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ABSTRACT

Synthetic Aperture Radar (SAR) imaging systems are nowadays very common technics of imaging in remote
sensing and environment survey. There are different acquisition modes: spotlight, stripmap, scan; different
geometries: mono-, bi- and multi-static; and varieties of specific applications: interferometric SAR (InSAR),
polarimetric SAR etc. In this paper, first a common inverse problem framework for all of them is given, and then
basics of SAR imaging and the classical deterministic inversion methods are presented. Aiming at overcoming the
inadequacies of deterministic methods, a general probabilistic Bayesian estimation method is pioneered for solving
image reconstruction problems. In particular, two priors which simply allow the automated determination of the
hyperparameters in a Type-II likelihood framework are considered. Finally, the performances of the proposed
methods on synthetic data.

Keywords: Inverse problem, Synthetic Aperture Radar, Bayesian inference, sparse reconstruction, hyperpa-
rameter estimation

1. INTRODUCTION

Inverse problem arises in many applications of Synthetic Aperture Radar (SAR) imaging systems.! The main
explanation is that, like other imaging systems such as tomography, we are faced with the problem of determining
the spatial distribution of an unknown object (scene) from direct measurements that are called an image (in
tomography, which is from indirect measurements, called a projection).? An inverse problem in specific seeks
to estimate an object from a forward model and observed data. Unlike the forward model that is well posed as
defined by Hadammard: a problem is mathematically well posed if the solution of the problem satisfies three
conditions: existence, uniqueness and stability,® with a finite number of discrete data items, a solution exists,
but not unique; also, with the imperfect of the measurement device (modeling, linearizing and other unknown
errors), called noise, the solution couldn’t be stable.* The inverse problem for SAR imaging is always ill-posed.

1

To begin with our discussion, a very general form for the forward problem can be presented as follows:
g(s) = [Hf(r)](s) +e(r), reR,s€8 (1)

where g denotes the observed data, f(r) denotes the unknown objects(scene), r and s denotes the position,
R and S denote whole original and observed image space respectively, H is an operator denoting the forward
model, or to say, radar system response function, and € denotes the noise.
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If the model is linear, which is a reasonable assumption for most cases of SAR imaging, the equation 1 can
be written as:

g(s) = /f(r)h(r,s) dr + €(s). (2)

If h(r,s) = h(r — s), the relation becomes a convolution. When the data is discrete, g(s) is a vector of M in a
Euclidian space,

g(si) = /h(si,r)f(r) dr +e(s;), i=1,..,.M (3)

and we can write it in a vector-matrix form:

g=Hf +e¢ (4)

where g = {g(s),s € S}, f = {f(r),r € R} and € = {e(r),r € R} are vectors of the observed image, the
unknown original object and observation errors, and H is a huge dimensional matrix.

In the case of a Multi Input and Multi Output (MIMO) system

gk(si):ZHklfl(r)—i—ek(si), k=1,..K (5)
=1

where we assumed K outputs and L inputs.

Until now, we clearly see that a general inverse problem is that given the forward model H and the data
g ={g(si),i=1,...., M} to estimate f(r). As it is ill posed we need to introduce prior information built from
probabilistic methods.

Mathematically speaking, in a 2D case, the problem of SAR imaging, after some simplification,® as we will see
in the next section in more details, becomes the Fourier Synthesis (FS) which consists of estimating an unknown
function f(z,y) (scene) from the partial and truncated information of its Fourier Transform (FT) F(u,v). To
focus our discussion on a general inversion method we present the relation between the FT of the observed signals
and the 2D spatial FT of the scene by the following:

G(k:m ky) = M(kwa ky)F(kma ky) (6)

where

F(ky, ky) = /f(ac, y) exp —j(kzx + kyy) da dy. (7)

where k = | /kZ + k2 = 2r/f is the wave number, in the wavenumber domain, F'(k;, k) is the FT of f(x,y),

G(ky, ky) is the FT the observed data, and M (ks, ky) is a binary valued function which is equal to one on the
points where we have the data and zero elsewhere. In fact M(ks, ky) is related to the radar frequency and
measurement system geometries.

