
Learning in presence of input noise using the
stochastic EM algorithm

HichemSnoussi
�
, Abd-Krim Seghouane

�
, Ali Mohammad-Djafari

�
and

Gilles Fleury
��

LaboratoiredesSignauxet Systèmes(L2S),
Supélec,PlateaudeMoulon,91192Gif-sur-YvetteCedex, France�

ServicedesMesures,
Supélec,PlateaudeMoulon,91192Gif-sur-YvetteCedex, France

Abstract. Most learningalgorithmsrely on theassumptionthattheinput trainingdatacontainsno
noiseor uncertainty. However, whencollectingdataunderan identificationexperimentit maynot
be possibleto avoid noisewhenmeasuringthe input. The useof the errors-in-variablemodel to
describethedatain thiscaseis moreappropriate.However, learningbasedonmaximumlikelihood
estimationis far from straightforwardbecauseof thehigh numberof unknown parameters.In this
paper, to overcometheproblemsassociatedto theestimationwith highnumberof unknown param-
eters,thenonlinearerrors-in-variableestimationproblemis treatedundera Bayesianformulation.
In orderto computethenecessarymaximuma posterioriestimateweusetherestorationmaximiza-
tion algorithmswherethetruebut unknown traininginputsaretreatedashiddenvariables.In order
to acceleratethe convergenceof the algorithma modifiedversionof the stochasticEM algorithm
is proposed.A simulationexampleon learninga nonlinearparametricfunctionandanexampleon
learningfeedforwardneuralnetworks arepresentedto illustratethe effectivenessof the proposed
learningmethod.

INTRODUCTION

Most learningalgorithmstake into accountonly the uncertaintyin the output when
treatingthe training dataset.Therefore,they rely on the assumptionthat the input is
knownexactly. Generally, thedescriptionof thetrainingdatasetis madeby theadditive-
errorregressionmodel �����
	���
���������������� �������! " # " " #�%$ (1)

where ��� is sampledfrom a centeredGaussianlaw of variance&�'( , �)
����*�+�%���",.-�/101010101/ 2 are
the experimentalinput-outputtraining pairs, 	��� #�3��� can representsa neuralnetwork
approximatorwhere� is theneuralnetwork parametervector. In thecaseof feedforward
neuralnetworkswith 4 neuronsin thehiddenlayer	��)
5�3�����7658�� 9: ; ,.- 6 ;"< �%= ; 
>�@? ; �A� (2)

where

< �B C� is generallythesigmoidalfunctionalthoughothernondecreasingfunctions
convergingto D as 
FE.GHEJI andto � as 
KELGM�NI , canalsobeused[1]. Thesetof pa-



rametersthatspecifytheneuralnetwork is storedin �O�P�*658Q�! " # "�36 9 �*=L-A�! " " #�*= 9 �*?�-A�� # " "�*? 9 � ,
where6 ;�RTS , = ;URVS and ? ;WRTS . In thispaper, weshallrestrictattentionto single-input
single-outputexamples,but the approachthat we proposecan easily be extendedto
multi-inputmulti-outputcases.
Theassumptionof knowing exactly the training inputsis clearlyanunsafeassumption
becauseany dataproducedexperimentallywill havesomedegreeof uncertainty(dueto
themeasurementerrors).In thecaseof neglectedinputuncertaintyor high level input to
noiseratio, theuseof thepreviousmodelto describethetrainingdatacanbetolerated.
In theinversecase,it is a necessaryrequirementfor thelearningalgorithmto take into
accountthis input noiseor uncertaintyotherwisea biasedapproximationwill be pro-
duced[2]. Thedescriptionof thetrainingdatasetcanbemadeappropriatelyin thiscase
usingtheerrors-in-variablesmodelX �+���7	��)
ZY� �3���U���B���[�������! " # "�*$\�
��]�^
 Y� �`_���� (3)

