 meanghatwe areonthe bordersof thetwo
regions.
We canalsodoin reverse trying to model

p(alf) :exp{_)\IZ‘Qj_QS(fj_fj)"B} (27)

where¢ is amonotonicincreasingunctionandl < 8 < 2 meaninghat,when(f; — f;)
is high the probability of having ¢; = ¢(f; — f;) is very highandwhen(f; — f;) is low
the probability of having ¢; = 0 is high.

We haverecentlydevelopedmethoddasednthisapproactior two applicationareas:
medicalimaging[9] andnondestructve testing(NDT) imaging[10,11,12,13].In both

casesthemainideahasbeento estimateg from the ultrasoundecho-graphiacatausing
g=agmin{/(q) = —Inp(q|g)} (28)

with
J(q) = |lg1 — Hiq|]” + M\ /q||”" (29)



anduseit in tomographyreconstructiorfrom the X-ray radiographiaatausing
f=agmin{J(f) =—1np(f|3.g.)} (30)

with _
J(F)=llgo— Hof [P+ M D> _(1=3)8(f;— f) (31)

J

where f; is the meanvalue of pixelsin the neighborhoodf the pixel j and ¢(t) =
1+ |t|2. Thereadercanreferto [9, 11,12, 13] for moredetails.

Fusion of radiographic and anatomical data in medical imaging

We appliedthe sameapproachn a situationwherewe have both radiographicdata
andsomepartialknowledgeabouttheinsideanatomyof the body. For example,assume
that we canlocalize the positionsof the bordersq® of someof the regionsandalso
we may know the materialdensityin thoseor someotherregionss® with amapof its
correspondinglegreeof confidenceu(®.
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FIGURE 5. Fusionof radiographiandanatomicablatain medicalimaging
Again here,we canwrite thefollowing equations:

g=H f+e — p(g|f) xexp{|lg— Hif|[}



p(£1a®) ocexp{—X Y (1 —¢”) i (f;— J)}

J
p(F15©, 1) cexp{=xs 3 6a(f;— )}
J

Then, basedon these priors, we can write down the expressionof the posterior
p(flg,q9, s, u©®) andcomputethe MAP estimate:

f = argm;lx{p(f|g,q‘°),s(°),u(°))}
= argmfin{J(f) = —Inp(f|g,q?,s©, u®)}

J(f‘yaQaS:IJ') = Hy_HImH2+)‘1 Z(l _QJ)¢1(x]+1 —.’L']) +)\QZ,U:] ¢2($] —8])
J

j
(32)
Notethat, our knowledgeaboutthe bordersandregionsis partial. We may alsowant
to estimatehe unknown partsof bordersandregionsaswell usinganiterative algorithm
asdescribedn thefollowing.

Algorithm:

1. Initialize g = ¢ ands = s (andp = u©)

2. Computef by optimizing J(f|g,q, s, )

3. Estimatenew valuesfor g ands (andp) from f andg® ands(® (andu(®)
4. Returnto 2. until corvergence.

This algorithmhasgiven satisfictionresultsasare shovn in the next sectionandin
[14, 9, 11]. However, onecando a betterjob by doing a betterjoint estimationvia the
joint posterior

p(f.q,8,nlg) <p(g|f) p(fla) p(a) p(fls, ) p(s) p(p)
andthefollowing MCMC algorithm:

f ~ p(flg.q.5.1) ocp(glf) p(fla) p(f|s,m)

a ~ p(dlg. f.s.n)xp(flg) p(q) (33)
s ~ p(slg,f,q. 1) p(fls,p)p(s)

B~ pulg,f,3.9) <p(f|s,p) p(r)

SIMULATION RESULTS

In the following we shav a few simulationresultsshowving the feasibility of dataand
imagefusion in differentsituations.The detailsof the algorithmimplementationsare
omitted.



FUSION OF REGISTERED IMAGES

As we mentionedjmagefusion whenthe imageshave beenregisteredis an easytask.
Thereare mary simple techniguessuchas mean,median,PCA which are very easy
to implement.Thereare alsomulti-resolutionand pyramidalrepresentatiotechniques
which are basedon the basicidea of doing fusion in eachresolutionor scalelevel
before coming back to the original space.The following figure shavs a few results
obtainedwith thesesimple methodswhich are obtainedusing the Matlab package
(http://wwwrockingerpurespace.de/inetp.htm)developedby [15, 16, 17].