So the objective becomes image reconstruction of an inverse Fourier Synthesis (F'S) problem,® i.e., to obtain
f(z,y) from G(ks,k,). For simplest cases as mono-static where the radar transmitter and receiver are located
in the same place, or bi-static, where the radar transmitter and receiver are located differently,”® the objective
is to find an optimal reconstruction; while for more complicated cases as multi-static, where the radar system
has two or more transmitter or receiver antennas and all the distances between antennas are larger than their
proper dimensions, specifically, the objective becomes data fusion for obtaining super-resolution images.

There are many inversion methods for inverse problems,*? % such as analytical methods (mathematical

physics), parametric methods as least square and generalized inversion, and regularization methods. To solve F'S
problems in SAR imaging, one simple classic method is using the inverse Fourier Transform(IFT),% 16 which is
given as:

o~

f(z,y) = IFT{G ks, ky)M(kma ky)} (8)



the equation above turns to be a simple way

~

f(@,y) = TFT{G(kz, ky)} (9)

on condition that we could obtain M (k,,k,) = 1 in the full wavenumber domain. The classical IFT methods
assume all the unobserved dat (the values of G(k,, k,) on those points where M (k;, k,) = 0) to be zero. Evidently,
this is not the real case.

Besides the classic analytical method,'” regularization theory has been playing a very important role for
solving inverse problems in SAR imaging.'? The regularization method is based on the prior information of the
unknown object, trying to “restore” original information as much as possible. From this sense, the regularization
method is proper to improve SAR imaging resolution. However, regularization methods have constraints: errors
considered implicitly white and Gaussian, limited prior information on the solution, and lack of tools for the
determination of the hyperparameters.

All of these inversion methods could be considered as “deterministic” methods. When considering radar
imaging as an inverse problem, the main challenge for improving the resolution of generated SAR images, are:

i) In a classical view, if the radar frequency is given, its resolution is consequently defined. We need to develop
data processing methods to improve its resolution.

ii) For a multi-static case, which is paid more and more attention to for the importance of cooperation surveillance
for passive radars and in remote sensing filed for space distribution of satellite-borne SAR ,* 1819 the problem
becomes making full use of multi-static and multi-frequency SAR data to achieve a higher resolution, which is
called super-resolution.?’ Reference 2?2 gave a review of recent developed fusion methods, indicating that a
statistically based fusion method, relying on statical approaches which can estimate the pixel value relationship
between all the input bands, can eliminate the problems of data set dependency which arises with classical fusion
methods.

By employing the Bayesian inversion method, these problems can find their answers.? Concretely, this paper
will be organized as follows:

Firstly, before talking about further details of inversion methods, to be more adapted to real cases, basics in
different working modes of SAR and radar systems with three geometries are presented.

Then, in contrast of classical deterministic inversion methods, a Bayesian estimation approach for general
inverse problems is investigated; for linear cases, the inverse FS problem has been well examined. We start
with a general separable Gaussian prior case appropriate for the scenes with point sources and then extend it to
more complex priors as Gaussian Markovian (GM) for representing the scene with the combination of different
objects. Typically, two priors which simply allow the automated determination of the hyperparameters in a
Type-11 likelihood framework are considered.

Finally, we implemented the proposed method for simple reconstruction problems for mono- or bi-static SAR,
as well as, the inversion and fusion method for multi-static SAR and compared the obtained results to those
using the classical inversion methods.

2. SYNTHETIC APERTURE RADAR IMAGING
2.1 Varieties of SAR Imaging Systems

With the first radar appeared for military requirements during 1950s, throughout more than 60 years develop-
ment, especially with the great rise in digital signal processing technology and its application in radar system
design (particularly in data processing) in the last 30 years,?® nowadays SAR. is becoming a very common tech-
nics for high resolution imaging in application with varieties of systems: spotlight, stripmap, scan and different
geometries: mono-, bi- and multi-static, which play an important role in remote sensing and environment survey.