where
ZY� representstheunobservableinput which is relatedto theobserved(measured)
one via a simple addition with a noise _+� sampledfrom a centeredGaussianlaw of
variance & 'a . The secondequationof the model (3) describesthe error in the input
variablesthataretermednuisanceparameters[2] while thefirst equationdescribesthe
regressionmodel.
The purposeof this paperis to usea Bayesianformulation of the errors-in-variables
model to constructa learningalgorithmwhich is able to copewith input uncertainty.
For convergencerequirements[3][4] it will be assumedfor each �b�c���� # " "�*$ , that the
trainingpairs ��
����d���%� resultsin a meanover e �f���! " # "�dg trainingpairs �)
��ih��d���ihj� obtained
by repeatingtheexperiment k � k , k e�k times.In practice,the limiting resultcorresponding
to l �m$
nogpE.Gq�NI with both $ and g increasingcanbe usedasan approximation
whentheerrorvariancearesmallandthenumberof datapointsis large.
The problemthat is addressedin this paperis the oneof estimatingparameterswhen
the input trainingdataarecorruptedby noise.This suggesttheavailability of a correct
modelwhichcanbeobtainedusingaselectionmodelprocedure[5].
Thepaperis organizedasfollow: in thenext sectionthemaximumlikelihoodapproach
is developedandits difficultiesareillustrated.Someapproximatedapproachesarealso
briefly reviewed. In the aim of reducingthe dimensionof the problem a Bayesian
approachis adoptedin section3, wherethenecessarya posterioriestimateis computed
using a modified versionof the EM algorithm while treatingthe unknown inputs as
hiddenvariables.In orderto illustratetheperformanceof theproposedlearningmethod,
two examplesaregivenin section4. Finally, in section5 weprovideaconclusion.

THE MAXIMUM LIKELIHOOD APPROACH

In theapproachdevelopedin this sectionbothtypesof parametersareestimatedsimul-
taneously, no distinctionis madebetweenthevectorof parametersof interest� andthe
vectorof nuisanceparameters(theunknown trueinputs) �)
 Y - �! " " #�%
 Y2 �5�sr Y . We consider
thecomposite$t�ou (whereuv�7wyxdz{�*��� ) dimensionalparametervector



�)r Y ����� R}| nF~7�7��� S 2����  
Thedensityof thetrainingdatapairs �)
����*�+�%���",.-�/101010101/ 2 generatedby themodel(3) is2� �",.-y� ( �%����E@	���
 Y� ������� � a �)
���E}
 Y� � (4)

where � ( and � a representthe densitiesof the output ant the input noiseswhich are
Gaussiancenteredof variance&L'( and &�'a respectively. Thenegative log-likelihoodfunc-
tion is 4 �)r Y ������� 2: �",.-b� ����E@	��)
 Y� �3���& ( � ' � � 
���E�
 Y�& a � ' � (5)

andthemaximumlikelihoodestimators�� and �r Y arethevalueof � R ~ and r Y Ro| that
minimize 4 �)r Y �d��� , therefore, ��K�7�����5�o�#����Q� �F������ �j� 4 ��r Y �3���� (6)

Themaximumlikelihoodestimationcausesagreatdealof difficulty becauseof thelarge
numberof parameterswhich increaseswith thesizeof thetrainingdatasetandgoesto
infinity asthesizeof thetrainingdatasetapproachesinfinity. Theproblemwhicharises
is theeliminationof thenuisanceparametersin theestimatingfonctionsothatit depends
only on thevectorof parametersof interest� .

A local linear approximation

An iterative algorithmbasedon a local linear approximationwasproposedfor the
optimizationof thelikelihoodfunction(5) in [8]. Thisalgorithmis basedonthefactthat
thevariablesr Y and � canbeseparated.Therefore,thejoint optimizationon �)r Y �3��� can
bemadealternatively on � and r5Y . To this end,let �r5Y denotea preliminaryestimatorofr Y . For this, suggestthemeasuredvector r . Thecorrespondingpreliminaryestimateof� is therefore, ��K�7�������F������Q� 4 � �
 Y �3�����7�������F������Q� 2: �",.-N� �+��E@	�� �
 Y� �3���& ( � '  (7)

The problem of the high optimization dimensionon r Y was avoided thanksto the
local linear approximationwhich transformsthe optimizationproblemto the onesof
resolutionof a systemof linear equations.By expanding 	��)
 Y� � ��L� in a Taylor series
aboutthepoint �
 Y andretainingonly thelinearterm,weobtain	��)
 Y� � ������
	�� �
 Y� � �������	� y� �
 Y� � ��L��¡v
 Y� � (8)



where ¡v
 Y� �^
 Y� E �
 Y� and 	� W� �
 Y� � ������£¢ 	��)
5� ����¢ 
 ¤¤¤¤#¥  �¦  Letting

