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Abstract. Mostlearningalgorithmsrely ontheassumptiorthatthe input trainingdatacontainsno

noiseor uncertainty However, whencollectingdataunderanidentificationexperimentit may not

be possibleto avoid noisewhen measuringhe input. The useof the errors-in-\ariablemodelto

describethe datain this caseis moreappropriateHowever, learningbasedn maximumlik elihood

estimationis far from straightforvard becausef the high numberof unknovn parametersin this

paperto overcomethe problemsassociatedbo the estimatiorwith high numberof unknowvn param-
eters,the nonlinearerrors-in-\ariableestimationproblemis treatedundera Bayesiarformulation.

In orderto computethe necessarynaximuma posterioriestimateve usetherestoratiormaximiza-
tion algorithmswherethe true but unknown traininginputsaretreatedashiddenvariablesln order
to accelerateghe corvergenceof the algorithma modified versionof the stochasticEM algorithm

is proposedA simulationexampleon learninga nonlinearparametridunctionandanexampleon

learningfeedforward neuralnetworks are presentedo illustrate the effectivenessof the proposed
learningmethod.

INTRODUCTION

Most learning algorithmstake into accountonly the uncertaintyin the output when
treatingthe training dataset. Therefore they rely on the assumptiorthat the input is
known exactly. Generallythedescriptiorof thetrainingdatasetis madeby theadditive-
errorregressiormodel

yt:f($t,0)+€t, t= 1, ..... ,T (1)

wheree,; is sampledfrom a centeredGaussiarlaw of variances?, (z;,y;)i=1,..7 are
the experimentalinput-outputtraining pairs, f(.,0) canrepresentsa neural network
approximatomwheref is theneuralnetwork parametevector In the caseof feedforward
neuralnetworkswith L neurondn thehiddenlayer

f(2,0) =0+ utp(Biz+m), 2)

=1

where(.) is generallythe sigmoidalfunction althoughothernondecreasindunctions
corvergingto 0 asx — —oc andto 1 asx —» +o0, canalsobeused[1]. Thesetof pa-



rameterghatspecifytheneuralnetwork is storedn 6 = («ay, ..., ar, B1, -, BLy Y15 -+, VL)
whereq; € R, 5, € R and~; € R. In this paperwe shallrestrictattentionto single-input
single-outputexamples,but the approachthat we proposecan easily be extendedto
multi-input multi-outputcases.

The assumptiorof knowing exactly the training inputsis clearly an unsafeassumption
becauseary dataproducedexperimentallywill have somedegreeof uncertainty(dueto
themeasuremerdrrors).In the caseof neglectedinputuncertaintyor highlevel inputto
noiseratio, the useof the previous modelto describethe training datacanbetolerated.
In theinversecase,|t is a necessaryequiremenfor the learningalgorithmto take into
accountthis input noise or uncertaintyotherwisea biasedapproximationwill be pro-
duced2]. Thedescriptionof thetrainingdatasetcanbe madeappropriatelyin this case
usingtheerrors-in-\ariablesmodel

yt:f(xrae)—i_eta tzla"'aTa (3)
33t:55;:k+77ta

wherez; representsheunobserableinputwhichis relatedto the obsered (measured)
one via a simple additionwith a noisen; sampledfrom a centeredGaussianaw of
varianceag. The secondequationof the model (3) describesthe error in the input
variablesthataretermednuisanceparameter$2] while the first equationdescribegshe
regressiormodel.

The purposeof this paperis to usea Bayesianformulation of the errors-in-\ariables
modelto constructa learningalgorithmwhich is ableto copewith input uncertainty
For convergencerequirementg3][4] it will be assumedor eacht =1,...,T, thatthe
training pairs(z;,y;) resultsin ameanover j = 1,...,r training pairs(z.;, y;;) obtained
by repeatinghe experimentt‘, ‘j¢ times.In practice,the limiting resultcorresponding
ton =T xr — +oo with both 7" andr increasingcanbe usedasan approximation
whenthe errorvariancearesmallandthe numberof datapointsis large.