2.1.1 Definition of “Resolution”

For researchers in radar signal processing or image processing field, the aim is to obtain a high resolution image
which is helpful for later procedures as feature extraction or object classification.? In our text “Resolution” is
defined as the minimum distance between two objects could be separated (for observation) in an image. High
resolution acquired by SAR imaging is in both range and azimuth (cross-range) direction. The first is gained by
pulse compression, and the latter is obtained by synthesis antenna. As its name indicated, synthetic aperture
is a definition relative to “real aperture” of a radar antenna, which is a technique to synthesize a large antenna
width achieved by utilizing the relative movement of the radar and observed scene then coherently integrating
the returned signal pulse-to-pulse as the radar moves along its path. SAR makes use of the radar principle to
form an high resolution image by its wide synthetic aperture.

However, for a real SAR system, since the hardware limitation as the antenna aperture and the power
of the radar transmitter can’t be elevated significantly, developing new data processing methods to improve
SAR imaging resolution turns to be a very important way.?* Classical supersolution imaging methods mainly
are: extrapolation in frequency domain, iteration in space domain, spectrum estimation and regularization
methods.?” 26 Recently Bayesian methods for SAR superresolution imaging are also presented.?027

2.1.2 Different working modes of SAR: Stripmap, Spotlight and Scan SAR

SAR mainly works on two modes, spotlight and stripmap.?® As shown in Figure 1, SpotSAR is by controlling
the direction of antenna to obtain a high resolution SAR image of an interested object (or scene). Comparing
to a fixed antenna, it has a long illuminate time towards the object (or scene).? In strip SAR, the squint angle
between the beam direction and the flight path (assuming as a line) keeps a fixed angle, and a stripmap on the
ground which is parallel to the flight path can be observed continuously. StripSAR is mainly used for large area
imaging, which doesn’t require a very high resolution. Besides these two modes mentioned above, there also
exists a scan SAR where the strip on the ground is not parallel to the flight path, so the SNR(signal to noise
ratio) will be decreased as range increases. In this paper, we mainly consider the spot SAR which can get a high
resolution.
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Figure 1. Strip and Spot SAR

2.1.3 Different geometries of SAR: mono-, bi- and multi-static SAR

According to equation 1, for M = N = 1, that is one set of data, which are received from the transmitter at the
same location (mono-static) or received by another receiver antenna at a different position (bi-static); for M > 2
and N =1, that is two or more data sets in multi-static cases. Geometries are shown in Figure 2.



e

e Recelver

Transmitter a
& Recelver Transmitier Qe
i Transmitier? gt Receiver

/

Ground

monostatic bistatic multistatic

Figure 2. Geometries

2.2 Forward Modeling: Radar Scattering

In 2D case, with some simplifications of the forward model, the relation between the emitted signal p(t) and
the received signal s(t) reflected from a point source f(m,n) located at the position (2,,y,) can be written as
s(t) = f(m,n)p(t — Tpm,n) Where 7, ,, represent the delay time between the emitted and received signal. When
the position of this emitter-receiver changes along the axis u, as shown in Figure (3, the received signal at the
position u can be written as

stow) =D f(m,n) p(t — T (u). (10)

This expression can be extended to the continuous case:

s(t,u) = // F(@y) plt — 7(z,y,u)) dz dy. (11)

Now, if we parametrize the position of the emitter by the angle 6 of the line joining it to the center of the scene

and noting by
| ks | | kcos(0) L
k= { , } = [ Je sin(0) }, k| =k =w/c (12)

then, we can write

5(w,6(u) = P(w) // f(@,y) exp[—jwr(z,y,0(w))] dz dy (13)

where 5 5

(@, y,u(0) = —va? + (y —u)? = = (ke + ky(y — u)) (14)
Putting this expression into the previous equation, we get:

s(,0(0) = P@) [[ 1) expl-ihaa + k)] do dy (15)
We can then recognize a FT equation between the spectrum of the received signal and the 2D FT of the scene

and the two variables which are important: the angle 6 and the bandwidth of the emitted signal. This relation
is summarized on Figure 3.