• § �]�s�+��E@	�� �
 Y� � ���� ,
• ¨ª© �^
 Y� E �
 Y� and
• ¡«�+�]�
	��)
 Y� � ����¬E@	�� �
 Y� � ������
	� W� �
 Y� � ����B¡«
 Y� ,

thelocal approximationof 4 �)
 Y � ���� is

4 ��
 Y� � ����­� 2: �",.-L® �)
 Y� � ��L�¯ 2: �",.- � § ��E@¡«����� ¨ �yEt¡v
 Y� ��°>± - � § �yEt¡«�+��� ¨ �yEt¡«
 Y� � �� � § Et²³¡«´��!°>± -µ � § Et²³¡v´{� � �¶� ¨ Et¡v´{�!°>± -a � ¨ E@¡v´{� � � (9)

where § and ¨ arevectorsof dimension$ , ² is a diagonalmatrix of dimension$
n«$
wherethediagonalelementsarethederivatives 	� �� �
 Y� � ���� , �5�·�� # " #�%$ , ° ± -µ � & ± -µm¸ 2 and° ± -a � & ± -am¸ 2 .

Thevector ¡ �
 Y �º¹»¡ �
 Y - �! " # "�3¡ �
 Y2.¼ � thatminimizethis sum¡ �
K�·�*² � °>± -µ ²{��°>± -a �½± - �*² � °>± -µ § ��°>± -a ¨ ��� (10)

allow theactualizationof theestimationof r Y�
 Y � �
 Y ��¡ �
 Y � (11)

andthereforethis of � by theuseof equation(7). Thestatisticalpropertiesof theesti-
matorof � obtainedby this algorithmhasbeenderived in [8]. Themajor inconvenient
of thisalgorithmis thatthesolutiondependson thestabilityof thevector ¡ �
 Y , which is
notevidentwhenthevector 
 Y is of highdimension.Thereforemethodswhichallow the
eliminationof thenuisanceparametersfrom thelikelihoodfunctionmaybepreferable.
A standardmethodof eliminatingthe nuisanceparametersis to adopta Bayesianap-
proach[9]. This is madeby multiplying thedensity(4) by theappropriateprior distri-
bution to obtainthe joint a posteriori distribution for the nuisanceparametersandthe
vectorof parametersof interest.Thenthemarginaldistributionof it givesanestimating
criterion independentof thenuisanceparameters.TheBayesianestimatorsareparticu-
larly interestingbecausethey areasymptoticallyefficientandasymptoticallyequivalent
to themaximumlikelihoodestimator(underregularityconditions)independentlyon the
imposedprior [10]. Basedon this,anestimatorandtheassociatealgorithmis proposed
in thefollowing section.



THE BAYESIAN APPROACH

Noting the training data set ¾ �¿��
����d���%���",.-�/101010101/ 2 , the a posteriori distribution of the
parametersvectorsr Y and � is, accordingto theBayesianrule,u���r Y ���ÁÀ ¾ ��ÂÃu�� ¾ À�r Y ������u��)r Y ����� (12)

whereu�� ¾ À�r Y �3��� is thedensityof thetrainingdataset ¾ �7�)
����d���%���",.-�/101010101/ 2 fromwhich
the likelihood function is constructedand u���r Y ����� is the a priori distribution of the
unknownparameters.Thechoiceof anoninformativea priori distributionis notaneasy
task[11] andin thefollowing weretaintheflat prior which is notproperbut wesuppose
that thefunction 	 underhandguaranteestheexistenceof thea posterioridistribution,
i.e Ä u�� ¾ À�r Y �3���)u5�)r Y �3����w�r Y w��`Å7I . We notethat the a posteriori distribution carries
nicely all our knowledgeaboutour inferential problemand is sufficiently flexible to
incorporateany additionala priori informationconcerningtheunknown parameters.As
we have mentionedin the previous section,the joint estimationof the parametersof
interest� andthenuisanceparametersr Y is, if not intractable,computationconsuming.
Moreover, the joint estimationof the unknown inputs r5Y may introducea bias to the
resultingestimateof theparameterof interest� [12]. TheBayesianformulationof the
problemmakes the integration over the undesirableinputs possiblewhich yields the
marginala posterioridistributionof theparameter� :u��d�ÆÀ ¾ �­� Çºu��)r Y ���ÁÀ�
�-�/10101/ 25�d�W-�/10101/ 2.��w�r YÂ u��*��� Ç u��%�W-�/10101/ 2�À��È�*r Y ��u��)
�-�/10101/ 2�Àjr Y �Bw�r Y (13)