The problemthatis addressedh this paperis the one of estimatingparametersvhen
theinput training dataare corruptedby noise.This suggesthe availability of a correct
modelwhich canbe obtainedusinga selectiormodelprocedurd5].

The paperis organizedasfollow: in the next sectionthe maximumlik elihoodapproach
is developedandits difficulties areillustrated.Someapproximatedcpproachearealso
briefly reviewed. In the aim of reducingthe dimensionof the problema Bayesian
approachs adoptedn section3, wherethe necessarg posterioriestimatas computed
using a modified versionof the EM algorithm while treatingthe unknovn inputs as
hiddenvariablesln orderto illustratethe performancef the proposedearningmethod,
two examplesaregivenin section4. Finally, in section5 we provide aconclusion.

THE MAXIMUM LIKELIHOOD APPROACH

In theapproachdevelopedin this sectionbothtypesof parameterareestimatedsimul-

taneouslyno distinctionis madebetweerthe vectorof parametersf interestd andthe

vectorof nuisanceparametergthe unknowvn trueinputs) (z3, ..., x%.) = x*. We consider
thecompositel’ + p (wherep = dim(6)) dimensionaparametewector



(x*,0) eI x© =Z C BT

Thedensityof thetrainingdatapairs(x;, y;):—1..... 1 generatedy themodel(3) is

......

IIP f(a},0))Py(z, —x7) (4)

where P, and P, representhe densitiesof the outputant the input noiseswhich are
Gaussiartenteredf variances? andag respectrely. Thenegative log-likelihoodfunc-

tionis . , ,
se,0) =3 (UL (B0t ©)

t=1

andthe maximumlik elihoodestimator®) andx* arethevalueof @ € © andx* € I that
minimize L(x*,6), therefore,

A

6 =arg 101161({)1 )I(nérFlL(x ,0). (6)

Themaximumlik elihoodestimatiorcauses greatdealof difficulty becausef thelarge
numberof parametersvhich increasesvith the sizeof the training datasetandgoesto
infinity asthesizeof thetrainingdatasetapproachesfinity. The problemwhich arises
is theeliminationof thenuisancgparameters theestimatingonctionsothatit depends
only onthevectorof parametersf interestd.

A local linear approximation

An iterative algorithm basedon a local linear approximationwas proposedor the
optimizationof thelik elihoodfunction(5) in [8]. Thisalgorithmis basednthefactthat
thevariablesx* and@ canbe separatedThereforethejoint optimizationon (x*, ) can
be madealternatvely on @ andx*. To this end,let x* denotea preliminaryestimatorof
x*. For this, suggesthe measuredectorx. The correspondingpreliminaryestimateof
0 is therefore,

(7)

0= L(z*,0) =
argmelél (z*,0) = argmelél > p

T Tk
| (%—f@wm)Q
=1
The problem of the high optimization dimensionon x* was avoided thanksto the
local linear approximationwhich transformsthe optimizationproblemto the onesof

resolutionof a systemof linear equationsBy expanding f(z;, @) in a Taylor series
aboutthe pointz* andretainingonly the linearterm,we obtain

f(xtao) f(z, é)"‘fw( )Aa:t, (8)



whereAz; = z; — z; and

Letting

° at:yt_f(‘frao)a
« b =x; —7; and

° Ayt = f(.’l?;,é) _f(',l_::aé) = f:c(',l_::aé)Ax;'
thelocal approximatiorof L(z*,0) is

I(x7,0)

M=

L(z},0) =

t=1

2
[M]=

(at — Ayt, bt - Axf)Eil(at — Ayt, bt - A.Z'I)t
1

a—FAX)S  (a—FAX) +(b— AX)E M (b—AX),,  (9)

—~~

wherea andb arevectorsof dimensionT’, F' is a diagonalmatrix of dimension” x T
wherethediagonalelementsarethe deriatives f,(z;,0), t = 1...,T, 7' = o' I and
Yol = O'_IIT.