In the bi-static and multi-static cases, we can also write in the same way:

stton) = [[ £ plt = 7e(o9) 7l u(0)) do dy (16)
where, this time, as it is shown in Figure 4, we have:

2
Tte + Ter = ;(km'r + ky(y - u)) (17)
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Figure 3. Mono-static SAR Imaging geometry and relations

and again following the same steps, by defining:

I k (cos(btc) + cos(Bey)
k[kw] , k| =k=w/c (18)
v k (sin(fy.) + sin(0..,.)
we can deduce the same FT relation:
$(w, O1c,0cr) = P(w) // f(x,y) exp [=j(kex + kyy)] dz dy (19)

but this time, the relations between (k,, ky) and (u, ) will be different, as it is shown on Figure 4.
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Figure 4. Bi-static and Multistatic SAR Imaging geometry and relations

In summary, in all three cases, the spectrum of each received signal S(w, ) at a given angle § in mono-static
case, and S(w, O, 0..) at a given angles of transmitter-receiver (6., 0..) in the bi-static and multi-static cases,
give some information in the Fourier domain F'(k,, k,) of the scene on a segment of a straight line whose length
depends on the bandwidth of the emitted signal and its orientation on the geometry of the transmitter-receiver.
Unfortunately, at one hand, due to the bandwidth limitation of the emitted signal P(w) and limitation of the
angles, the Fourier domain will not be complete. The inverse problem is then ill-posed. The classical methods of



inversion, just do interpolation and zero-filling extrapolation and use the Inverse FT to propose a solution. As,
we will see, in the following sections, we consider the problem as a Fourier Synthesis (FS) inverse problem.

The forward modeling and inversion for the three geometries are indicated as the following:

e mono-, or bi-static SAR

fz,y) — F(ky, ky) — M(ky, ky), G(ke, ky) | — [Reconstruction | —s f(z,y)

Original target Forward modeling Inversion

This model could be easily extended to a more complicated case: multi-static SAR.

e multi-static SAR

M (ky, ky) Gi(ky, ky) Data Fusion -~
f@y) — Fka,ky) — My (ky, ky) Go(ka, ky) 7| and Reconstruction | f@.y)
Original target Forward modeling Fusion and inversion

There are also some specific applications for SAR, such as the interferometric SAR (InSAR),® polarimetric

SAR?!.32 Limited by the length, they are not discussed here.

One of advanced SAR imaging techniques is focusing on the case of a small number of transmitters and
receivers, i.e multi-static situation and handing sparse data.! In our work, we will emphasize on handling these
two cases, with a jointly Bayesian fusion and reconstruction method and a sparse radar reconstruction method

proposed respectively.

2.3 Classical inversion Methods and Constraints

There are several methods for solving inverse problems as analytical and regularization methods.

2.3.1 Analytical methods

In analytical methods (or to say mathematical physics), the inversion becomes
f(r)= /w(s,r)g(s) ds

w(s,r) minimizing: Q(w(s, 7)) = [lg(s) — [H f(r)](s)|13
Actually, Fourier Transform is just for this case.

g(s) = / Fr) exp{—js.r)

h(s,7) = exp{—js.r} that means w(s,r)=exp{+js.r}
S0,

Fr)= /g(S)eXp{ﬂ'S-r} ds

As we have discussed above, IFT can’t be a satisfactory inversion method for SAR imaging.



2.3.2 Regularization methods

Regularization methods are aiming at finding a stable solution to an ill-posed inverse problem by minimizing of

a compound criterion as:'3

f=arg H;}n {J(£)} (24)

with
J(f) =2L1(g. Hf) + A Do (f, fo) (25)

where A7 and As are two distances, A is the regularization parameter which regulates the compromise of the
two terms and f is an aprior solution.

The main problems of regularization methods are: determination of the regularization parameter, the argu-
ments of choosing two distances which are manually decided depending on personal experience, and quantification
of the uncertainties associated with the obtained solutions. In the next section, we will see these inadequacies
could be overcome by the Bayesian estimation framework.