Now, our purposeis theestimationof theparameter� by maximizingthea posteriori
distribution(8): ��K�s���!�5�o��É����� u5�d�ÊÀ ¾ � (14)

In most cases,the integration in (8) and maximizationin (9) are not feasibleand
an explicit solution �� is unreachable.However, given the true inputs r Y , the problem
turnsto beaclassicsupervisedlearningprocedure.Thissuggeststo completeartificially
the training dataset ¾ �Ë��
����d���%���",.-�/101010101/ 2 into ��
����d�����*
 Y� ���",.-�/101010101/ 2 wherewe considerthe
unknown inputs r Y ashiddenvariablesandconsequentlytheuseof therestorationmax-
imizationalgorithmslike EM algorithm[19] which is an iterative algorithmconsisting
in two steps:

• E-step:Computethefunctional:Ì��*�È����ÍCÎ ± -*Ï ���7ÐKÑ�Ò�Ó��]u5�d�È�%
 Y À ¾ ��À ¾ �3�5ÍCÎ ± -*Ï�Ô
• M-step:Updatetheparameter� by maximizingthefunctional Ì :�5ÍCÎ Ï �s���!�5�o��É���Q� Ì��d���3�5ÍÕÎ ± -*Ï �



The input andoutputnoisesarewhite leadingto a point wisecomputationof expecta-
tions: Ì��*�����5ÍCÎ ± -*Ï ���fE �Ö 2: �",.- Ðm× � �+��E@	��)
 Y� �3���& ( � 'BØ �`Ò#Ó��]u��*���U��Ù (15)

where Ù is aconstantindependentof � .
Theexistenceof thenon linear function 	 makestheE-stepdifficult which leadsto

theuseof thestochasticversionof theEM. Thefirst stepis replacedby asamplingfrom
thea posterioridistributionof r Y :

• S-step:generateÚr Y accordingto its posteriordistribution:Ú
 Y�bÛ u��)
 Y� Àj
����d�+�3��� ÍCÎ ± -*Ï �
• M-step:theclassicsupervisedlearningof 	 knowing theinputs Úr Y andtheoutputsÜ : � ÍÕÎ Ï �7�+�!�5�o�#����Q� �& '( 2: �",.- �)�+��E`	�� Ú
 Y� ������� ' EtÒ#Ó��]u��*���

The stochasticEM algorithmcanbe generalized[16] by drawing z samplesÚ
 Y�ih � e ����� # "�dz at eachtime � andthen,in theM-step,�5ÍCÎ ÏÝ �s���!�5�F�������� �& '( 2: �",.- �z Ý: h!,.- �)�+��E`	�� Ú
 Y�ih �3���!� ' E�Ò�Ó��]u��d��� (16)

It appearsclearlythatwhen z¿E.GHI andassumingtheergodicity of the � Ú
 Y�ih � chain
[13], thisalgorithmhasthesamepropertiesastheexactEM algorithm.

Sampling schemes for true inputs

The direct samplingof r Y is not an easytask becauseof the existenceof the non
linearity 	 . However, non direct but exact samplingmethodsalreadyexist suchasthe
Accept-rejectprocedureor the Monte Carlo Markov Chainsmethods[18]. We briefly
recall in thefollowing thesetwo methodsto show their drawbackswhenappliedto our
problemandproposeamodifiedversionwhich is efficientandfastandsoadaptedto our
generalalgorithm.

Accept-Rejectmethod

Thefirst stepconsistsin sampling
 Y� from its a posterioridistribution u��)
 Y� Àj
����d���������
whichis proportionalto Þ �)
 Y� �.�ÃßAÉUàFá ± -'�âjãä �%����E@	���
 Y� ������� 'Aå ß�ÉUàKá ± -'�âjãæ ��
��yE}
 Y� � 'Aå . Choos-

ing the instrumentaldistribution ç �)
 Y� ���mèé��
 Y��ê 
���� &�'a � , we caneasilyuniformly bound
theratio Þ �)
 Y� ��ë ç �)
 Y� ��ìsí � Ö�î &�'a , thusthesamplingprocedureis:

• 1. Sampleï Û ç � ï �



• 2. Sampleð Ûéñóò 8!/1-�ô
• 3. If ð ì õ ÍCö Ï÷Jø ÍCö Ï , thenaccept
 Y� � ï , elsereject ï andreturnto �

Thedrawbackof usingthismethodin ourcaseis thefactthattheacceptationprobabilityí ± - ÄùÞ ��
 Y� ��w�
 Y� dependson the time � . Consequently, besidesthe randomnessof the
numberof rejections,its law variesacrosstime.Thealgorithmmaybe"stucked" in the
first step(S-step)becauseof only onesampleat time ��8 evenif theothersamplesï �*ú,��üû
areall accepted!