n n

ThevectorAz* = [A#?, ..., Az%] thatminimizethis sum
Az = (F'S'F+35, )" (F'S e+ 5, '), (10)
allow theactualizatiorof the estimationof x*
T* = * + Az*, (11)

andthereforethis of @ by the useof equation(7). The statisticalpropertiesof the esti-
matorof @ obtainedby this algorithmhasbeenderivedin [8]. The majorinconvenient
of this algorithmis thatthe solutiondepend®n the stability of thevectorAz*, whichis

notevidentwhenthevectorz* is of highdimensionThereforemethodsvhichallow the
eliminationof the nuisanceparameterfrom thelik elihoodfunctionmaybe preferable.
A standardmethodof eliminatingthe nuisanceparameterss to adopta Bayesianap-

proach[9]. This is madeby multiplying the density(4) by the appropriateprior distri-

bution to obtainthe joint a posteriori distribution for the nuisanceparameterandthe

vectorof parametersf interest.Thenthe maginal distribution of it givesanestimating
criterionindependenof the nuisanceparametersThe Bayesianestimatorsare particu-
larly interestingoecausehey areasymptoticallyefficientandasymptoticallyequivalent
to themaximumlik elihoodestimatorunderregularity conditions)independentlynthe

imposedprior [10]. Basedon this, anestimatorandthe associatalgorithmis proposed
in thefollowing section.



THE BAYESIAN APPROACH

Noting the training dataset D = (z;,y:):=1,... 1, the a posteriori distribution of the
parametersectorsx* and@ is, accordingo the Bayesiarrule,

p(x*,8] D) < p(D| x*,0)p(x",0) (12)

wherep(D| x*, 0) is thedensityof thetrainingdatasetD = (¢, y;):=1,.... 7 fromwhich
the likelihood function is constructedand p(x*,0) is the a priori distribution of the
unknavn parametersThechoiceof anoninformative a priori distributionis notaneasy
task[11] andin thefollowing we retaintheflat prior whichis not properbut we suppose
thatthe function f underhandguaranteethe existenceof the a posterioridistribution,
i.e [p(D] x*,0)p(x*,0)dx*d0 < co. We notethatthe a posteriori distribution carries
nicely all our knowledgeaboutour inferential problemandis sufficiently flexible to
incorporateary additionala priori informationconcerninghe unknowvn parametersAs
we have mentionedin the previous section,the joint estimationof the parameterof
interestd andthe nuisanceparameters™ is, if notintractable computatiorconsuming.
Moreover, the joint estimationof the unknovn inputsx* may introducea biasto the
resultingestimateof the parameteof interestd [12]. The Bayesianformulationof the
problemmakes the integration over the undesirablanputs possiblewhich yields the
mauginal a posterioridistribution of the paramete#:

p(0] D) = / (0] 211091 1) A"
o 9(6) [l | 05 pls, | X' (13)

Now, our purposeis the estimationof the parametef by maximizingthe a posteriori
distribution (8): X

0 = argmaxp(6| D) (14)

In most casesthe integrationin (8) and maximizationin (9) are not feasibleand
an explicit solution @ is unreachableHowever, given the true inputsx*, the problem
turnsto beaclassicsupervisedearningprocedureThis suggestso completeartificially
the training dataset D = (x4, yt)1=1,...7 INtO (¢, Y4, T} )4=1,.. r Wherewe considerthe
unknavn inputsx* ashiddenvariablesandconsequentlyhe useof therestoratiormax-

imizationalgorithmslike EM algorithm[19] which is aniterative algorithmconsisting
in two steps:

+ E-step:Computethefunctional:
0(6,6"%7Y) = E{logp(6,2"| D)| D,6" 1}
+ M-step:Updatethe parametef by maximizingthefunctionalp:

(k) — (k—1)
0 argmax 0(0,0"")



Theinput andoutputnoisesarewhite leadingto a point wise computationof expecta-

tions: ,
0(6,6%V) ZE[( 9”“0)) }-l—logp(@)-l—K (15)

whereK is aconstanindependenof 6.