3. BAYESIAN ESTIMATION FRAMEWORK

Recovering the scene f from non-complete observations g is generally ill-posed so that a certain prior knowledge
has to be included to obtain an unique and stable solution. In this paper, we encode such prior knowledge using
the Bayesian methodology in a coherent way. The likelihood probability p(g|f, 601) is defined from the forward
observation model g = H f + € while the prior knowledge about the unknowns f is translated through the prior
probability p(f|@2). Then the posterior probability of the unknowns f given by the observations g is expressed
as

_ plglf,01)p(f102)
where 8 = (01, 02) are the hyperparameters and
p(916) = [ al.02)p(F162) o (21)

is the so-called evidence of the model. Once we obtain this posterior probability of f, the estimation of f can
be either the mazimum a posterior (MAP)

~

f= argm?xp(ﬂg, 0) (28)
or the Mean Square Error(MSE) estimator
7= [ 1osi9.0)ar. (29)

Unlike classic regularization estimation models, a fully Bayesian treatment of the estimation model allow
us to adjust the hyperparmeters through maximizing the marginal likelihood, or evidence of model, or Type-I1I
maximum likelihood.

0 = argmaxp(gl6) (30)

3.1 A Simple Gaussian Prior Model

We begin with considering a simple Gaussian Prior Model

p(flof) = N(£]0,071) (31)

which allows us easily computing the posterior probability p(f|g) and the evidence of model p(g|0). Combining
with the Gaussian likelihood

plglf.0) = N(glHf,01) (32)



gives the posterior probability of f

p(flg,0%,05) = N(flus, Zy) (33)

with
My = o. *S;H'g (34)
=0 T+0. *H'H (35)

It is noteworthy that o 2/ O'ch can be interpreted as the regularization parameter X\ in the regularization model
but with a big difference that a fully Bayesian treatment of the model is of capability of automatic determination
of these parameters o2, 0']2c. For this we can assign them Inverse Gamma priors and try to estimate them either
jointly with f or first estimate them using the ML and then use them for inversion step.

The evidence of the model in such a simple case is

M

N
LNz [1)° , — Hp,|? 2
Mwﬁﬂ%( ) <7>|%q+ﬂﬁﬂqrﬁwﬁ|m ?nimm| (36)
gy

2702 20, 20;

Taking the logarithms of evidence of the model yields the log-marginal likelihood

M N
1np(g|062, 0]2”) = _7 1D0‘; - 3 1n062
1 9 1, 1 L P N (37)
- 2O,SQH!J*HWII - T‘J%ufuf — 5o T+ o PH'H| - —In(2m)
Denoted by «; the M greatest eigenvalues of the matrix o, 2> H'H, the Equation (37) can be written as
M N
nplglo?,03) =~ o} — 5 o
M (38)
1 1 1 _ N
~5osllg - Hupyyl* ~ Eﬂ}ﬂf 3 > (o +v) - - n(2m)
‘ i=1
Setting the derivatives of the marginal likelihood with respect to .2, 0)% to zeros gives
2
o llg— Hpyll
O =~ _~ (39)
N—vy
php
of =~ (40)
v

with v = Zﬁl %:;;2. Note the estimations of o.?,0F depend on the estimation of f which itself depends on
o2, a?. Herein we adopted an iterative procedural that estimates f given by Equation 34 holding the o.2, UJ%

fixed and then finds .%o} by fixing ps. This process is repeated until convergence.

3.2 Sparse Gaussian Prior

In this section we propose a sparse Gaussian prior as the one used usually in the Sparse Bayesian Learning (SBL)
framework®? that is

M
p(£13%) = [TV (510,07 (41)
i=1
with 22 = (0%,...,02,). Similar to the derivation of the simple case of Gaussian prior, the posterior probability
of fis
p(flg, 0, B%) = N(f|ug, Zy) (42)



with

py=o. *SyH'g (43)
¥;'=A+o. ’H'H (44)
with A = diag(o;?,...,0,/). The evidence of the model is
Lo 1 1 —
p(glo, o) = (2m) 2|0 + HAT'H|™ /2 exp{~5g'(c” + HA™'H) g} (45)

Maximizing this evidence of the model gives the estimation of . and 3?

o llg — Huyl?
‘ N—=>%

with v; = 1 — %;.' /o? where X, is the diagonal element of the matrix Ef;l.