Hasting-Metropolismethod

It consistsin samplingfrom aninstrumentaldistribution ç (its choiceis optimizedto
mimic theoriginal distribution Þ ) andthenacceptthesampleor keepthepreviousone
accordingto anacceptationprobability ý [14]. Thealgorithmis then,

At iteration þ :
• S-step:

a)-Sampleï Û ç � ï � .
b)- Accept 
 YjÍÕÿ Ï � ï with probability ý �7í·x l á ��� õ ÍCö Ï ø Í   ���������	� Ïø ÍÕö Ï õ Í   � �������	� Ï å
else
 Y ÍCÿ Ï �^
 Y ÍCÿ ± -*Ï
c)- returnto a)underconvergenceof theMarkov chain:


 � 
���

d)- WhenMarkov chainconvergesput Ú
 Y �^
 YjÍCÿ���� Ï

• M-step: �5ÍÕÎ Ï �7�+�!�5�o�#����Q� �& '( 2: �",.- �)�+��E`	�� Ú
 Y� ������� ' EtÒ#Ó��]u��*���
In the first step,the Markov chain �)
 Y � ÍCÿ Ï has Þ asa stationarydistribution. The con-
vergenceof the MCMC methodsis a known problemstudiedin literature[15] andan
efficient tool for convergencediagnosticdependson theproblemunderhandandthere
is notageneralprocedureto decideif theMarkov chainhasconvergedor not.Moreover,
evenif weattaintheconvergence,thenwehavemany samples�)
 Y � ÍÕÿ Ï andit will bemore
efficient in this caseto applytheMonteCarloEM algorithmandtheSEM algorithmis
uselessin this case.

ModifiedStochasticEM algorithm

In orderto avoid theconvergenceproblemateachstepof theSEMalgorithm,we im-
plementonly onestepof Hasting-Metropolisprocedure.In classicalSEM algorithms,
the first stepconsistsin computinga samplefrom the a posteriori of the hiddenvari-
able 
 Y . Suchsampleis obtainedin theasymptoticregimeof theMarkov chainformed
by Hasting-Metropolisproceduredescribedabove andsowe needto repeatthis proce-
dureenoughuntil convergence.We proposeto performonly one iterationof Hasting



Metropolisalgorithmat eachiterationbasedon thehiddenvariables� Ú
 Y � ÍCÎ ± -*Ï sampled
in thepreviousiteration.Thealgorithmis then,

At iteration þ :
• S-step:

a)-Sampleï Û ç � ï � .
b)- Accept 
 YjÍÕÎ Ï � ï with probability ý �
í·x l áW��� õ ÍÕö Ï ø Í   � �������	� Ïø ÍCö Ï õ Í   � �������	� Ï å
else
 YjÍCÎ Ï �¶
 YjÍÕÎ ± -*Ï
c)- put Ú
 Y �¶
 YjÍÕÎ Ï

• M-step: � ÍCÎ Ï �s���!���F�������� �& '( 2: �",.- �%����E@	�� Ú
 Y� �3���!� '
Inputnoisevarianceestimation

Given the sampledtrue inputs 
 Y , the input noise variancecan be estimatedby
maximizingits a posterioridistribution u�� & a À��W-�010 25�*
�-�010 2��%
 Y -�010 2 which hasthe following
expression:u�� & a À���-�010 2��*
�-�010 2È�*
 Y -�010 2 � Â u���
�-�010 2OÀ�
 Y -�010 2 � & a �)u�� & a �Â & ± 2a ß�ÉUà��*E -'�â ãæ�� 2 �",.- ��
��yE}
 Y� � '�� u5� & a �
Choosinga Jeffrey prior for & a leadsto a degeneracy of the above function as the
sampledinputs 
 Y� will tend to 
�� and then the variancegoesto zero (see[17] for
a detailedstudyof the degeneracy occurence).Therefore,an inverseGammaprior is
chosenfor u�� & a � u���� � & ± 'a �5���\�*6Á�*=È�
leadingto aninverseGammaa posteriori:u����������\�*6! *��"$#)���d=� %��"$#%�%�6! *��"$#)���s6O�@$óë Ö=� %�%"&#%�]�s=N�('*) ¦,+ � Í   ¦ ±   �¦ Ï ã'
Then,themaximumis attainedat -/.�0&1�2 ¦ ± -3 .405142 ¦ .