The existenceof the nonlinear function f makesthe E-stepdifficult which leadsto
theuseof the stochasticersionof the EM. Thefirst stepis replacedy asamplingfrom
thea posterioridistribution of x*:

+ S-stepgenerate* accordingto its posteriordistribution:

j: ~ p(x:‘ Tty Yt, e(k_l))

« M-step:theclassicsupervisedearningof f knowing theinputsx* andthe outputs

y.
T

1
0" = argmin — Z(yt f(@;,0))* —logp(6)
t=1

6co O'

The stochasticEM algorithmcan be generalized16] by draving m sampleszy;, j =
1,..,m ateachtime t andthen,in the M-step,

0k = argmm — Z Z f(7;,0))" —logp(0) (16)

E@O’

It appearslearlythatwhenm — oo andassuminghe ergodicity of the (Z7;) chain
[13], thisalgorithmhasthe samepropertiesasthe exactEM algorithm.

Sampling schemes for trueinputs

The direct samplingof x* is not an easytask becauseof the existenceof the non
linearity f. However, non direct but exact samplingmethodsalreadyexist suchasthe
Accept-rejectprocedureor the Monte Carlo Markov Chainsmethodg[18]. We briefly
recallin thefollowing thesetwo methodgo shaw their dravbackswhenappliedto our
problemandproposea modifiedversionwhichis efficientandfastandsoadaptedo our
generaklgorithm.

Accept-Rejeanethod

Thefirst stepconsistdn samplingz; from its a posterioridistribution p(z; | =, y:, @)
whichis proportionalo ¢(z}) = exp (%(yt — f(x},0))? ) exp ( s (T — )2> Choos-
ing theinstrumentalistribution g(z}) = N(z};z4,07), we caneasnyunlformly bound
theratio g(z})/g(z}) < M = 2m o, thusthe samplingprocedures:

« 1. Samplez ~ g(z)



« 2. Sampleu ~ Ujp 1]

«3.0fu< JE{‘&) thenacceptz} = z, elserejectz andreturnto 1

Thedravbackof usingthis methodin our cases thefactthattheacceptatiomprobability
M~ [ ¢(x})dz; dependson the time ¢. Consequentlybesidesthe randomnessf the
numberof rejectionsjts law variesacrosgime. The algorithmmay be "stucked"in the
first step(S-step)oecausef only onesampleattime ¢, evenif the othersamplesy;..,
areall accepted

Hasting-Metopolismethod

It consistan samplingfrom aninstrumentadistribution ¢ (its choiceis optimizedto
mimic the original distribution ¢g) andthenacceptthe sampleor keepthe previousone
accordingto anacceptatiorprobability p [14]. Thealgorithmis then,

At iterationk:
« S-step:
a)- Samplez ~ g(z).

b)- Acceptz*™® = z with probability p = Min (1, %)

elsex*® = g*(h-1)
c)- returnto a) undercornvergenceof the Markov chain: s = h,,
d)- WhenMarkov chainconvergesput z* = z* (<)
« M-step:
1 T
k) __ : ~ % 2
6 =argmin — > (y.~ £(3,6))” ~ logp(6)

€ t=1

In the first step,the Markov chain (z*)*) hasq asa stationarydistribution. The con-
vergenceof the MCMC methodsis a known problemstudiedin literature[15] andan
efficient tool for corvergencediagnosticdependson the problemunderhandandthere
is notageneraprocedurdo decideif theMarkov chainhascorvergedor not. Moreover,
evenif we attainthecorvergencethenwe have mary samplegz*)™® andit will bemore
efficientin this caseto applythe Monte Carlo EM algorithmandthe SEM algorithmis
uselessn this case.

ModifiedStotasticEM algorithm

In orderto avoid the corvergenceproblemat eachstepof the SEM algorithm,we im-
plementonly one stepof Hasting-Metropoligorocedureln classicalSEM algorithms,
the first stepconsistsin computinga samplefrom the a posteriori of the hiddenvari-
ablez*. Suchsampleis obtainedn theasymptoticregime of the Markov chainformed
by Hasting-Metropoligproceduredescribedabore andsowe needto repeathis proce-
dure enoughuntil convergence.We proposeto performonly oneiteration of Hasting



Metropolisalgorithmat eachiterationbasedon the hiddenvariables(z*)*~1) sampled
in the previousiteration.Thealgorithmis then,
At iterationk:
+ S-step:
a)-Samplez ~ g(z).
b)- Acceptz**) = z with probability p = Min (1, %)
elsez*®) = g*(k-1)
c)- putz* = z**
« M-step:

T

1
(k) — s - ~x 2
0 argglelél p tg_l (ye — f(%7,0))

Input noisevarianceestimation

Given the sampledtrue inputs z*, the input noise variancecan be estimatedby
maximizingits a posterioridistribution p(o, | y1..7, 1.7, 2} Which hasthe following
expression:

plog |y zrr, 2 7)) o plio|a] o,0m)p(0,)
_ T *
& UnTeXp _ﬁZtﬁ(xt_xtV p(oy)

Choosinga Jefrey prior for o, leadsto a degenerag of the above function as the
sampledinputs z; will tendto z; and then the variancegoesto zero (see[17] for
a detailedstudy of the degenerag occurence)Therefore,an inverseGammaprior is

choserfor p(oy,)
p(v=0,7)=G(,p)
leadingto aninverseGammaa posteriort

p(v) =g (aaposta 6apost)

Qapost =+ T2

T a2
Bapost = B+ Ze=1@=ei)

Then,the maximumis attainedat azest—1

Bagost
Choiceof theinstrumentaldistribution

The choiceof theinstrumentabistribution g is crucialto obtainefficient, easyto im-
plementandquick algorithms.In the errorin-modelspecialcase a simpleandefficient
choiceis the Gaussiarwith meanz; andco\/arianceagl .

9(z) = N(Zt;ﬂft,UTQ,I) 17)



Thusthe acceptatiormprobability p is simply:

! ((yt—f(Z))Q—(%—f(fﬂi‘“‘”)f)]) (18)

=Min|1 -
p m( ,exp[ 202

Note that we don't needthe knowledgeof the function f but only its values f(z)
andf(z:*~Y) in z andz;*~Y. Therefore the algorithmcanbeimplementedvith ary

learningarchitecturef providing we cangetthevaluesf(z) and f (z}*-1).

SIMULATION EXAMPLE

Example 1: Parametric learning

To illustratethe performance®f the proposedalgorithm,we considerthe following
parametridunction:
y = g(z) = 01 exp[—boz], (19)

wherewe take the original valuesf; = 2 andf, = 3. We adda white Gaussiamoiseto
boththeinputsz; andoutputsy;:

P = :c;“,O + €, z=1,,100,
{ zﬂl?z :gigf'i'm) (20)

wherethe standarddeviation for the outputnoiseis o, = 0.1 andfor the input noise
is 0, = 0.05. The learningof the parameterg6,,6,) from the noisy inputs (whenwe
supposehaty; = g(x;,0) + ¢;) failsin recoveringthe original valuesof the parameters
despitethe low intensity of the input noise. This shavs the sensitvity of the classic
learningrule to the input noise.We run the SEM algorithmon this dataandwe obtain
goodresults.The figure 1-a shavs the Markov chainof thefirst parametep;, notethe
fluctuationsaaroundtheoriginalvalue.Figurel-b shovstheconvergenceof theempirical
expectationof ¢;. Figures2 — a and2 — b showv the sameresultsfor the parametep,.
In figures3-a and 3-b, we plot the evolution of the estimatedinput varianceo,, and
the correspondingmpiricalexpectationof the Markov chain.We notethe corvergence
aroundthetrue valueandthe succes®f the algorithmwhenthe input noisevarianceis
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In classicalregressionmodelisationwe try to estimatethe mappingg : + — y =
g(z) whentheoutputsy; arenoisy:

v = g(7;,0) +¢ (21)

wherethe outputnoisee; is additve. However, when the function g is bijective in a
certaininputinterval, onecantry to estimateheinversefunctionk = ¢ !. If we usethe
samedata(z;, y;), theequation(21) becomes:

z; = h(y; — €,m) (22)

where n are the parameterf the function A. We note that the noise is ho more
additive but it is transformedunderthe non linear function . However, we obtainan
errorin variableproblemsincethe inputsy; arenoisy. Thuswe canapply directly the
proposedalgorithmto estimatethe inversefunction b = ¢ *. For the above example,
g(z) = 0 exp[—b, z], we have:

1

hy)=g(y)™" = % v

1
og o,

=mlog(ny)

with m; = —1/3 andn, = 1/2. Figurest —a,4 —b,5—a and5 — b illustratethesuccessf
theproposedlgorithmin estimatinghe parameters of theinversefunctionh. Figures
6 — a and6 — b shawv the evolution of the outputnoiseestimationandthe corresponding



empiricaldistribution.
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Example 2: Feedforward Neural Networ k

As notedin the previous section,the algorithmcanbe appliedin the non parametric
case.Theform of the function g mappingtheinputsz to the outputsy canbe unknown
or verycomple. Thereforewetry in this sectionthelearningwith afeedforwardneural
network. To illustratethe performance®f the proposedestimationalgorithm,we tried
to fit thefollowing function

y = g(z) = 3sin(—1+ 7sin’(e”)), (23)

usingafeedforward neuralnetwork f with 6 neurondn the hiddenlayer, basedn data
generatedh suchaway

i = :I?;k,e + €, ’izl,...,20,
{ zz =ig‘+77i) 24

wheren; x N (0,0 = 0.05) ande; < N (0,0 = 0.1) andthe designpointsareuniformly
distributedon [0,0.6]. To make comparaisonthe feedforward neuralnetwork parame-
tersvectoris adjustedusingthe classicaBackpropagatiomlgorithmandthe proposed
algorithm,basedon the noisyinputsnoisy outputstraining dataset.In figure 7, we plot
the estimatedunction producedby the feedforward neuralnetwork whoseparameters
vectorhasbeenadjustedisingthe Backpropagatiomalgorithmbasednthenoisyinputs
noisy outputstraining dataset. We can note the poor resultsduein major partto the
errorbiascarriedby the noisytraininginputsz;,t = 1..,20. In figure8, we plot the es-
timatedfunction producedby the feedforward neuralnetwork whoseparametersector
hasbeenadjustedusing the proposedearningalgorithm (the modified versionof the
SEM algorithm)basedon the noisy inputsnoisy outputstraining dataset.We cannote
the improvementproducedn the estimation.Concerningthe computationatost,each



stepof the SEM algorithm consistsof two operationsa very fastsamplingoperation
dueto the choiceof a simpleinstrumentaldistribution and a classicnetwork learning
step.Consequentlyif the stoppingtime of the algorithmis M, thenthe compleity is
aboutM x (Csampiing + Clearning)» WNereCsgmpiing is thecompleity of samplingin the
first stepof the algorithmand Ciegrning the compleity of learning. The diagnosticof
convergenceusedhereis the convergenceof theempiricalmoments:

{ ém - % Z?:l o(k)’

v =LY (@)W

— — Estimated function
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Figure7. Thetametfonction(_) andthe estimatedunction(——)
usingthe Backpropagatiofrom the noisyinput outputtrainingdataset(e).
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Figure8. Thetametfunction(_) andtheestimatedunction(——)
usingthe proposedalgorithmfrom the noisyinput outputtrainingdataset(e).



CONCLUSION

Thetaskof learningfeedforward neuralnetworkswith noisyinputsnoisy outputstrain-
ing datapairshasbeenstudied A directapproachusingthe Backpropagatiomlgorithm
which assumea noiselesgraininginputswill producea biasedestimate.The construc-
tion of learningalgorithmsbasedn costfunctionobtainedusingtheerrors-in-\ariables
modelandthemaximumlik elihoodapproachs, if notintractable computatiorconsum-
ing becausef the high numberof unknavn parametergwhichincludesthe parameters
vectorof interestandthe true but unknawvn training inputs).In this paper to overcome
this problem,a Bayesiarapproacthasbeenadoptedreatingthetruebut unknowvn train-
ing inputsashiddenvariables A modifiedversionof the SEM algorithmhasbeenpro-
posedto computethe maximuma posteriori estimateof the parametervector Two
simulationexampleshave beenpresentedo illustratethe effectivenessf the proposed
learningmethod.A first exampleof parametridearningis consideredvherewe study
in addition,the succes®f the algorithmto learnthe inverseof the bijective parametric
function. The secondexampleillustrateshow the algorithmcanbe implementedvith a
nonparametridearningmachine.
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