(a) 3 (b) | ©

FIGURE 6. Fusionof registeredimages:The imagesin column (c) are the resultsof the fusion of
imagesin column(a) and(b).



Registration and fusion

Whentheimageshave not beenregisteredthe maindifficult partis the estimationof
theregistrationparametersvhich needsaglobaloptimization.Herealsotherearemulti-
grid, multi-resolutionandpyramidalrepresentatiotechniquesThebasicideahereis to
estimatetheseparameteren a coarsefevel andusethemasinitialization valueswhen
going to a finer level. The following figure shavs one result obtainedusing a multi-
grid optimizationtechnique.The datahave beentaken from the following reference
(http://vision.arc.nasa.gépersonnel/al/hsr/fusion/97.htnj8, 19].

FIGURE 7. Fusionof unrajisteredmages:column(c) is the resultof the fusion of imagesin colomn
(a) and(b).

Shape from X-ray projection data

In computedomographyit is possibleto reconstrucarny 3D volumefrom afinite set
of its radiographiadata.Whenthe 3D volume consistsof a compactandhomogeneous
body inside a homogeneou®ackgroundit is still easierto recover its shapefrom a
morerestrictnumberof its radiographiadatain few directions.In the following figure
we shav an exampleof shaperecovery from only threeorthogonalprojections.Note
that,evenif theshapds notconve, it is still possibleto recoverit from its radiographic
datain afew directions.

Shape from shadow

If we assumdhatthe bodyis illuminated by a planehomogeneousght, the corre-
spondingshadaevs arejustthe supportfunctionsof theradiographiaatain the previous
section.So,the problemof shaperecovery from its shadevs is moredifficult (moreill-
posed)thanthe previous problemof shapefrom radiographicdata.However, it is still
possibleto recover the shapefrom shadaevs usingthe samekind of techniquesf CT.
The following figure shavs an exampleof shaperecovery from only threeorthogonal
shadavs.



FIGURE 8. Shaperecovery from X ray radiographicdata (computedtomography):The left figure
shavs a 3D compactbody andits threeradiographicdata. The right figure shows the shaperecovered

andits correspondinghreeradiographicata.
z !‘
g
X

FIGURE 9. Shaperecovery from shadev: The left figure shovs a 3D compactbody and its three
shadavs. Theright figure shavs the shaperecoseredandits correspondinghadavs.




Fusion of X-ray radiographic and and ultrasound echo-graphic data

Here we give two examplesof datafusion in computedtomography(CT) image
reconstructionThe first exampleconcernsX-ray projectiondataandultrasoundecho-
graphicdata.Here, the ultrasounddatahave first beenprocessedo obtainthe datain
(c). Thenit hasbeenusedin X-ray CT.

F

|
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(b)

(d)

FIGURE 10. Datafusionin computedtomography:(a) original object(b) X-ray data,(c) ultrasound
echo-graphidata, (d) reconstructiorfrom X-ray dataonly by backprojection(e) reconstructiorfrom
X-ray dataonly by proposednethod,(f) reconstructionisingboth X-ray andecho-graphiclata.

The secondexampleconcerndimited angleCT of sandwichstructuressuchasan
airplanewing. Herewe usenotonly the X-ray databut alsosomegeometricaknowledge
of the structure.
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FIGURE 11. Datafusionin CNDtomography(a)is thedatagatheringsystem(b) is theoriginal object,
(c) is the X-ray data,(d) is the known geometrichordersdata,(e) is the known geometricregion values
data,(f) is thereconstructiorfrom X-ray dataonly, (g) is the reconstructiomesultusingboth X-ray and
geometricdata.



Fusion of radiographic and anatomical data in medical imaging

Herewe reporta few examplesof fusionresultsof radiographicandanatomicablata
in medicalimaging.
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FIGURE 12. Fusionof radiographi@andanatomicabatain medicalimaging



CONCLUSIONS

We presentech Bayesianestimationapproacho imagefusion andshovedthat simple
modelsgive simple datafusion algorithms.We then presenteda generalapproachfor
heterogeneousata (different spaces)fusion. As an example, we consideredX-ray
radiographicandultrasoundecho-graphiadatafusionfor CT imagereconstructiorand
presentedomesimulatedresults.We areworking on the extensionof this approacho
3D imagereconstructiomproblemandwill presensomesimulationresultsin final paper
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