Choiceof theinstrumentaldistribution

Thechoiceof theinstrumentaldistribution ç is crucialto obtainefficient,easyto im-
plementandquick algorithms.In theerror-in-modelspecialcase,a simpleandefficient
choiceis theGaussianwith mean
�� andcovariance&�'a ¸ .ç � ï �%���7è � ï � ê 
���� & 'a ¸ � (17)



Thustheacceptationprobability ý is simply:ý �
í·x l � ���*ß�ÉUà@×�E �Ö & '( ���%�+��E@	�� ï ��� ' EÃ�)�+��E@	���
 Y� ÍÕÎ ± -*Ï ��� ' � Ø � (18)

Note that we don’t needthe knowledgeof the function 	 but only its values 	�� ï �
and 	���
 Y� ÍÕÎ ± -*Ï � in ï and 
 Y� ÍÕÎ ± -*Ï . Therefore,thealgorithmcanbeimplementedwith any
learningarchitecture	 providing wecangetthevalues	�� ï � and 	��)
 Y� ÍCÎ ± -*Ï � .

SIMULATION EXAMPLE

Example 6 : Parametric learning

To illustratetheperformancesof theproposedalgorithm,we considerthe following
parametricfunction: � � ç �)
.���s�+-�ßAÉUàJ¹ E � ' 
 ¼ � (19)

wherewe take theoriginal values�+-�� Ö and � ' �87 . We adda white Gaussiannoiseto
boththeinputs 
 © andoutputs� © :X � © � ç ��
 Y© ��������� © � xZ�f���� # " #��� D�D �
 © �^
 Y© �`_ © � (20)

wherethe standarddeviation for the outputnoiseis & ( � D  "� and for the input noise
is & a � D  D:9 . The learningof the parameters�*�+-��d� ' � from the noisy inputs (whenwe
supposethat � © � ç �)
 © �����U��� © ) fails in recoveringtheoriginal valuesof theparameters
despitethe low intensity of the input noise.This shows the sensitivity of the classic
learningrule to the input noise.We run theSEM algorithmon this dataandwe obtain
goodresults.Thefigure � -a shows theMarkov chainof thefirst parameter�+- , notethe
fluctuationsaroundtheoriginalvalue.Figure � -b showstheconvergenceof theempirical
expectationof �+- . Figures

Ö E § and
Ö E ¨ show the sameresultsfor the parameter� ' .

In figures 7 -a and 7 -b, we plot the evolution of the estimatedinput variance & a and
thecorrespondingempiricalexpectationof theMarkov chain.We notetheconvergence
aroundthetruevalueandthesuccessof thealgorithmwhentheinput noisevarianceis
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In classicalregressionmodelisation,we try to estimatethe mapping ç<; 
mE.G �v�ç �)
.� whentheoutputs� © arenoisy:� © � ç ��
 © �3���U��� © (21)

wherethe output noise � © is additive. However, when the function ç is bijective in a
certaininput interval, onecantry to estimatetheinversefunction


 � ç ± - . If weusethe
samedata �)
 © �d� © � , theequation(21)becomes:
 © � 
 �%� © Et� © �5=b� (22)

where = are the parametersof the function


. We note that the noise is no more

additive but it is transformedunderthe non linear function


. However, we obtainan

error in variableproblemsincethe inputs � © arenoisy. Thuswe canapplydirectly the
proposedalgorithmto estimatethe inversefunction


 � ç ± - . For the above example,ç �)
.���s�+-�ßAÉ�à ¹ EJ� ' 
 ¼ , wehave:
 �)�]��� ç �)�]�ª± - �fE �� ' Ò�Ó�� ��+- �s_W-�Ò�Ó��¬�)_ ' ���
with _W-Z�7E³��ë>7 and _ ' �s��ë Ö . Figures? E § � ? E ¨ � 9 E § and 9 E ¨ illustratethesuccessof
theproposedalgorithmin estimatingtheparameters= of theinversefunction