3.3 Other Priors

The Bayesian framework permits us to conveniently extend the previous Gaussian prior model to more sophis-
ticated models. We consider four prior models in this paper

1. Separable Generalized Gaussian (SGG)

p(f) cexp{=y 311} (48)

with 1 < g < 2. f =2 is corresponding to the Gaussian model while g =1 is the classic [; sparse model.

2. Separable Cauchy (SC)
1 1
f - - = In(1+]f]? 49
o) <[] s el Som+ 157} (19)

3. General Markovian priors

p(f) o GXP{—VZGﬁ(fj — fi-1)} (50)

where ¢(t) is the potential function which can be , for example, 2, [t|%,In(1 — [¢]?)

4. Generalized Gauss-Markov (GGM)

p(f) x exp{—m Z 151 =2 Z \fi = fi-1l"} (51)

3.4 Multi-static data fusion model

Taking two data sets from multi-static SAR for an example, we can obtain two different observations G4 (u, v), G2(u, v)
of the same target f(z,y) from two sensors , respectively,

g =Hif+e
{92 —H,f +e (52)



Assuming the €1, €5 to be Gaussian and the prior f to be also Gaussian. Then the MAP estimation of f is

~

f= argm?xp(f|g1,g2,0) = argmfip J(f) (53)

where 1 1 1
J(f) = =lg, — Hi fI? + = llg, — Haof|I” + - |I FI (54)
o 03 oZ,

with the hyperparamters can be estimated approximately

lg, — H. F|I?
Ny ’

lgo — 21112 o _ IFIP

2 2
0l = Oy = =
€1 €2 7\72 €f M

4. RESULTS WITH SIMULATED DATA
4.1 Synthetic data for mono and bi static cases

In this section we conduct experiments on synthetic data to validate our proposed method. Two synthetic data
are generated, as shown in the Figure 5, first creating two original targets f(x,y) and its Fourier transform
F(u,v) in wavenumber domain, then defining two binary valued masks M (u,v) in the wavenumber domain for
each target representing the geometry of the two different measurement strategies and finally the observations
G(u,v) are generated by G(u,v) = F(u,v)M (u,v) and their corresponding signal in spatial domain g(z,y) which
is the inverse Fourier transform of G(u,v). Our goal is to reconstruct the original scene f (z,y) from the partial
observations g(x,y).

ognalmee ) memerew e

ogabsFuw) s D0 9

120)

120) 120)

Original f(z,y) Masque M (u,v) G(u,v) g(z,y)
Figure 5. The two generated data.

)

Figure 6 shows the reconstructed results f (x,y) obtained through classic inverse fourier transform (IFFT) as
well as different regularization models. In Figure 7, the MAP estimation with different priors are shown.

4.2 Simulating multi static data and results of Fusion and Inversion

In the first experiment, we use only one dataset (represents one band) to do reconstruction and then, we use both
data sets to do joint data fusion and inversion by simulating data on real cases. There are target compositions
by 4 spheres, and two sets of data corresponding to two bandwidth, simulating by different Masques M (u,v)
and Ms(u,v). Figure 8 shows the fusion results.
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Figure 7. Bayesian reconstruction with different priors: a) Gaussian prior with hyperparameter estimation, b) Sparse
Gaussian prior with hyperparameter estimation, ¢) Generalized Gaussian , d) Cauchy, d) Generalized Gauss-Markov

5. CONCLUSIONS AND PERSPECTIVES

In this paper, we cast the ill-posed inverse problems on different SAR imaging systems in a general Bayesian
framework, which can conveniently translate our knowledge about the target to regularize the estimation. The
appropriate prior model can lead to a stable and coherent reconstruction of the original targets from the partial
observations. In particular, we consider two simple Gaussian priors which allow easily estimating the hyperpa-
rameters simultaneously in a Type-II maximum likelihood framework. The results obtained by the proposed
method on simulated data has shown a good performance.

SAR imaging is a very complicated electromagnetic scattering inverse problem. Future work could be con-

ducted in three aspects: i) Establishing proper radar scattering models. ii) Investigating methods to estimate
the hyperparameters for more complicated priors for real cases, e.g., variational approximate method or Monte
carlo approximate method. iii) Proposing new data fusion methods for SAR super-resolution (SR) imaging.
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