. Figures@ E § and

@ E ¨ show theevolutionof theoutputnoiseestimationandthecorresponding



empiricaldistribution.
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Example A : Feedforward Neural Network

As notedin theprevioussection,thealgorithmcanbeappliedin thenonparametric
case.Theform of thefunction ç mappingtheinputs 
 to theoutputs� canbeunknown
or verycomplex. Therefore,wetry in thissectionthelearningwith afeedforwardneural
network. To illustratetheperformancesof theproposedestimationalgorithm,we tried
to fit thefollowing function�ù� ç �)
.����7CB!�����BE³���EDFB����HG���I   �!�A� (23)

usinga feedforwardneuralnetwork 	 with
@

neuronsin thehiddenlayer, basedon data
generatedin suchaway X � © � ç �)
 Y© ���L�U��� © � xZ�·���� # " #� Ö D �
 © �^
 Y© �`_ © � (24)

where _ © ÂPèé� D � & � D  D:9 � and � © Â�èé� D � & � D  #��� andthedesignpointsareuniformly
distributedon ¹ D � D  @ ¼ . To make comparaison,the feedforward neuralnetwork parame-
tersvectoris adjustedusingtheclassicalBackpropagationalgorithmandtheproposed
algorithm,basedon thenoisyinputsnoisyoutputstrainingdataset.In figure D , we plot
theestimatedfunction producedby the feedforward neuralnetwork whoseparameters
vectorhasbeenadjustedusingtheBackpropagationalgorithmbasedonthenoisyinputs
noisy outputstraining dataset.We cannote the poor resultsdue in major part to the
errorbiascarriedby thenoisy training inputs 
����*���º�� # "� Ö D . In figure J , we plot thees-
timatedfunctionproducedby thefeedforwardneuralnetwork whoseparametersvector
hasbeenadjustedusing the proposedlearningalgorithm(the modifiedversionof the
SEM algorithm)basedon thenoisy inputsnoisyoutputstrainingdataset.We cannote
the improvementproducedin theestimation.Concerningthecomputationalcost,each



stepof the SEM algorithmconsistsof two operations:a very fastsamplingoperation
dueto the choiceof a simple instrumentaldistribution anda classicnetwork learning
step.Consequently, if the stoppingtime of the algorithmis í , thenthe complexity is
about í nt�4KL#� Ý � ; ©NM ø �OK ;�P  RQ M ©NM ø � , where KL#� Ý � ; ©SM ø is thecomplexity of samplingin the
first stepof the algorithmand K ;�P  RQ M ©NM ø the complexity of learning.The diagnosticof
convergenceusedhereis theconvergenceof theempiricalmoments:X �� Ý � -Ý � Ý Î ,.- � ÍCÎ Ï ��
 Y Ý � -Ý � Ý Î ,.- ��
 Y � ÍCÎ Ï  
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Figure D . Thetargetfonction � _� andtheestimatedfunction ��EOEJ�
usingtheBackpropagationfrom thenoisyinput outputtrainingdataset �5Ty� .
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Figure J . Thetargetfunction � _� andtheestimatedfunction ��EOEJ�
usingtheproposedalgorithmfrom thenoisyinputoutputtrainingdataset �5Ty� .



CONCLUSION

Thetaskof learningfeedforwardneuralnetworkswith noisyinputsnoisyoutputstrain-
ing datapairshasbeenstudied.A directapproachusingtheBackpropagationalgorithm
which assumea noiselesstraining inputswill producea biasedestimate.Theconstruc-
tion of learningalgorithmsbasedoncostfunctionobtainedusingtheerrors-in-variables
modelandthemaximumlikelihoodapproachis, if not intractable,computationconsum-
ing becauseof thehighnumberof unknown parameters(which includestheparameters
vectorof interestandthetruebut unknown training inputs).In this paper, to overcome
thisproblem,aBayesianapproachhasbeenadoptedtreatingthetruebut unknown train-
ing inputsashiddenvariables.A modifiedversionof theSEM algorithmhasbeenpro-
posedto computethe maximuma posteriori estimateof the parametersvector. Two
simulationexampleshave beenpresentedto illustratetheeffectivenessof theproposed
learningmethod.A first exampleof parametriclearningis consideredwherewe study,
in addition,thesuccessof thealgorithmto learnthe inverseof thebijective parametric
function.Thesecondexampleillustrateshow thealgorithmcanbeimplementedwith a
nonparametriclearningmachine.
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